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PADOVA :: the legacy of Giotto & Galileo

Philosophy is written in this grand book, the Universe, 
which stands continuously open to our gaze.  
But the book cannot be understood unless one first learns  
to comprehend the language and read the letters in which it is composed. 
 It is written in the language of  mathematics, and its characters are 
triangles, circles, and other geometric figures, without which it is humanly 
impossible to understand a single word of  it; 
without these, one wonders about in a dark labyrinth.

Galileo Galilei, il Saggiatore (1623)
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ABSTRACT

We propose a universal strategy, based on intersection theory, to access the vector space structure of generic classes of
integrals that are ubiquitous in scientific calculus. We show that the relations linking them can be derived by projections, where
the intersection number for differential forms acts as a scalar product. By elaborating on the recent progress made in the
area of Feynman integrals, de Rham’s intersection theory is applied to special functions appearing in Quantum Mechanics
and Quantum Field Theory. Our investigation suggests a novel approach, generally applicable to the study of higher-order
moments of probability distributions, which are interpreted as a basis of integrals. Our study offers additional evidence of the
intertwinement between fundamental physics, geometry, and statistics.

1 Introduction
In electromagnetism, Ampere’s theorem states that in presence of a circuit carrying an electric current I, the circulation of the
induced magnetic field along the boundary of an oriented surface is just µ0(±n)I, where µ0 is the magnetic permeability of
empty space, and n is the total number of times the wire crosses the surface, whereas the sign depends on the alignment of the
normal to the surface and of the direction of the current flow. In presence of several closed circuits gk, each carrying a current Ik,
computing the circulation of the induced magnetic field along a closed path g that wounds them, may look like a complicated
problem, depending on the shapes of g and gk. Nevertheless, the answer turns out to be simple, because it can be expressed as a
combination of elementary terms, as µ0 Âk(±nk)Ik, exploiting the geometric information carried by the intersection number of
gk and (the surface bounded by) g , i.e. nk = Link(gk,g), known as Gauss’ linking number. See Figure 1, for an illustration.

I3I3I3 g3g3g3

ggg

g1g1g1

I1I1I1

g2g2g2

I2I2I2

SSS

Figure 1. Circuits linked with the boundary g of a surface S. The central vector is the orientation of S. Link numbers:
Link(g1,g) = +2, Link(g2,g) =�1, and Link(g3,g) = 0.

Computing integrals is routine in any scientific ambit: expectation values in Quantum Mechanics, Feynman integrals in
Quantum Field Theory, Partition Functions in Statistical Mechanics, and higher momenta in Statistics are just a few paradigmatic
examples out of a plethora of cases. Stokes’ theorem represents a first step toward a unifying vision of integrals evaluation
as a whole: when it is possible to look at them as representing fluxes of closed differential forms through surfaces, it tells us
that such integrals are invariant upon deforming either the integrand, by exact forms, or the contour, by boundary terms. This
gives rise to the de Rham theory of cohomology, and its generalizations, as its twisted version, which allows to include singular
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By elaborating on the recent progress made in the area of Feynman integrals, we apply the
intersection theory for twisted de Rham cohomologies to special functions appearing in Quantum
Mechanics and Quantum Field Theory, showing that the algebraic identities they obey can be derived
by means of intersection numbers. Our investigation suggests an algebraic approach generically
applicable to the study of higher-order moments of probability distributions, which are interpreted
as a basis of integrals, where the number of independent moments corresponds to the dimension of
the cohomology groups. Our study o↵ers additional evidence of the intertwinement between physics,
geometry, and statistics.

I. INTRODUCTION

In electromagnetism, Ampere’s theorem states that in
presence of a circuit carrying an electric current I, the
circulation of the induced magnetic field along the bound-
ary of an oriented surface is just µ0(±n)I, where µ0 is the
magnetic permeability of empty space, and n is the total
number of times the wire crosses the surface, whereas the
sign depends on the alignment of the normal to the sur-
face and of the direction of the current flow. In presence
of several closed circuits �k, each carrying a current Ik,
computing the circulation of the induced magnetic field
along a closed path � that wounds them, may look like a
complicated problem, depending on the shapes of � and
�k. Nevertheless, the answer turns out to be simple, be-
cause it can be expressed as a combination of elementary
terms, as µ0

P
k(±nk)Ik, exploiting the geometric infor-

mation carried by the intersection number of �k and (the
surface bounded by) �, i.e. nk = Link(�k, �), known as
Gauss’ linking number. See Figure 1, for an illustration.
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FIG. 1. Circuits linked with the boundary � of a surface S.
The central vector is the orientation of S. Link numbers:
Link(�1, �) = +2, Link(�2, �) = �1, and Link(�3, �) = 0.
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Computing integrals is routine in any scientific ambit:
expectation values in Quantum Mechanics, Feynman in-
tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional

Z

�
' = h'|�] (4.146)

= h'|� + @�] (4.147)

= h'|�] + h'|@�] (4.148)

= h'|�] + hd'|�] (4.149)

= h'+ d'|�] (4.150)

Z

@�
' =

Z

�
d' () h'|@�] = hd'|�] (4.151)

Z

�
' =

X

i=1

ai

Z

�i

' (4.152)

(4.153)

h'|�] =
X

i=1

ai h'|�i] =
X

i=1

ci hei|�] (4.154)

z0 z1 z2 (4.155)

– 21 –

Also, the rotational symmetry makes the magnitude B φ-independent, while the translation

symmetry in z direction makes it z-independent. Altogether,

B(s,φ, z) = B(s only) φ̂. (3)

Given this symmetry-restricted from of the magnetic field, we may find its radius de-

pendence from the Ampere’s law. Let the Ampere’s loop L be a circle in the plane ⊥ to the

wire and centered on the wire,

wire

Ampere’s loop

(4)

For this loop, d"# = s dφ φ̂, hence

∮

B · d"# =

∮

B(s)× s× dφ = 2πs× B(s). (5)

On the other hand, the current through the loop is simply the net current I in the wire, thus

2πs×B(s) = µ0 × I =⇒ B(s) =
µ0 × I

2πs
. (6)

Now consider a wire of finite thickness. For simplicity, let the wire have round cross-

section of radius a and uniform current density

J =
I

πa2
ẑ . (7)

In this case, the same considerations as for the thin wire tells us that the magnetic field is

in the φ̂ direction while its magnitude depends only on the radial coordinate s. Moreover,

2

Intersection Numbers in Quantum Mechanics and Field Theory

Sergio L. Cacciatori⇤

Department of Science and High Technology, Università dell’Insubria, Via Valleggio 11, 22100, Como, Italy
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tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional
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Also, the rotational symmetry makes the magnitude B φ-independent, while the translation

symmetry in z direction makes it z-independent. Altogether,

B(s,φ, z) = B(s only) φ̂. (3)

Given this symmetry-restricted from of the magnetic field, we may find its radius de-

pendence from the Ampere’s law. Let the Ampere’s loop L be a circle in the plane ⊥ to the

wire and centered on the wire,

wire

Ampere’s loop

(4)

For this loop, d"# = s dφ φ̂, hence

∮

B · d"# =

∮

B(s)× s× dφ = 2πs× B(s). (5)

On the other hand, the current through the loop is simply the net current I in the wire, thus

2πs×B(s) = µ0 × I =⇒ B(s) =
µ0 × I

2πs
. (6)

Now consider a wire of finite thickness. For simplicity, let the wire have round cross-

section of radius a and uniform current density

J =
I

πa2
ẑ . (7)

In this case, the same considerations as for the thin wire tells us that the magnetic field is

in the φ̂ direction while its magnitude depends only on the radial coordinate s. Moreover,
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Department of Science and High Technology, Università dell’Insubria, Via Valleggio 11, 22100, Como, Italy

INFN, sezione di Milano, Via Celoria 16, 20133, Milano, Italy

Pierpaolo Mastrolia†
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By elaborating on the recent progress made in the area of Feynman integrals, we apply the
intersection theory for twisted de Rham cohomologies to special functions appearing in Quantum
Mechanics and Quantum Field Theory, showing that the algebraic identities they obey can be derived
by means of intersection numbers. Our investigation suggests an algebraic approach generically
applicable to the study of higher-order moments of probability distributions, which are interpreted
as a basis of integrals, where the number of independent moments corresponds to the dimension of
the cohomology groups. Our study o↵ers additional evidence of the intertwinement between physics,
geometry, and statistics.

I. INTRODUCTION

In electromagnetism, Ampere’s theorem states that in
presence of a circuit carrying an electric current I, the
circulation of the induced magnetic field along the bound-
ary of an oriented surface is just µ0(±n)I, where µ0 is the
magnetic permeability of empty space, and n is the total
number of times the wire crosses the surface, whereas the
sign depends on the alignment of the normal to the sur-
face and of the direction of the current flow. In presence
of several closed circuits �k, each carrying a current Ik,
computing the circulation of the induced magnetic field
along a closed path � that wounds them, may look like a
complicated problem, depending on the shapes of � and
�k. Nevertheless, the answer turns out to be simple, be-
cause it can be expressed as a combination of elementary
terms, as µ0

P
k(±nk)Ik, exploiting the geometric infor-

mation carried by the intersection number of �k and (the
surface bounded by) �, i.e. nk = Link(�k, �), known as
Gauss’ linking number. See Figure 1, for an illustration.
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FIG. 1. Circuits linked with the boundary � of a surface S.
The central vector is the orientation of S. Link numbers:
Link(�1, �) = +2, Link(�2, �) = �1, and Link(�3, �) = 0.
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Computing integrals is routine in any scientific ambit:
expectation values in Quantum Mechanics, Feynman in-
tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional
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Dipartimento di Fisica e Astronomia, Università degli Studi di Padova, Via Marzolo 8, I-35131 Padova, Italy

INFN, sezione di Padova, Via Marzolo 8, I-35131 Padova, Italy

(Dated: February 16, 2023)

By elaborating on the recent progress made in the area of Feynman integrals, we apply the
intersection theory for twisted de Rham cohomologies to special functions appearing in Quantum
Mechanics and Quantum Field Theory, showing that the algebraic identities they obey can be derived
by means of intersection numbers. Our investigation suggests an algebraic approach generically
applicable to the study of higher-order moments of probability distributions, which are interpreted
as a basis of integrals, where the number of independent moments corresponds to the dimension of
the cohomology groups. Our study o↵ers additional evidence of the intertwinement between physics,
geometry, and statistics.

I. INTRODUCTION

In electromagnetism, Ampere’s theorem states that in
presence of a circuit carrying an electric current I, the
circulation of the induced magnetic field along the bound-
ary of an oriented surface is just µ0(±n)I, where µ0 is the
magnetic permeability of empty space, and n is the total
number of times the wire crosses the surface, whereas the
sign depends on the alignment of the normal to the sur-
face and of the direction of the current flow. In presence
of several closed circuits �k, each carrying a current Ik,
computing the circulation of the induced magnetic field
along a closed path � that wounds them, may look like a
complicated problem, depending on the shapes of � and
�k. Nevertheless, the answer turns out to be simple, be-
cause it can be expressed as a combination of elementary
terms, as µ0

P
k(±nk)Ik, exploiting the geometric infor-

mation carried by the intersection number of �k and (the
surface bounded by) �, i.e. nk = Link(�k, �), known as
Gauss’ linking number. See Figure 1, for an illustration.

I3I3I3 �3�3�3

���

�1�1�1

I1I1I1

�2�2�2

I2I2I2

SSS

FIG. 1. Circuits linked with the boundary � of a surface S.
The central vector is the orientation of S. Link numbers:
Link(�1, �) = +2, Link(�2, �) = �1, and Link(�3, �) = 0.

⇤ sergio.cacciatori@uninsubria.it
† pierpaolo.mastrolia@unipd.it

Computing integrals is routine in any scientific ambit:
expectation values in Quantum Mechanics, Feynman in-
tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional

-

Also, the rotational symmetry makes the magnitude B φ-independent, while the translation

symmetry in z direction makes it z-independent. Altogether,

B(s,φ, z) = B(s only) φ̂. (3)

Given this symmetry-restricted from of the magnetic field, we may find its radius de-

pendence from the Ampere’s law. Let the Ampere’s loop L be a circle in the plane ⊥ to the

wire and centered on the wire,

wire

Ampere’s loop

(4)

For this loop, d"# = s dφ φ̂, hence

∮

B · d"# =

∮

B(s)× s× dφ = 2πs× B(s). (5)

On the other hand, the current through the loop is simply the net current I in the wire, thus

2πs×B(s) = µ0 × I =⇒ B(s) =
µ0 × I

2πs
. (6)

Now consider a wire of finite thickness. For simplicity, let the wire have round cross-

section of radius a and uniform current density

J =
I

πa2
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