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Outline

•  FLRW Universe 

• Thermal history of the Big Bang (= relics from the Early 
Universe) 

• Inflation and cosmic perturbations



Some facts about our universe



It is isotropic and (most probably) homogeneous
CMB temperature map from PLANCK 

~ 380,000 years after the Bang
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https://mapoftheuniverse.net/
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1Mpc = 3.26 · 106 ly
homogeneous above ~ 100 Mpc



It expands

Hubble, 1929

Today

N.A. Bachall, PNAS 112 (2015), 3173

<latexit sha1_base64="s1yZo2M7hElHkIFpJo/3wDNDRM4="></latexit>

v = H0 d
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H0 = h100Km/s/Mpc, h ' 0.7Hubble parameter:



It was denser and hotter in the past
COBE (Firas): CMB spectrum is the best black body ever measured!

380000 yrs after the Bang: T~ 3000 K

Primordial nucleosynthesis of light nuclei:  
the universe was a nuclear furnace!

1 s after the Bang: T~ MeV (~1010  K)



• It is homogeneous and isotropic on large scales; 

• It expands; 

• It was hot and close to thermal equilibrium in the past; 

• Light nuclei (D, 3He, 4He, 7Li) formed < few seconds after the Bang; 

• Photons decoupled ~ 380000 yrs after the Bang

The Standard Universe

All this is described by Standard Cosmology + Standard Model of Particle Physics



Some more facts about our 
universe…



The expansion is accelerating

In GR, it requires ~ 70% of the energy density of the universe to have negative pressure: Dark Energy!



Baryons make up only ~ 4%

Moreover, there are no anti-baryons!

t~1-100 sec 
light nuclei abundances depend  

on the primordial baryon density 

t~380,000 yrs 
amplitude of acoustic oscillations 

in the baryon-photon plasma 
depends on baryon density

W. Hu, S. Dodelson



Most of the matter is dark

In GR, it requires ~ 25% of the energy density of the universe to be pressureless  
and non-baryonic: Dark Matter!

W. Hu, S. Dodelson



• The expansion accelerates; 

• Normal matter makes up less than 5% of the present energy 
content; 

• Structure formation is driven by ~25% of an unknown pressureless 
component; 

• Initial conditions on density and velocities is extremely unlikely; 

• Antimatter is missing.

Puzzles from the Universe

All this requires New Physics beyond the Standard Models!!



The homogeneous expanding universe
Most general metric:

Synchronous frame:
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ds2 = gµ⌫(x) dx
µdx⌫ = g00(x) dt

2 + 2g0i(x) dt dx
i + gij(x) dx

idxj

scale factor 3-dim line element

<latexit sha1_base64="RHAj0TJ7LAnK6oCivYl92vRS2BI="></latexit>

xµ ! x̃µ = xµ + ⇠µ(x) =) ds2 = dt2 + gij(x) dx
idxj

10 comps

6 comps

Homogeneity and isotropy: the metric tensor is invariant under translations (3) and rotations (3)

(cartesian coordinates)
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ds2 = dt2 � a2(t)f(R)�ij dx
idxj
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R2 = �ijx
ixj

K=0, flat (euclidean)
K>0, closed (finite volume)
K<0, open
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Friedmann-Lemaître-Robertson-Walker Metric

K=0, flat (euclidean)
K>0, closed (finite volume)
K<0, open

Polar coordinates: 
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scale factor
curvature constant: [K]=[L]-2 

FLRW space-time completely specified by a(t) and K
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<latexit sha1_base64="WLnA+KIlO48qxyqHltpcRF9hgKQ="></latexit>

�r

<latexit sha1_base64="4tZzwpxj8/YWjF5bKCqQq0YnACM="></latexit>

t0 , a0 = 1
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t < t0 , a < 1
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comoving size

physical size
present size
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Kinematics on FLRW: photons
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ds2/a(t)2 = dt2/a(t)2 � d~l2 ⌘ d⌧2 � d~l2

conformal time
conformal diagrams:
photons (ds2=0) travel at 45 degrees
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�ph(⌧1)

cosmological redshift
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it is the “clock” of cosmological expansion

comoving coordinates

FLRW is “conformal” to Minkowski



Kinematics on FLRW: massive particles
Action for a free particle:
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Conserved conjugate momentum:
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Pi =
dL

dẋi
' ma2 ẋi (non relativistic limit)

Peculiar momentum:
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|~P |2 = PiP
i = gijPiPj = a�2�ijPiPj ⇠ a�2

Peculiar motions of free massive particles are damped by the expansion:
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Kinematics on FLRW: particle horizon
Comoving distance travelled by a photon from t=0 to t=t0 (flat space, K=0) 

conformal time
<latexit sha1_base64="bFFaIP+hnXAamD0m5Xhetm74CV0="></latexit>⌧

<latexit sha1_base64="POHn1Cy5biZtGj9BdTYZWBhzWWI="></latexit>x
<latexit sha1_base64="/nnaDOfUU1a0w/JQGiJ2oJiodZs="></latexit>⌧1

<latexit sha1_base64="/Tb2rpdJL1UlkZi17qznKXMgR8o="></latexit>

�x

<latexit sha1_base64="SC3yD9RyC7MyC++mqXE+b6CdL4c="></latexit>

�⌧

<latexit sha1_base64="8F/57CacOG+ecCvDK/tYe5lUZzs="></latexit>⌧0

<latexit sha1_base64="FJrRrRHEW7yHxq/Ebx10Q9hMTAc="></latexit>

a(t) =

✓
t

t0

◆ 2
3(w+1)

power law scale factor

<latexit sha1_base64="3yBkuewa27ZcCc0ifIL8rgrjlwA="></latexit>

�x = ⌧0 � ⌧1 =

Z t0

t1

dt

a(t)
= t0

3(1 + w)

1 + 3w

✓
t

t0

◆ 1+3w
3(w+1)

�����

t0

t1

<latexit sha1_base64="nWmMPMtFrtyRhD4ze+W+eu9Rvlw="></latexit>

t1 ! 0

<latexit sha1_base64="CoqeMILaMNZxlGXlnxn0b77nYMc="></latexit>

w > �1/3
<latexit sha1_base64="PX7iBsEhacj0BQfRAoGsSbtFjos="></latexit>

w < �1/3

<latexit sha1_base64="RfU0Xq1lNgaoU90vYg2NnbDqJDA="></latexit>

�x ! t0
3(1 + w)

1 + 3w

finite horizon O(t0)

<latexit sha1_base64="1ObMlxap9qyKRKJhSiSbB226Vng="></latexit>

�x ! 1

infinite horizon!

What about the future? Check it!

horizon



Kinematics on FLRW: comoving distance
Comoving distance:
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Cosmological information in K and in  
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H0
deceleration parameter



Kinematics on FLRW: angular distance
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angular distance
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Examples: CMB angular anisotropies, BAO’s



Kinematics on FLRW: luminosity distance
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dL(z) = (1 + z)r(z) = (1 + z)2dA(z)

intrinsic luminosity at the  
moment of emission
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Example: type Ia supernovae



Energy-Momentum tensor in FLRW
<latexit sha1_base64="1/FKw+0l4kzfyk3+qdYZ5IjHric="></latexit>

Tµ
⌫ = �Pgµ⌫ + (⇢+ P )uµu⌫ ! diag(⇢,�P,�P,�P )Energy-momentum tensor:

FLRW frame

4-velocity 
of the observer
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⇢(t)
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P (t)

energy density

pressure
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 in an expanding universe
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Cosmological epochs
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⇢ = ⇢m + ⇢rad + ⇢⇤ = ⇢0ma
�3 + ⇢0rada

�4 + ⇢⇤𝚲CDM Model: different components dominate 
 at different epochs

<latexit sha1_base64="hRuydsm7KeGUVDxpBz5jt/KoJRw="></latexit>

w = 1/3

<latexit sha1_base64="zUd+LIe4kcMwSPmcsHoRzNJeats="></latexit>

w = 0

<latexit sha1_base64="E0jPoO1HfB4u5djU3m/v7bnpcvE="></latexit>

w = �1



Dynamics on FLRW: Friedmann equation
Einstein equations on FRLW: 

Continuity equation:
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curvature term:  
behaves as a component with w=-1/3

Solution for constant 
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The 𝚲CDM Model

from CMB and BAO’s
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dA(z)

Image: DES collaboration
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dL(z)from SNeIa

from Big Bang Nucleosynthesis 
 and CMB

from CMB + LSS + …


