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Integrals in 1 variable

P(z) polynomial

T2

I(N) = / dx PN (z)

1

x1, xo zeroes of P(x) or |z;| = 0o, where we apply i.b.p. without surface terms

Consider the polynomial of degree 2:

Py(z) = ag + a12 + azx?
We use integration by parts (i.b.p.) identities to find the recurrence relation

(4as (N + 3)) I(N) + (a] — 4apaz)NI(N —1) =0

which is a difference equation in the variable N.

degree 3
+o00
Ps(z) = ap + a1x + asx® + azx® I(N) = / dx Py (x)

— 00

L) I(N) + 2 (27apa3 — 9arasas +2a3) N (N — 1) I(N — 1)

+ (—27@%@% + 18agaiasaz — 4apas — 4aias + a%a%) N(N - 1)I(N —-2) =0,
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Resultant of two polynomials

Resultant of 2 polynomials

Polynomial 1 with zero pu;

Polynomial 2 with zero v;

m n

Resultant(P, Q) = al> bl" H (i —v5) =ap, H Qi) = by H P(v;)

i=1,...,m i=1 i=1
j=1,....n

=Product of all the differences between the zeroes of both polynomials
=Product of the value of a polynomial in the zeroes of the other polynomial
Resultant=0 only if two zeroes of the polynomials are coincident

Method of calculation: determinant of the Sylvester matrix of the two polynomials (simple but not efficient for
large degree)

Method of calculation: from the remainders of polynomial division (GCD of two polynomials, Euclid’s algorithm)
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Sylvester’s matrix

Example: Sylvester matrix of two polynomial of degree 4 and 3:

P(z) = ag + a1x + asx? + azx® + aya*

+ Sylvester’s matrix

Q(x) = by + by + box® + bya®

The polynomials of the previous slide are Resultant of P(z) and its derivative 42

an al ao
a1 0 ::(‘-QQ)(G%'—’4GQGQ)

ai

az a1 ao O
az az a1 ag

2 2 3 3 2 2
2a2 a1 0 0|=(—a3)(—27aga3 + 18apaiasas — dapay — 4ajas + aja;)

3as 2as ai 0

0 3a3 2&2 al

(Discriminant: Disc(P) = MResu(P, P’) avoids unwanted prefactors)

n
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Integrals in 1 variable

+oo
Py(z) = ag + a1z + asx? I(N) = / dx P (x)

— 0

((4@2) (N + %)) I(N) + (a? — 4apas)NI(N —1) =0

o Resu (i), ()| (8 + 3 ) T(9) = [Resu (Pafe), Py(a) NIV = 1)] =0

Resu (P (), Py (x)) = (ﬁ()Ros‘u (Py(x), Py(x))

degree 3
+o0o
P3(x) = ag + a1x + asz? + asx’ I(N) = / dx P (z)

— 00

- oo (Pa(o), Py | & (¥ = ) 1V = 1)

2

6&0
+ [Resu (P3(z), Py(z))] N(N — D)I(N —2) =0

Resu (Ps(x), P3' () = 45?:_:R(\,S11 (Ps3(x), Ps(x)) Resu (P3(z), P3' () = —35; ’) ~Resu (Ps(z), Pi(z))

Stefano Laporta, Resultants and difference equations ... , Mathemamplitudes 2023, Padova, 25-27 Sep 2023 Page 5



difference equation for degree 4

col (N)+c1I(N—1)+col (N—2)4c3I(N—3) =0 third order I(N) = / 4 Py(x) = agt+ayrt+asr+azrdfagat

— 0

co = —% (a(3N — 8) — asB) (N — 1)(N — 2)(N — 3)

/

c1 = %(QN —3) (BN — 8) — ayf8) — 30asy| (N —2)(N — 3)

¢y = [6" (—160(3N — 8)(3N — 7)(3N — 5) + a4 3(593 + 12N (—49 + 12N))) — 6ayy (845'(7 — 3N) + Sy(—89 + 36N))] L=3

8 5///

= 51235 (BN = 5) = aaf) (=5 + 2V) (=13 + 4N) (=11 + 4N)

C3

1 1 d 1 d? 1 d® 5
a—4Resu(P4, Py) § = a—4dT“0Resu(P4,Pi) 8" = a—4dT“gResu(P4,Pi) 6" = a—4dT“gResu(P4,Pi) = 1536a;
4 1

1 N 1 a —4ayf 1

_ p!.p/ I P S LA _
16a4ReS“( 1 Py) 3 2 T T4da,

3 Resu(P), P)") =

1
16@4

1
16 - 81&4

1 2
Resu(Py, P)") = 65” + =42

Resu(Py, P)) = 25’ + ayl3 >

[2 [3 invariants (see arXiv:0903.2595, 0911.5278 math-ph)
12 = CL% - 3@1@3 + 12&0@4

I3 = —2a§’ + 9aiaszas + T2agasas — 27a0a§ — 27@%@4
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difference equation for degree 4 -desingularized

oo

®(n) =col (N)+c1I(N — 1)+ col (N —2) 4+ c3I(N —3) =0 third order I(N) = / P;j%

co = —5%(04(3]\[—8) CasB) (N — 1)(N — 2)(N — 3) !
5/

= E(QN —3) (a(3N —8) —asff) — 3dasy| (N —2)(N — 3)

¢y = [0" (~16c(3N — 8)(3N — 7)(3N — 5) + a4 3(593 + 12N (—49 + 12N))) — 6a4y (848 (7 — 3N) + By(—89 + 36N))] X=3

8 5///

= 575 (00BN = 5) = asf)(=5 +2N)(~13 + 4N)(~ 11 + 4N)

€3

Polynomials in N (in red) with zeros depending on coefficients: apparent singularity.

Desingularization (ex.: Maple): take suitable combination with rational coefficients 7y, 7o
(N, a;)*®(N—1)+ro(N,a;)P(N) = cgI(N)+ A T(N—1)+c5 1 (N —2)+5T(N—-3)+c,I(N—4) =0 3rd — 4th order

such that the undesired coefficients (in red) are factored out

+6(4ae — ayB)N(N — 1)(N — 2)
(=0 (4a — asB) — 9dasy) (N — ) + Lasdy] (N — 1)(N — 2)
(N — %) (N — %) (4 — ayB)6” + 186" aqy)) — %yaéyy (N — f—g) + %a4ﬁ(5” + 2272)] (N —2)

)
= — (36" (4o — asB) + $6"asy) (N = 3) (N — 2) (N = 3) + 56" (—da + agB)N? 4 8" (Ta(—333 + 29BN

3 3456
_5M" 3
(‘ia‘”) o

No more factors depending of N and a;

Q)

~

@)

@) o,
I
| —|
N
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difference equation for degree 4

leading behaviour for N — oc: extract leading powers in NV

o = ~0 (a(3N)) (N)(N)(N) = ~da "

= [%/(2]\7) (a(BN))] (N)(N) = +8aN*

N 6// 4

——«

¢2 = [0 (=16a(3N)BN)(BN)+)] g2 = —5;

8 §" 5" A
= 1535 (ABN) @N)AN)(4N) = +ZraN

€3 3]

5// 5///
— {—5, —|—5,/ —57 —|—§} aN4
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Beyond degree 4

e Degree 5: 3 invariants Iy, Ig, Ii9

e Degree n: n — 2 invariants

e Main discriminant — rational prefactor A"

e Other invariants: argument of (multivariate) hypergeometric functions (conjectured)

coefficients of the highest power give the characteristic (algebraic) equation of the difference
equation — scales uf

General case degree n
coefficients of the highest power of N:

z”: (1" [ o Resu(P,, P))| I(N+1—n+k)

k! 8a’50

k=0

Stefano Laporta, Resultants and difference equations ... , Mathemamplitudes 2023, Padova, 25-27 Sep 2023 Page 9



Integrals in 2 variables: degree 2

+o0o +o00
Py (z,y) = as0x> + a1y + agey® + a0z + ao1y + ago I(N) = / dx / dy P2]\2f(:1:, Y)

(a%l — 4&02&20) [(N)(N + 1) + (CL()()CL%l — a%lago — CL%OCLO2 + ap1a10a11 —+ 4a00a02a20) N[(N — 1) = 0

(_1)n(n—1)/2
Disc,(P) = Resu, (P, P')

Qn

. . 2 2 2
DlSCyDISCxPQQ(SE, y) = —16&20 (aooall — Up1a20 — A1pA02 + apgr1aipail + 4@00&02@20)
. : 2 2 2
Disc, Discy Paa(x, y) = —16a02 (aoai; — agyas0 — aigaoz + agiaioain + 4apoao2a)
Ass(agy) = 2 — a2 a0 — a3ga02 + +4
22(@0p0) = Ap0A11 — Gp1A20 — A19G02 T A01G10011 ap0@p20a20

0

8CLOOA<GOO>I(N)(N + 1) + AQQ(QO())NI(N _ 1) —0
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Integrals in 2 variables: degree 3

400 —+ o0
dy P33 (z,y)

oo

Ps3(z,y) = azor’ +ag1 2%y +a122y® +aosy® +agr® +a11xy+aoey® +aor+ao1y+aoo I(N) = / dz
e

4-th order difference equation
[(N)pl(N,CL) +I(N o 1)p2(N,CL) + I(N - 2)p3(N, a) + [(N - 3)p4(N7 a) + [(N o 4)p5(N, a) =0

Disc,Disc, P33(z,y) = —as0q1(a)Ass
Disc,Discy P33 (z,y) = —aosq2(a)Ass
The discriminant A3z has 2040 terms. (degree 4 in agp — 4th order difference equation)

64
Ass = 80621568a;,ag5a30 + . . . — 4096a35a7,a],a12a30 = 7 <I§ — [;f)

14, Ig invariants 25, 103 terms

2 2 2
I, = 144agoag2a12a30 —48agoao2a3; —216agpapzai1azo+144agoapzazoazi +24agpariai2az1 —48agpaisa20 —48ag; a12as3g
2 2 2 2
+16ag, a3, +24a01ap2a11a30—16ag1a02a20a21 +144a01ap3a10a30—48ap1ag3a50—16ag1a10a12a21 —8ap1 a7, a1 +24ap1a11a12a20
2 2 2 2 2 2 2
— 48&026L106L30 + 16CLOQCL20 + 24&02&10&11&21 — 16&02&10&12&20 — 8a02a11a20 — 48&03&106L21 + 24&03&10&11&20 + 16&1()&12

2 4
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Integrals in 2 variables: degree 3 - invariant I

I6 = all 12&10&12&11 12&02&20&11 12a01a21a1111+36a03a10a20a?1+36a01a12a20a?1+36a02a10a21a‘§1+36a00a12a21a?1
+ 36a01a02a3005, + 540agoapzasoas; + 48atyat.at, + 48a2.a3,a1, — T2a01a03a50a7, + 48a3, a3 a7, — 7200000205, a7,
— 72&00&%26@0@%1 + 24&02&10&12@20@%1 72a03a10a21a11 + 24&01&10@12@21 all + 24@01@02@20&21&11 648@00@03@20&21&%1
—72a(2)2a10a30a%1—648@01a03a10a30a%1—72a(2)1a12a30a%1—648aooa02a12a30a%1—144aoga03a10a§0a11—144@01a02a12a§0a11
+ 864&00&03@12a§0a11 — 144@01a02a10a§1a11 + 864&00&03&10@%16“1 — 144a00a01a12a§1a11 — 144&01&10&%26@0&11
— 144ag3a3ga12a20a11 — 144appa10aiya1a11 — 144agaigaroaz1a11 — 144ai,a10a20a21a11 + 720a01a03a10020021 011

2 2 2
— 144ag;a12a20a21a11 + 720ap0ap2a12a20021a11 + 864ap2a03aigazparr + 864agpapiaisaszoarr + 720ap1ap2a10012a30011

2 2 2
— 1296ap0apsaipaizasoarr — 144apiag,az0asoars + 864ag; apsazoasoars — 1296appap2ao3az0asoas + 864apoag,az1 asoarl
3

2 3 3
- 144@01a02a21a30a11 — 1296@00&01@03@21&30&11 64a10a12 64&026L20 864aooa03a20 + 288@01@02@03&20 64@010,21

2
1-288a00a01 o2y, —864an,aosas, +216a35a3,a30+216a3, atoas,—576a00a02a79a50+96a0,a10a12a50 — 144001 a0301001205,

2

+216a2,a% a3, —576a01ag3a3 a3, +216a2,ata3, +96a3, a19a12a5, —144agoazaioarzas, —576a00as,a20a3, +96a3, ag2a2003,
864 51 —864anoag,a3y+216ad, agyasy,—5832ad,agz a3, —864a] 50+3888 20+288 3
+ a00a01a03a20a21_ a00a02a30+ a01a02a/30_ a00a03a30_ CL01(L03(L30+ a00a01a02a03a30+ a00a10a12a20

96ag2a3yai 96a01a3yai 96a01a52a3 576a; 3 864 3 288ag3a;

+ Y0ag2aigaiaazo + Y0ap1aipaiaaz1 + Y0a01a52a50a21 — 910a4; 0320021 + 564A00A02003059A21 + 283A03a7(A12021

2 2 2 3 2 3

—144a02a03a10a20a21—144aooa01a12a20a21—|—48a01a02a10a12a20a21—1296aooa03a10a12a20a21—864ao3a10a30—864aooa12a30

2 2 2 2 2 2 3 2
—576a01a10a12a30—|—864a00a02a10a12a30—576@02a10a12a30—|—864a01aogaloalgago—|—288a02a10a20a30—|—3888a00a03a10a20a30

2 2 2
— 1296a¢1a02a03a10020a30 + 864appageai2a20a30 — 144ap,ao2a12a20a30 — 1296appap1 apsaizazoasg — 144ap1agsaioaziaso

2 3 2
+ 864aj;ap3a10a21a30 — 1296ag0ap2a03a10021a30 + 288aq;a12a21a30 — 1296a00a01 ap2a12a21a30 + 3888ap7a03a12a21 030
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Arbitrary degree and number of variables

Polynomial degree n, in v variables
From dimension counting the expected number of invariants N is

(v +n)!

N(v,n) = —v(2+0v) + —

N(,n)=n-3

n

N(2,n) §(n+3)+7

N grows fast for large n, v;
Example: NV (5,5) = 217
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Summary

Summary

e Resultants, discriminants and invariants appear in difference equations for integrals of powers of

polynomials

e Similar results appear for non-gaussian integrals (exponential of multivariate symmetric

polynomials)

e It can be useful study existing algorithms for the calculations of resultants and discriminants in

order to get useful ideas to implement in other approaches (e.g. intersection theory)
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