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Integration by Parts Identities (IBPs)

Requires solving a very large linear system

Systematised by Laporta’s Algorithm

[Chetyrkin, Tkachov, 1981]

[Laporta, 2001]
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J =
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i=1

ciIi
Master Feynman IntegralsFeynman Integrals

[Frellesvig, Gasparotto, Mandal, Mastrolia, Matiazzi, Mizera 2019]
[Smirnov, Petukhov, 2011]

IBP Coefficients
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Vector Spaces do not need inner products to exist. But what if we endow our vector space 
with an inner product              ?
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<latexit sha1_base64="dZPCZD80SEQI8bSPeIPGOML4cNY=">AAACFXicbVDLSsNAFJ34rPUVdelmsAhuLIn42gjFbnRXwT6gCWEynbTTTiZhZiKUkK9w4be4cKPiVlz6N07SLrT1wMDhnHu4c48fMyqVZX0bC4tLyyurpbXy+sbm1ra5s9uSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+q5377gQhJI36vxjFxQ9TnNKAYKS155rETIjXwg7SeeSkdZlcOQ7zPCLz1KHR0Umk2hI4oVM+sWFWrAJwn9pRUwBQNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWdRJIY4RHqk66mHIVEumlxVgYPtdKDQST04woW6u9EikIpx6GvJ/Mj5KyXi/953UQFl25KeZwowvFkUZAwqCKYdwR7VBCs2FgThAXVf4V4gATCSjepO7BnL54nrZOqfV49uzut1K6nbZTAPjgAR8AGF6AGbkADNAEGj+AZvII348l4Md6Nj8nogjHN7IE/MD5/AHkLnzs=</latexit>

Cij = hIi|Iji

<latexit sha1_base64="AX6TaNytnIUEeMCQO93cEsg9Pm0=">AAACAXicbVC7TsMwFHV4lvIKMCEWiwqJhSpBvMYKFsYi0YfURJXj3rRWHSeyHaSqqhj4FgYWQKx8BSN/g5NmgJYjWT4651zZ9wQJZ0o7zre1sLi0vLJaWiuvb2xubds7u00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDG8yv/UAUrFY3OtRAn5E+oKFjBJtpK6973Ei+hzwCfZMTme3zJWuXXGqTg48T9yCVFCBetf+8noxTSMQmnKiVMd1Eu2PidSMcpiUvVRBQuiQ9KFjqCARKH+crzDBR0bp4TCW5giNc/X3xJhESo2iwCQjogdq1svE/7xOqsMrf8xEkmoQdPpQmHKsY5z1gXtMAtV8ZAihkpm/YjogklBtWjMduLMbz5PmadW9qJ7fnVVq10UbJXSADtExctElqqFbVEcNRNEjekav6M16sl6sd+tjGl2wipk99AfW5w8Lc5Y6</latexit>

h�|�i

Inverting
<latexit sha1_base64="UEZj43xfc8a8aO4DuOiD+KpuH5w="></latexit>

ci =
nX

i=1

hJ |Iji
�
C�1

�
ji
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3

<latexit sha1_base64="Bm0Z7Rj6Mqhu9aJVh3CMvu0OI/c=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kok4mtTKLpRVxXsA9oYJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733BDGjSjvOt1VYWFxaXimultbWNza37O2dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8Grstx6JVDQS93oUE4+jvqAhxUgbybf3bqtdlXA/pVU3e0hFhn0Kb3zq22Wn4kwA54mbkzLIUfftr24vwgknQmOGlOq4Tqy9FElNMSNZqZsoEiM8RH3SMVQgTpSXTh7I4KFRejCMpCmh4UT9PZEirtSIB6aTIz1Qs95Y/M/rJDq88FIq4kQTgaeLwoRBHcFxGrBHJcGajQxBWFJzK8QDJBHWJrOSCcGdfXmeNI8r7lnl9O6kXLvM4yiCfXAAjoALzkENXIM6aAAMMvAMXsGb9WS9WO/Wx7S1YOUzu+APrM8fI/OWIQ==</latexit>

J =
nX

i=1

ciIi

Vector Spaces do not need inner products to exist. But what if we endow our vector space 
with an inner product              ?

<latexit sha1_base64="pTYNtFqDt85Cr6w3f/+vnB4n94g=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0VwVRLxtSkU3diuKtgHNDVMptN27GQSZiZCCfknF/6IG0E3Km79CKdpBG09MHA451zu3OOFjEplWS9GbmFxaXklv1pYW9/Y3DK3d5oyiAQmDRywQLQ9JAmjnDQUVYy0Q0GQ7zHS8kaXE791T4SkAb9R45B0fTTgtE8xUlpyzZrDEB8wAmvQ0TkFq+4ddESqlR0Z+W5My3ZyG/MEu/QnXHXpfNw1i1bJSgHniZ2RIshQd80npxfgyCdcYYak7NhWqLoxEopiRpKCE0kSIjxCA9LRlCOfyG6c3pzAA630YD8Q+nEFU/X3RIx8Kce+p5M+UkM5603E/7xOpPrn3ZjyMFKE4+mifsSgCuCkQNijgmDFxpogLKj+K8RDJBBWumbdgT178TxpHpXs09LJ9XGxcpG1kQd7YB8cAhucgQq4AnXQABg8gGfwBt6NR+PV+DA+p9Gckc3sgj8wvr4Bhk6qlQ==</latexit>

hJ |Iji =
nX

i=1

cihIi|Iji
<latexit sha1_base64="029QFfZpz5k3E5jpN4vhD+RzV4E="></latexit>

hJ |Iji =
nX

i=1

ciCij
<latexit sha1_base64="JNZMDq03+k2ER2ttS3smDbb8Sq0=">AAAB53icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk95kyOzsMjMrhCVf4MGLilc/yaN/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YhK81g+mEmCfkSHkoecUWOlxk2/XHGr7hzkL/FyUoEc9X75szeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObHKgISxsiUNmas/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzcZm4C1//Je0zqreZfWicV6p3eZpFOEIjuEUPLiCGtxDHZrAAOEJXuDV4c6z8+a8L1oLTj5zCL/gfHwDDXKMuw==</latexit>=

<latexit sha1_base64="dZPCZD80SEQI8bSPeIPGOML4cNY=">AAACFXicbVDLSsNAFJ34rPUVdelmsAhuLIn42gjFbnRXwT6gCWEynbTTTiZhZiKUkK9w4be4cKPiVlz6N07SLrT1wMDhnHu4c48fMyqVZX0bC4tLyyurpbXy+sbm1ra5s9uSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+q5377gQhJI36vxjFxQ9TnNKAYKS155rETIjXwg7SeeSkdZlcOQ7zPCLz1KHR0Umk2hI4oVM+sWFWrAJwn9pRUwBQNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWdRJIY4RHqk66mHIVEumlxVgYPtdKDQST04woW6u9EikIpx6GvJ/Mj5KyXi/953UQFl25KeZwowvFkUZAwqCKYdwR7VBCs2FgThAXVf4V4gATCSjepO7BnL54nrZOqfV49uzut1K6nbZTAPjgAR8AGF6AGbkADNAEGj+AZvII348l4Md6Nj8nogjHN7IE/MD5/AHkLnzs=</latexit>

Cij = hIi|Iji

<latexit sha1_base64="AX6TaNytnIUEeMCQO93cEsg9Pm0=">AAACAXicbVC7TsMwFHV4lvIKMCEWiwqJhSpBvMYKFsYi0YfURJXj3rRWHSeyHaSqqhj4FgYWQKx8BSN/g5NmgJYjWT4651zZ9wQJZ0o7zre1sLi0vLJaWiuvb2xubds7u00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDG8yv/UAUrFY3OtRAn5E+oKFjBJtpK6973Ei+hzwCfZMTme3zJWuXXGqTg48T9yCVFCBetf+8noxTSMQmnKiVMd1Eu2PidSMcpiUvVRBQuiQ9KFjqCARKH+crzDBR0bp4TCW5giNc/X3xJhESo2iwCQjogdq1svE/7xOqsMrf8xEkmoQdPpQmHKsY5z1gXtMAtV8ZAihkpm/YjogklBtWjMduLMbz5PmadW9qJ7fnVVq10UbJXSADtExctElqqFbVEcNRNEjekav6M16sl6sd+tjGl2wipk99AfW5w8Lc5Y6</latexit>

h�|�i

Inverting
<latexit sha1_base64="UEZj43xfc8a8aO4DuOiD+KpuH5w="></latexit>

ci =
nX

i=1

hJ |Iji
�
C�1

�
ji

Can we do this for the vector space of Feynman Integrals?
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<latexit sha1_base64="Bm0Z7Rj6Mqhu9aJVh3CMvu0OI/c=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kok4mtTKLpRVxXsA9oYJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733BDGjSjvOt1VYWFxaXimultbWNza37O2dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8Grstx6JVDQS93oUE4+jvqAhxUgbybf3bqtdlXA/pVU3e0hFhn0Kb3zq22Wn4kwA54mbkzLIUfftr24vwgknQmOGlOq4Tqy9FElNMSNZqZsoEiM8RH3SMVQgTpSXTh7I4KFRejCMpCmh4UT9PZEirtSIB6aTIz1Qs95Y/M/rJDq88FIq4kQTgaeLwoRBHcFxGrBHJcGajQxBWFJzK8QDJBHWJrOSCcGdfXmeNI8r7lnl9O6kXLvM4yiCfXAAjoALzkENXIM6aAAMMvAMXsGb9WS9WO/Wx7S1YOUzu+APrM8fI/OWIQ==</latexit>

J =
nX

i=1

ciIi

Vector Spaces do not need inner products to exist. But what if we endow our vector space 
with an inner product              ?

<latexit sha1_base64="pTYNtFqDt85Cr6w3f/+vnB4n94g=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0VwVRLxtSkU3diuKtgHNDVMptN27GQSZiZCCfknF/6IG0E3Km79CKdpBG09MHA451zu3OOFjEplWS9GbmFxaXklv1pYW9/Y3DK3d5oyiAQmDRywQLQ9JAmjnDQUVYy0Q0GQ7zHS8kaXE791T4SkAb9R45B0fTTgtE8xUlpyzZrDEB8wAmvQ0TkFq+4ddESqlR0Z+W5My3ZyG/MEu/QnXHXpfNw1i1bJSgHniZ2RIshQd80npxfgyCdcYYak7NhWqLoxEopiRpKCE0kSIjxCA9LRlCOfyG6c3pzAA630YD8Q+nEFU/X3RIx8Kce+p5M+UkM5603E/7xOpPrn3ZjyMFKE4+mifsSgCuCkQNijgmDFxpogLKj+K8RDJBBWumbdgT178TxpHpXs09LJ9XGxcpG1kQd7YB8cAhucgQq4AnXQABg8gGfwBt6NR+PV+DA+p9Gckc3sgj8wvr4Bhk6qlQ==</latexit>

hJ |Iji =
nX

i=1

cihIi|Iji
<latexit sha1_base64="029QFfZpz5k3E5jpN4vhD+RzV4E="></latexit>

hJ |Iji =
nX

i=1

ciCij
<latexit sha1_base64="JNZMDq03+k2ER2ttS3smDbb8Sq0=">AAAB53icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk95kyOzsMjMrhCVf4MGLilc/yaN/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YhK81g+mEmCfkSHkoecUWOlxk2/XHGr7hzkL/FyUoEc9X75szeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObHKgISxsiUNmas/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzcZm4C1//Je0zqreZfWicV6p3eZpFOEIjuEUPLiCGtxDHZrAAOEJXuDV4c6z8+a8L1oLTj5zCL/gfHwDDXKMuw==</latexit>=

<latexit sha1_base64="dZPCZD80SEQI8bSPeIPGOML4cNY=">AAACFXicbVDLSsNAFJ34rPUVdelmsAhuLIn42gjFbnRXwT6gCWEynbTTTiZhZiKUkK9w4be4cKPiVlz6N07SLrT1wMDhnHu4c48fMyqVZX0bC4tLyyurpbXy+sbm1ra5s9uSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+q5377gQhJI36vxjFxQ9TnNKAYKS155rETIjXwg7SeeSkdZlcOQ7zPCLz1KHR0Umk2hI4oVM+sWFWrAJwn9pRUwBQNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWdRJIY4RHqk66mHIVEumlxVgYPtdKDQST04woW6u9EikIpx6GvJ/Mj5KyXi/953UQFl25KeZwowvFkUZAwqCKYdwR7VBCs2FgThAXVf4V4gATCSjepO7BnL54nrZOqfV49uzut1K6nbZTAPjgAR8AGF6AGbkADNAEGj+AZvII348l4Md6Nj8nogjHN7IE/MD5/AHkLnzs=</latexit>

Cij = hIi|Iji

<latexit sha1_base64="AX6TaNytnIUEeMCQO93cEsg9Pm0=">AAACAXicbVC7TsMwFHV4lvIKMCEWiwqJhSpBvMYKFsYi0YfURJXj3rRWHSeyHaSqqhj4FgYWQKx8BSN/g5NmgJYjWT4651zZ9wQJZ0o7zre1sLi0vLJaWiuvb2xubds7u00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDG8yv/UAUrFY3OtRAn5E+oKFjBJtpK6973Ei+hzwCfZMTme3zJWuXXGqTg48T9yCVFCBetf+8noxTSMQmnKiVMd1Eu2PidSMcpiUvVRBQuiQ9KFjqCARKH+crzDBR0bp4TCW5giNc/X3xJhESo2iwCQjogdq1svE/7xOqsMrf8xEkmoQdPpQmHKsY5z1gXtMAtV8ZAihkpm/YjogklBtWjMduLMbz5PmadW9qJ7fnVVq10UbJXSADtExctElqqFbVEcNRNEjekav6M16sl6sd+tjGl2wipk99AfW5w8Lc5Y6</latexit>

h�|�i

Inverting
<latexit sha1_base64="UEZj43xfc8a8aO4DuOiD+KpuH5w="></latexit>

ci =
nX

i=1

hJ |Iji
�
C�1

�
ji

Can we do this for the vector space of Feynman Integrals?

Yes we can!

To see how we must first switch our representation for Feynman Integrals

[Mastrolia, Mizera, 2018]
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<latexit sha1_base64="xWdm9MOgAlfGwGRYnlfHO91owPU="></latexit>

I↵1···↵m ⇠
Z  Y

i

ddki

!
1

D↵1
1 · · ·D↵m

m

Momentum Representation
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<latexit sha1_base64="xWdm9MOgAlfGwGRYnlfHO91owPU="></latexit>

I↵1···↵m ⇠
Z  Y

i

ddki

!
1

D↵1
1 · · ·D↵m

m

Momentum Representation Baikov Representation
<latexit sha1_base64="Y/nO7VgkgmCTDU49jeMTkvRkVqk="></latexit>

I↵1···↵m ⇠
Z  Y

i

dzi

!
p(z1, · · · , zm)�

z↵1
1 · · · z↵m

m

[Baikov, 1996]
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<latexit sha1_base64="xWdm9MOgAlfGwGRYnlfHO91owPU="></latexit>

I↵1···↵m ⇠
Z  Y

i

ddki

!
1

D↵1
1 · · ·D↵m

m

Momentum Representation Baikov Representation
<latexit sha1_base64="Y/nO7VgkgmCTDU49jeMTkvRkVqk="></latexit>

I↵1···↵m ⇠
Z  Y

i

dzi

!
p(z1, · · · , zm)�

z↵1
1 · · · z↵m

m

In Baikov the integration variables are the propagators of the Feynman Integral 
[Baikov, 1996]
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<latexit sha1_base64="xWdm9MOgAlfGwGRYnlfHO91owPU="></latexit>

I↵1···↵m ⇠
Z  Y

i

ddki

!
1

D↵1
1 · · ·D↵m

m

Momentum Representation Baikov Representation
<latexit sha1_base64="Y/nO7VgkgmCTDU49jeMTkvRkVqk="></latexit>

I↵1···↵m ⇠
Z  Y

i

dzi

!
p(z1, · · · , zm)�

z↵1
1 · · · z↵m

m

In Baikov the integration variables are the propagators of the Feynman Integral 

The function 
<latexit sha1_base64="IpgM7S+AX6EsyRD4kkAeLOk5fI0=">AAAB+XicbVDLSsNAFJ34rPWV6tLNYBEqlJKIr2XRjcsK9gFtCJPJpB06MwkzE6UN/RQXblTc+iUu/RunbRbaeuDC4Zx7ufeeIGFUacf5tlZW19Y3Ngtbxe2d3b19u3TQUnEqMWnimMWyEyBFGBWkqalmpJNIgnjASDsY3k799iORisbiQY8S4nHUFzSiGGkj+XYpqYx9t9rDYaxVdezzU98uOzVnBrhM3JyUQY6Gb3/1whinnAiNGVKq6zqJ9jIkNcWMTIq9VJEE4SHqk66hAnGivGx2+gSeGCWEUSxNCQ1n6u+JDHGlRjwwnRzpgVr0puJ/XjfV0bWXUZGkmgg8XxSlDOoYTnOAIZUEazYyBGFJza0QD5BEWJu0TAbu4sfLpHVWcy9rF/fn5fpNnkYBHIFjUAEuuAJ1cAcaoAkweALP4BW8WZn1Yr1bH/PWFSufOQR/YH3+AIv9kzE=</latexit>

p(z1, · · · , zm) is a multivariate polynomial that is unique for each family  

[Baikov, 1996]
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<latexit sha1_base64="xWdm9MOgAlfGwGRYnlfHO91owPU="></latexit>

I↵1···↵m ⇠
Z  Y

i

ddki

!
1

D↵1
1 · · ·D↵m

m

Momentum Representation Baikov Representation
<latexit sha1_base64="Y/nO7VgkgmCTDU49jeMTkvRkVqk="></latexit>

I↵1···↵m ⇠
Z  Y

i

dzi

!
p(z1, · · · , zm)�

z↵1
1 · · · z↵m

m

In Baikov the integration variables are the propagators of the Feynman Integral 

The function 
<latexit sha1_base64="IpgM7S+AX6EsyRD4kkAeLOk5fI0=">AAAB+XicbVDLSsNAFJ34rPWV6tLNYBEqlJKIr2XRjcsK9gFtCJPJpB06MwkzE6UN/RQXblTc+iUu/RunbRbaeuDC4Zx7ufeeIGFUacf5tlZW19Y3Ngtbxe2d3b19u3TQUnEqMWnimMWyEyBFGBWkqalmpJNIgnjASDsY3k799iORisbiQY8S4nHUFzSiGGkj+XYpqYx9t9rDYaxVdezzU98uOzVnBrhM3JyUQY6Gb3/1whinnAiNGVKq6zqJ9jIkNcWMTIq9VJEE4SHqk66hAnGivGx2+gSeGCWEUSxNCQ1n6u+JDHGlRjwwnRzpgVr0puJ/XjfV0bWXUZGkmgg8XxSlDOoYTnOAIZUEazYyBGFJza0QD5BEWJu0TAbu4sfLpHVWcy9rF/fn5fpNnkYBHIFjUAEuuAJ1cAcaoAkweALP4BW8WZn1Yr1bH/PWFSufOQR/YH3+AIv9kzE=</latexit>

p(z1, · · · , zm) is a multivariate polynomial that is unique for each family  
<latexit sha1_base64="6Tn1z6mapdwqGM6UPWfeUsUxflY=">AAAB7HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEnons8mYmdllZlYIS/7BgxcVr/6PR//GSbIHTSxoKKq66e4KE8608bxvp7Cyura+UdwsbW3v7O6V9w+aOk4VoQ0S81i1Q9SUM0kbhhlO24miKEJOW+Hoduq3nqjSLJYPZpzQQOBAsogRNFZqdgcoBPbKFa/qzeAuEz8nFchR75W/uv2YpIJKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YKlFQHWSzayfuiVX6bhQrW9K4M/X3RIZC67EIbadAM9SL3lT8z+ukJroOMiaT1FBJ5ouilLsmdqevu32mKDF8bAkSxeytLhmiQmJsQDYDf/HjZdI8q/qX1Yv780rtJk+jCEdwDKfgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ABWmPDw==</latexit>� is a non integer parameter that depends on 

<latexit sha1_base64="0yZuHw4PhgkDITWIYOnqUDGiqDo=">AAAB53icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzAOSJczO9iZDZmeXmVkhhHyBBy8qXv0kj/6Nk2QPmljQUFR1090VpIJr47rfTmFtfWNzq7hd2tnd2z8oHx61dJIphk2WiER1AqpRcIlNw43ATqqQxoHAdjC6n/ntJ1SaJ/LRjFP0YzqQPOKMGis1wn654lbdOcgq8XJSgRz1fvmrFyYsi1EaJqjWXc9NjT+hynAmcFrqZRpTykZ0gF1LJY1R+5P5oVNyZpWQRImyJQ2Zq78nJjTWehwHtjOmZqiXvZn4n9fNTHTrT7hMM4OSLRZFmSAmIbOvScgVMiPGllCmuL2VsCFVlBmbjc3AW/54lbQuqt519apxWand5WkU4QRO4Rw8uIEaPEAdmsAA4Rle4c3hzovz7nwsWgtOPnMMf+B8/gBIZ4zi</latexit>

d

[Baikov, 1996]
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In Baikov the integration variables are the propagators of the Feynman Integral 

The function 
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p(z1, · · · , zm) is a multivariate polynomial that is unique for each family  
<latexit sha1_base64="6Tn1z6mapdwqGM6UPWfeUsUxflY=">AAAB7HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEnons8mYmdllZlYIS/7BgxcVr/6PR//GSbIHTSxoKKq66e4KE8608bxvp7Cyura+UdwsbW3v7O6V9w+aOk4VoQ0S81i1Q9SUM0kbhhlO24miKEJOW+Hoduq3nqjSLJYPZpzQQOBAsogRNFZqdgcoBPbKFa/qzeAuEz8nFchR75W/uv2YpIJKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YKlFQHWSzayfuiVX6bhQrW9K4M/X3RIZC67EIbadAM9SL3lT8z+ukJroOMiaT1FBJ5ouilLsmdqevu32mKDF8bAkSxeytLhmiQmJsQDYDf/HjZdI8q/qX1Yv780rtJk+jCEdwDKfgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ABWmPDw==</latexit>� is a non integer parameter that depends on 

<latexit sha1_base64="0yZuHw4PhgkDITWIYOnqUDGiqDo=">AAAB53icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzAOSJczO9iZDZmeXmVkhhHyBBy8qXv0kj/6Nk2QPmljQUFR1090VpIJr47rfTmFtfWNzq7hd2tnd2z8oHx61dJIphk2WiER1AqpRcIlNw43ATqqQxoHAdjC6n/ntJ1SaJ/LRjFP0YzqQPOKMGis1wn654lbdOcgq8XJSgRz1fvmrFyYsi1EaJqjWXc9NjT+hynAmcFrqZRpTykZ0gF1LJY1R+5P5oVNyZpWQRImyJQ2Zq78nJjTWehwHtjOmZqiXvZn4n9fNTHTrT7hMM4OSLRZFmSAmIbOvScgVMiPGllCmuL2VsCFVlBmbjc3AW/54lbQuqt519apxWand5WkU4QRO4Rw8uIEaPEAdmsAA4Rle4c3hzovz7nwsWgtOPnMMf+B8/gBIZ4zi</latexit>

d

is a multivalued function called the “twist”
<latexit sha1_base64="PK3FdBVKbj8+r08SLJEc0B/g0hM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr4sQ9OIxgnlgsobeySQZMjO7zMwKYclfePCi4tW/8ejfOEn2oIkFDUVVN91dYcyZNp737eSWlldW1/LrhY3Nre2d4u5eXUeJIrRGIh6pZoiaciZpzTDDaTNWFEXIaSMc3kz8xhNVmkXy3oxiGgjsS9ZjBI2VHuLHdh+FwKukUyx5ZW8Kd5H4GSlBhmqn+NXuRiQRVBrCUeuW78UmSFEZRjgdF9qJpjGSIfZpy1KJguognV48do+s0nV7kbIljTtVf0+kKLQeidB2CjQDPe9NxP+8VmJ6l0HKZJwYKslsUS/hroncyftulylKDB9ZgkQxe6tLBqiQGBuSzcCf/3iR1E/K/nn57O60VLnO0sjDARzCMfhwARW4hSrUgICEZ3iFN0c5L8678zFrzTnZzD78gfP5A+mikLc=</latexit>

p� = u

[Baikov, 1996]
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p� = u
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[Baikov, 1996]
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Feynman Integrals can be represented as “twisted integrals” in the Baikov representation
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Feynman Integrals can be represented as “twisted integrals” in the Baikov representation

A notion for an inner product for twisted integrals already exists in the mathematical 
literature: The Intersection Number [Matsumoto, 1998]
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A practical definition:
<latexit sha1_base64="sUsK/GkFtaH7C4XWNmYOzql38fc="></latexit>

h'L|'Riu =
X

p2P
Resz=p( 'R)

[Matsumoto, 1998]

Feynman Integrals can be represented as “twisted integrals” in the Baikov representation

A notion for an inner product for twisted integrals already exists in the mathematical 
literature: The Intersection Number 
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A practical definition:
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The set of the zeroes of the polynomial

Covariant Derivative

[Matsumoto, 1998]

Feynman Integrals can be represented as “twisted integrals” in the Baikov representation

A notion for an inner product for twisted integrals already exists in the mathematical 
literature: The Intersection Number 
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Feynman Integrals can be represented as “twisted integrals” in the Baikov representation

A notion for an inner product for twisted integrals already exists in the mathematical 
literature: The Intersection Number 
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The set of the zeroes of the polynomial Can solve by Laurent series ansatz to extract 
the terms contributing to the residue 

Covariant Derivative

[Matsumoto, 1998]

For more than one variable the intersection number can be computed via a recursive 
formula, or via a direct higher order partial differential equation 

[Chestnov, Frellesvig, Gasparotto, Mandal, Mastrolia, 2022]

Feynman Integrals can be represented as “twisted integrals” in the Baikov representation

A notion for an inner product for twisted integrals already exists in the mathematical 
literature: The Intersection Number 
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<latexit sha1_base64="LFRqyYr93JHFewEFkXjhiQTJFa0=">AAACInicbVDLSgMxFM3UV62vqks3g0WoIGVGfC4KRTcuK9gHdKZDJs20oUlmSDJiHeZb3Pgrblwo6krwY0wfiLYeSDg5515y7/EjSqSyrE8jMze/sLiUXc6trK6tb+Q3t+oyjAXCNRTSUDR9KDElHNcUURQ3I4Eh8ylu+P3Lod+4xUKSkN+oQYRdBrucBARBpSUvf+5EknhR2ZEx8xJSdhhUPcESRniatpOfJ7xLU+SR4v2+c+Dru028fMEqWSOYs8SekAKYoOrl351OiGKGuUIUStmyrUi5CRSKIIrTnBNLHEHUh13c0pRDhqWbjFZMzT2tdMwgFPpwZY7U3x0JZFIOmK8rhyPLaW8o/ue1YhWcuQnhUawwR+OPgpiaKjSHeZkdIjBSdKAJRILoWU3UgwIipVPN6RDs6ZVnSf2wZJ+Ujq+PCpWLSRxZsAN2QRHY4BRUwBWoghpA4AE8gRfwajwaz8ab8TEuzRiTnm3wB8bXN1g8pV0=</latexit>

 p =
maxX

i=min

ci(z) b(z)
i

<latexit sha1_base64="sq5fAk2/toDk3TFoKWTuVMID3zU=">AAACF3icbVDLSsNAFJ34rPUVdelmsAjtwpKIr02h6MZlBfuAPsJkOm2nnUnCzERoQ/7Cjb/ixoUibnXn3zhps9DWAxcO59zLvfe4AaNSWda3sbS8srq2ntnIbm5t7+yae/s16YcCkyr2mS8aLpKEUY9UFVWMNAJBEHcZqbujm8SvPxAhqe/dq3FA2hz1PdqjGCktOWYROzQ/KZRaMuRONCxZcSdqcaQGgkdd0o/zbuHEjrET0WE86QwdM2cVrSngIrFTkgMpKo751er6OOTEU5ghKZu2Fah2hISimJE42wolCRAeoT5pauohTmQ7mv4Vw2OtdGHPF7o8Bafq74kIcSnH3NWdycly3kvE/7xmqHpX7Yh6QaiIh2eLeiGDyodJSLBLBcGKjTVBWFB9K8QDJBBWOsqsDsGef3mR1E6L9kXx/O4sV75O48iAQ3AE8sAGl6AMbkEFVAEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/APf5n9Y=</latexit>

ci(z) =

deg(b)�1X

j=0

cijz
j

no longer a constant but another polynomial

Roughly speaking the series will converge for when

<latexit sha1_base64="LFRqyYr93JHFewEFkXjhiQTJFa0=">AAACInicbVDLSgMxFM3UV62vqks3g0WoIGVGfC4KRTcuK9gHdKZDJs20oUlmSDJiHeZb3Pgrblwo6krwY0wfiLYeSDg5515y7/EjSqSyrE8jMze/sLiUXc6trK6tb+Q3t+oyjAXCNRTSUDR9KDElHNcUURQ3I4Eh8ylu+P3Lod+4xUKSkN+oQYRdBrucBARBpSUvf+5EknhR2ZEx8xJSdhhUPcESRniatpOfJ7xLU+SR4v2+c+Dru028fMEqWSOYs8SekAKYoOrl351OiGKGuUIUStmyrUi5CRSKIIrTnBNLHEHUh13c0pRDhqWbjFZMzT2tdMwgFPpwZY7U3x0JZFIOmK8rhyPLaW8o/ue1YhWcuQnhUawwR+OPgpiaKjSHeZkdIjBSdKAJRILoWU3UgwIipVPN6RDs6ZVnSf2wZJ+Ujq+PCpWLSRxZsAN2QRHY4BRUwBWoghpA4AE8gRfwajwaz8ab8TEuzRiTnm3wB8bXN1g8pV0=</latexit>

 p =
maxX

i=min

ci(z) b(z)
iis small

Allows us to construct series expansions around multiple points simultaneously!

Reduces to a “normal” series expansion when 
<latexit sha1_base64="/KicQQbtQyb37BrruL2M3styQZ4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfF2EoBePEcwDkiXMTmaTMbMzy8yskCz5By8eFPHq/3jzb5wke9BoQUNR1U13VxBzpo3rfjm5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhjdTv/lIlWZS3JtRTP0I9wULGcHGSo2gPD6+GneLJbfizoD+Ei8jJchQ6xY/Oz1JkogKQzjWuu25sfFTrAwjnE4KnUTTGJMh7tO2pQJHVPvp7NoJOrJKD4VS2RIGzdSfEymOtB5Fge2MsBnoRW8q/ue1ExNe+ikTcWKoIPNFYcKRkWj6OuoxRYnhI0swUczeisgAK0yMDahgQ/AWX/5LGicV77xydndaql5nceThAA6hDB5cQBVuoQZ1IPAAT/ACr450np03533emnOymX34BefjG85ljqQ=</latexit>

b(z) = z

[Fontana,Peraro,2023]

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
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<latexit sha1_base64="tuD1cgoUHyRetdFiK4soflVX5l4=">AAACB3icbZDLSgMxFIbPeK31NupSkGAR2kXLTPG2EYpuXFawF2hLyaSZNjRzIckI7TA7N76KGxeKuPUV3Pk2pu0stPWHwJf/nENyfifkTCrL+jaWlldW19YzG9nNre2dXXNvvy6DSBBaIwEPRNPBknLm05piitNmKCj2HE4bzvBmUm88UCFZ4N+rUUg7Hu77zGUEK211zSM3Py5ctV2BSVxG+XHRLqBxsZzoi+aka+askjUVWgQ7hRykqnbNr3YvIJFHfUU4lrJlW6HqxFgoRjhNsu1I0hCTIe7TlkYfe1R24ukeCTrRTg+5gdDHV2jq/p6IsSflyHN0p4fVQM7XJuZ/tVak3MtOzPwwUtQns4fciCMVoEkoqMcEJYqPNGAimP4rIgOsM1E6uqwOwZ5feRHq5ZJ9Xjq7O81VrtM4MnAIx5AHGy6gArdQhRoQeIRneIU348l4Md6Nj1nrkpHOHMAfGZ8/9YKW1Q==</latexit>

f(z) =
2(z � 1)z � 2

2z � 1
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<latexit sha1_base64="tuD1cgoUHyRetdFiK4soflVX5l4=">AAACB3icbZDLSgMxFIbPeK31NupSkGAR2kXLTPG2EYpuXFawF2hLyaSZNjRzIckI7TA7N76KGxeKuPUV3Pk2pu0stPWHwJf/nENyfifkTCrL+jaWlldW19YzG9nNre2dXXNvvy6DSBBaIwEPRNPBknLm05piitNmKCj2HE4bzvBmUm88UCFZ4N+rUUg7Hu77zGUEK211zSM3Py5ctV2BSVxG+XHRLqBxsZzoi+aka+askjUVWgQ7hRykqnbNr3YvIJFHfUU4lrJlW6HqxFgoRjhNsu1I0hCTIe7TlkYfe1R24ukeCTrRTg+5gdDHV2jq/p6IsSflyHN0p4fVQM7XJuZ/tVak3MtOzPwwUtQns4fciCMVoEkoqMcEJYqPNGAimP4rIgOsM1E6uqwOwZ5feRHq5ZJ9Xjq7O81VrtM4MnAIx5AHGy6gArdQhRoQeIRneIU348l4Md6Nj1nrkpHOHMAfGZ8/9YKW1Q==</latexit>

f(z) =
2(z � 1)z � 2

2z � 1 Expansion around
<latexit sha1_base64="5Vq8xub59zIT1lAGbfhS+9zd/zI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonlAsoTZySQZMju7zPQKccknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328ktLa+sruXXCxubW9s7xd29uokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1geDPxG49cGxGpBxzF3A9pX4meYBStdP905XaKJbfsTkEWiZeREmSodopf7W7EkpArZJIa0/LcGP2UahRM8nGhnRgeUzakfd6yVNGQGz+dnjomR1bpkl6kbSkkU/X3REpDY0ZhYDtDigMz703E/7xWgr1LPxUqTpArNlvUSyTBiEz+Jl2hOUM5soQyLeythA2opgxtOgUbgjf/8iKpn5S98/LZ3Wmpcp3FkYcDOIRj8OACKnALVagBgz48wyu8OdJ5cd6dj1lrzslm9uEPnM8f3L+NiQ==</latexit>

z = 0
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<latexit sha1_base64="tuD1cgoUHyRetdFiK4soflVX5l4=">AAACB3icbZDLSgMxFIbPeK31NupSkGAR2kXLTPG2EYpuXFawF2hLyaSZNjRzIckI7TA7N76KGxeKuPUV3Pk2pu0stPWHwJf/nENyfifkTCrL+jaWlldW19YzG9nNre2dXXNvvy6DSBBaIwEPRNPBknLm05piitNmKCj2HE4bzvBmUm88UCFZ4N+rUUg7Hu77zGUEK211zSM3Py5ctV2BSVxG+XHRLqBxsZzoi+aka+askjUVWgQ7hRykqnbNr3YvIJFHfUU4lrJlW6HqxFgoRjhNsu1I0hCTIe7TlkYfe1R24ukeCTrRTg+5gdDHV2jq/p6IsSflyHN0p4fVQM7XJuZ/tVak3MtOzPwwUtQns4fciCMVoEkoqMcEJYqPNGAimP4rIgOsM1E6uqwOwZ5feRHq5ZJ9Xjq7O81VrtM4MnAIx5AHGy6gArdQhRoQeIRneIU348l4Md6Nj1nrkpHOHMAfGZ8/9YKW1Q==</latexit>

f(z) =
2(z � 1)z � 2

2z � 1 Expansion around
<latexit sha1_base64="FkShdYRxmpwhM44YOGJNAL1g/vk=">AAAB73icbVDLSsNAFL2pr1pfUZduBotQF5ZEfG2EohuXFewD2lAm00k7dDKJMxOhDf0JNy4UcevvuPNvnLZZaOuBC4dz7uXee/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB24jeeqFQsEg96GFMvxD3BAkawNlJzVHJPRsfXTscuOmVnCrRI3IwUIUO1Y3+1uxFJQio04VipluvE2kux1IxwOi60E0VjTAa4R1uGChxS5aXTe8foyChdFETSlNBoqv6eSHGo1DD0TWeIdV/NexPxP6+V6ODKS5mIE00FmS0KEo50hCbPoy6TlGg+NAQTycytiPSxxESbiAomBHf+5UVSPy27F+Xz+7Ni5SaLIw8HcAglcOESKnAHVagBAQ7P8Apv1qP1Yr1bH7PWnJXN7MMfWJ8/XmeO5A==</latexit>

z(1� z) = 0
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<latexit sha1_base64="tuD1cgoUHyRetdFiK4soflVX5l4=">AAACB3icbZDLSgMxFIbPeK31NupSkGAR2kXLTPG2EYpuXFawF2hLyaSZNjRzIckI7TA7N76KGxeKuPUV3Pk2pu0stPWHwJf/nENyfifkTCrL+jaWlldW19YzG9nNre2dXXNvvy6DSBBaIwEPRNPBknLm05piitNmKCj2HE4bzvBmUm88UCFZ4N+rUUg7Hu77zGUEK211zSM3Py5ctV2BSVxG+XHRLqBxsZzoi+aka+askjUVWgQ7hRykqnbNr3YvIJFHfUU4lrJlW6HqxFgoRjhNsu1I0hCTIe7TlkYfe1R24ukeCTrRTg+5gdDHV2jq/p6IsSflyHN0p4fVQM7XJuZ/tVak3MtOzPwwUtQns4fciCMVoEkoqMcEJYqPNGAimP4rIgOsM1E6uqwOwZ5feRHq5ZJ9Xjq7O81VrtM4MnAIx5AHGy6gArdQhRoQeIRneIU348l4Md6Nj1nrkpHOHMAfGZ8/9YKW1Q==</latexit>

f(z) =
2(z � 1)z � 2

2z � 1 Expansion around
<latexit sha1_base64="FkShdYRxmpwhM44YOGJNAL1g/vk=">AAAB73icbVDLSsNAFL2pr1pfUZduBotQF5ZEfG2EohuXFewD2lAm00k7dDKJMxOhDf0JNy4UcevvuPNvnLZZaOuBC4dz7uXee/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB24jeeqFQsEg96GFMvxD3BAkawNlJzVHJPRsfXTscuOmVnCrRI3IwUIUO1Y3+1uxFJQio04VipluvE2kux1IxwOi60E0VjTAa4R1uGChxS5aXTe8foyChdFETSlNBoqv6eSHGo1DD0TWeIdV/NexPxP6+V6ODKS5mIE00FmS0KEo50hCbPoy6TlGg+NAQTycytiPSxxESbiAomBHf+5UVSPy27F+Xz+7Ni5SaLIw8HcAglcOESKnAHVagBAQ7P8Apv1qP1Yr1bH7PWnJXN7MMfWJ8/XmeO5A==</latexit>

z(1� z) = 0

Converges both around 0 but also around 1
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<latexit sha1_base64="tuD1cgoUHyRetdFiK4soflVX5l4=">AAACB3icbZDLSgMxFIbPeK31NupSkGAR2kXLTPG2EYpuXFawF2hLyaSZNjRzIckI7TA7N76KGxeKuPUV3Pk2pu0stPWHwJf/nENyfifkTCrL+jaWlldW19YzG9nNre2dXXNvvy6DSBBaIwEPRNPBknLm05piitNmKCj2HE4bzvBmUm88UCFZ4N+rUUg7Hu77zGUEK211zSM3Py5ctV2BSVxG+XHRLqBxsZzoi+aka+askjUVWgQ7hRykqnbNr3YvIJFHfUU4lrJlW6HqxFgoRjhNsu1I0hCTIe7TlkYfe1R24ukeCTrRTg+5gdDHV2jq/p6IsSflyHN0p4fVQM7XJuZ/tVak3MtOzPwwUtQns4fciCMVoEkoqMcEJYqPNGAimP4rIgOsM1E6uqwOwZ5feRHq5ZJ9Xjq7O81VrtM4MnAIx5AHGy6gArdQhRoQeIRneIU348l4Md6Nj1nrkpHOHMAfGZ8/9YKW1Q==</latexit>

f(z) =
2(z � 1)z � 2

2z � 1 Expansion around
<latexit sha1_base64="FkShdYRxmpwhM44YOGJNAL1g/vk=">AAAB73icbVDLSsNAFL2pr1pfUZduBotQF5ZEfG2EohuXFewD2lAm00k7dDKJMxOhDf0JNy4UcevvuPNvnLZZaOuBC4dz7uXee/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB24jeeqFQsEg96GFMvxD3BAkawNlJzVHJPRsfXTscuOmVnCrRI3IwUIUO1Y3+1uxFJQio04VipluvE2kux1IxwOi60E0VjTAa4R1uGChxS5aXTe8foyChdFETSlNBoqv6eSHGo1DD0TWeIdV/NexPxP6+V6ODKS5mIE00FmS0KEo50hCbPoy6TlGg+NAQTycytiPSxxESbiAomBHf+5UVSPy27F+Xz+7Ni5SaLIw8HcAglcOESKnAHVagBAQ7P8Apv1qP1Yr1bH7PWnJXN7MMfWJ8/XmeO5A==</latexit>

z(1� z) = 0

Converges both around 0 but also around 1

Can use this method to solve the ansatz around all poles simultaneously and find the 
sum over the residues in one operation. Avoids intermediate irrational expressions.

See Gaia’s talk for many more details!



Relative Cohomology (1/2)
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<latexit sha1_base64="R9O13ejbk1wTgEG/jJ9h8LZSG6Y=">AAACNnicfVDLSsNAFJ34rPVVdekmWAQXUhLxtSy60Y1UsA9oSriZTNqhM0mYmRRKyF+58Ddc6sKNils/wWkbQVvxwMCZc+7l3nu8mFGpLOvJmJtfWFxaLqwUV9fWNzZLW9sNGSUCkzqOWCRaHkjCaEjqiipGWrEgwD1Gml7/cuQ3B0RIGoV3ahiTDoduSAOKQWnJLd1cu6kDLO6Bm9qZg/1Iye8/zzJHUu7QUJmJc+gMQMQ9+m+9WypbFWsMc5bYOSmjHDW39Oj4EU44CRVmIGXbtmLVSUEoihnJik4iSQy4D13S1jQETmQnHd+dmfta8c0gEvrpHcfqz44UuJRD7ulKDqonp72R+JfXTlRw3klpGCeKhHgyKEiYqSJzFKLpU0GwYkNNAAuqdzVxDwRgpaPWGdjTF8+SxlHFPq2c3B6Xqxd5GgW0i/bQAbLRGaqiK1RDdYTRPXpGr+jNeDBejHfjY1I6Z+Q9O+gXjM8vcBKvCQ==</latexit>

I↵1···↵m ⇠
Z

u'↵1···↵m

<latexit sha1_base64="QVpNi/tOEw6g8ZKdI+h6bNWElqs="></latexit>

'↵1···↵m =
dz1 ^ · · · ^ dzm
z↵1
1 · · · z↵m

m

There is an important condition that the differential forms must satisfy for the 
intersection number computation to be well defined 
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<latexit sha1_base64="R9O13ejbk1wTgEG/jJ9h8LZSG6Y=">AAACNnicfVDLSsNAFJ34rPVVdekmWAQXUhLxtSy60Y1UsA9oSriZTNqhM0mYmRRKyF+58Ddc6sKNils/wWkbQVvxwMCZc+7l3nu8mFGpLOvJmJtfWFxaLqwUV9fWNzZLW9sNGSUCkzqOWCRaHkjCaEjqiipGWrEgwD1Gml7/cuQ3B0RIGoV3ahiTDoduSAOKQWnJLd1cu6kDLO6Bm9qZg/1Iye8/zzJHUu7QUJmJc+gMQMQ9+m+9WypbFWsMc5bYOSmjHDW39Oj4EU44CRVmIGXbtmLVSUEoihnJik4iSQy4D13S1jQETmQnHd+dmfta8c0gEvrpHcfqz44UuJRD7ulKDqonp72R+JfXTlRw3klpGCeKhHgyKEiYqSJzFKLpU0GwYkNNAAuqdzVxDwRgpaPWGdjTF8+SxlHFPq2c3B6Xqxd5GgW0i/bQAbLRGaqiK1RDdYTRPXpGr+jNeDBejHfjY1I6Z+Q9O+gXjM8vcBKvCQ==</latexit>

I↵1···↵m ⇠
Z

u'↵1···↵m

<latexit sha1_base64="QVpNi/tOEw6g8ZKdI+h6bNWElqs="></latexit>

'↵1···↵m =
dz1 ^ · · · ^ dzm
z↵1
1 · · · z↵m

m

There is an important condition that the differential forms must satisfy for the 
intersection number computation to be well defined 

The twist     must be regulated: The poles of <latexit sha1_base64="IQW8SEQo4vf6qI3+qQG1jDS+PGE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg1NMiHJFMrQj3DjQhG3fo87/8a0nYW2HrhwOOde7r0nUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rV4+XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB+io+w</latexit>' must be located at the roots of the  

polynomial <latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p where
<latexit sha1_base64="NL+lcuuChcwY+3aLMiodlyEqtuc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr4sQ9OIxgnlgsobeySQZMjO7zMwKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3hTFn2njet5NbWl5ZXcuvFzY2t7Z3irt7dR0litAaiXikmiFqypmkNcMMp81YURQhp41weDPxG09UaRbJezOKaSCwL1mPETRWekiu4sd2H4XATrHklb0p3EXiZ6QEGaqd4le7G5FEUGkIR61bvhebIEVlGOF0XGgnmsZIhtinLUslCqqDdHrx2D2yStftRcqWNO5U/T2RotB6JELbKdAM9Lw3Ef/zWonpXQYpk3FiqCSzRb2EuyZyJ++7XaYoMXxkCRLF7K0uGaBCYmxIBRuCP//yIqmflP3z8tndaalyncWRhwM4hGPw4QIqcAtVqAEBCc/wCm+Odl6cd+dj1ppzspl9+APn8wdvZZDH</latexit>

u = p�

<latexit sha1_base64="R9O13ejbk1wTgEG/jJ9h8LZSG6Y=">AAACNnicfVDLSsNAFJ34rPVVdekmWAQXUhLxtSy60Y1UsA9oSriZTNqhM0mYmRRKyF+58Ddc6sKNils/wWkbQVvxwMCZc+7l3nu8mFGpLOvJmJtfWFxaLqwUV9fWNzZLW9sNGSUCkzqOWCRaHkjCaEjqiipGWrEgwD1Gml7/cuQ3B0RIGoV3ahiTDoduSAOKQWnJLd1cu6kDLO6Bm9qZg/1Iye8/zzJHUu7QUJmJc+gMQMQ9+m+9WypbFWsMc5bYOSmjHDW39Oj4EU44CRVmIGXbtmLVSUEoihnJik4iSQy4D13S1jQETmQnHd+dmfta8c0gEvrpHcfqz44UuJRD7ulKDqonp72R+JfXTlRw3klpGCeKhHgyKEiYqSJzFKLpU0GwYkNNAAuqdzVxDwRgpaPWGdjTF8+SxlHFPq2c3B6Xqxd5GgW0i/bQAbLRGaqiK1RDdYTRPXpGr+jNeDBejHfjY1I6Z+Q9O+gXjM8vcBKvCQ==</latexit>

I↵1···↵m ⇠
Z

u'↵1···↵m
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<latexit sha1_base64="R9O13ejbk1wTgEG/jJ9h8LZSG6Y=">AAACNnicfVDLSsNAFJ34rPVVdekmWAQXUhLxtSy60Y1UsA9oSriZTNqhM0mYmRRKyF+58Ddc6sKNils/wWkbQVvxwMCZc+7l3nu8mFGpLOvJmJtfWFxaLqwUV9fWNzZLW9sNGSUCkzqOWCRaHkjCaEjqiipGWrEgwD1Gml7/cuQ3B0RIGoV3ahiTDoduSAOKQWnJLd1cu6kDLO6Bm9qZg/1Iye8/zzJHUu7QUJmJc+gMQMQ9+m+9WypbFWsMc5bYOSmjHDW39Oj4EU44CRVmIGXbtmLVSUEoihnJik4iSQy4D13S1jQETmQnHd+dmfta8c0gEvrpHcfqz44UuJRD7ulKDqonp72R+JfXTlRw3klpGCeKhHgyKEiYqSJzFKLpU0GwYkNNAAuqdzVxDwRgpaPWGdjTF8+SxlHFPq2c3B6Xqxd5GgW0i/bQAbLRGaqiK1RDdYTRPXpGr+jNeDBejHfjY1I6Z+Q9O+gXjM8vcBKvCQ==</latexit>

I↵1···↵m ⇠
Z

u'↵1···↵m

<latexit sha1_base64="QVpNi/tOEw6g8ZKdI+h6bNWElqs="></latexit>

'↵1···↵m =
dz1 ^ · · · ^ dzm
z↵1
1 · · · z↵m

m

There is an important condition that the differential forms must satisfy for the 
intersection number computation to be well defined 

The twist     must be regulated: The poles of <latexit sha1_base64="IQW8SEQo4vf6qI3+qQG1jDS+PGE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg1NMiHJFMrQj3DjQhG3fo87/8a0nYW2HrhwOOde7r0nUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rV4+XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB+io+w</latexit>' must be located at the roots of the  

polynomial <latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p where
<latexit sha1_base64="NL+lcuuChcwY+3aLMiodlyEqtuc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr4sQ9OIxgnlgsobeySQZMjO7zMwKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3hTFn2njet5NbWl5ZXcuvFzY2t7Z3irt7dR0litAaiXikmiFqypmkNcMMp81YURQhp41weDPxG09UaRbJezOKaSCwL1mPETRWekiu4sd2H4XATrHklb0p3EXiZ6QEGaqd4le7G5FEUGkIR61bvhebIEVlGOF0XGgnmsZIhtinLUslCqqDdHrx2D2yStftRcqWNO5U/T2RotB6JELbKdAM9Lw3Ef/zWonpXQYpk3FiqCSzRb2EuyZyJ++7XaYoMXxkCRLF7K0uGaBCYmxIBRuCP//yIqmflP3z8tndaalyncWRhwM4hGPw4QIqcAtVqAEBCc/wCm+Odl6cd+dj1ppzspl9+APn8wdvZZDH</latexit>

u = p�

In practice unfortunately this condition is rarely satisfied

One solution:
<latexit sha1_base64="sF0bANf2c24LK0pUSd2YDWElKmY=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUR8bYSiG5cV7AOaGCaTSTt0kgnzEGrpL7jxV9y4UMStO3f+jdM0C209MHDuOfdy554wY1Qqx/m2FhaXlldWS2vl9Y3NrW17Z7cluRaYNDFnXHRCJAmjKWkqqhjpZIKgJGSkHQ6uJn77nghJeXqrhhnxE9RLaUwxUkYK7Kr2FIc68ESfwwv4ELh3OfVwxJU0dTKtdWBXnJqTA84TtyAVUKAR2F9exLFOSKowQ1J2XSdT/ggJRTEj47KnJckQHqAe6RqaooRIf5RfNIaHRolgzIV5qYK5+ntihBIph0loOhOk+nLWm4j/eV2t4nN/RNNMK5Li6aJYM2hCmMQDIyoIVmxoCMKCmr9C3EcCYWVCLJsQ3NmT50nrqOae1k5ujiv1yyKOEtgHB6AKXHAG6uAaNEATYPAInsEreLOerBfr3fqYti5Yxcwe+APr8wdKdZyz</latexit>

u ! u⇢ = z⇢1 · · · z⇢mu
<latexit sha1_base64="d99PtQYMsw8yFlr/8ynbJujrGq4=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iGdoWTStA3NY0gyQhn6FW5cKOLWz3Hn35i2s9DWA4HDOfeSe06ccGas7397hZXVtfWN4mZpa3tnd6+8f9A0KtWENojiSrdjbChnkjYss5y2E02xiDltxaPbqd96otowJR/sOKGRwAPJ+oxg66THUA9VaBXyu+WKX/VnQMskyEkFctS75a+wp0gqqLSEY2M6gZ/YKMPaMsLppBSmhiaYjPCAdhyVWFATZbODJ+jEKT3UV9o9adFM/b2RYWHMWMRuUmA7NIveVPzP66S2fx1lTCappZLMP+qnHLmI0/SoxzQllo8dwUQzdysiQ6wxsa6jkishWIy8TJpn1eCyenF/Xqnd5HUU4QiO4RQCuIIa3EEdGkBAwDO8wpunvRfv3fuYjxa8fOcQ/sD7/AFEfpAS</latexit>

⇢ ! 0 at the end of the calculation

Extra parameter weighs down the computation

<latexit sha1_base64="R9O13ejbk1wTgEG/jJ9h8LZSG6Y=">AAACNnicfVDLSsNAFJ34rPVVdekmWAQXUhLxtSy60Y1UsA9oSriZTNqhM0mYmRRKyF+58Ddc6sKNils/wWkbQVvxwMCZc+7l3nu8mFGpLOvJmJtfWFxaLqwUV9fWNzZLW9sNGSUCkzqOWCRaHkjCaEjqiipGWrEgwD1Gml7/cuQ3B0RIGoV3ahiTDoduSAOKQWnJLd1cu6kDLO6Bm9qZg/1Iye8/zzJHUu7QUJmJc+gMQMQ9+m+9WypbFWsMc5bYOSmjHDW39Oj4EU44CRVmIGXbtmLVSUEoihnJik4iSQy4D13S1jQETmQnHd+dmfta8c0gEvrpHcfqz44UuJRD7ulKDqonp72R+JfXTlRw3klpGCeKhHgyKEiYqSJzFKLpU0GwYkNNAAuqdzVxDwRgpaPWGdjTF8+SxlHFPq2c3B6Xqxd5GgW0i/bQAbLRGaqiK1RDdYTRPXpGr+jNeDBejHfjY1I6Z+Q9O+gXjM8vcBKvCQ==</latexit>

I↵1···↵m ⇠
Z

u'↵1···↵m
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Another solution: We work with elements of a relative twisted cohomology group instead of 
the “ordinary” cohomology group.

In practice this means we can use a new type of differential form
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Another solution: We work with elements of a relative twisted cohomology group instead of 
the “ordinary” cohomology group.

In practice this means we can use a new type of differential form
<latexit sha1_base64="/U1NwVAClx4TMi7GF5wO10DgNr4=">AAACGHicbVDLSsNAFJ34tr6qLt0Ei9CC1ER8LUU3LhWsFppQJpMbO3TycOZGaEI+w42/4saFIm6782+cPhbaemCGwznnMnOPlwiu0LK+jZnZufmFxaXl0srq2vpGeXPrTsWpZNBgsYhl06MKBI+ggRwFNBMJNPQE3Hvdy4F//wRS8Ti6xV4CbkgfIh5wRlFL7fKB44NA2s6qWc2Bx5Q/OYGkLE+rVq3Qd1YrfAc7oCN5tm8V7XLFqltDmNPEHpMKGeO6Xe47fszSECJkgirVsq0E3ZxK5ExAUXJSBQllXfoALU0jGoJy8+FihbmnFd8MYqlPhOZQ/T2R01CpXujpZEixoya9gfif10oxOHNzHiUpQsRGDwWpMDE2By2ZPpfAUPQ0oUxy/VeTdaguBnWXJV2CPbnyNLk7rNsn9eObo8r5xbiOJbJDdkmV2OSUnJMrck0ahJFn8kreyYfxYrwZn8bXKDpjjGe2yR8Y/R/EEKA8</latexit>

�z(z) ⌘
u(0)

u(z)
d✓z,0

<latexit sha1_base64="z9Cal7OgMjfQ2VPAbwq7bY8dRiU="></latexit>

h�z|'Ri = Resz=0

✓
'R

u(0)

u(z)

◆
[Caron-Huot,Pokraka,2021]
[Caron-Huot,Pokraka,2022]

[Matsumoto,2018]
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Another solution: We work with elements of a relative twisted cohomology group instead of 
the “ordinary” cohomology group.

Relative intersection numbers are easier to compute and do not need the introduction of a 
regulator     to the twist

In practice this means we can use a new type of differential form

<latexit sha1_base64="d99PtQYMsw8yFlr/8ynbJujrGq4=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iGdoWTStA3NY0gyQhn6FW5cKOLWz3Hn35i2s9DWA4HDOfeSe06ccGas7397hZXVtfWN4mZpa3tnd6+8f9A0KtWENojiSrdjbChnkjYss5y2E02xiDltxaPbqd96otowJR/sOKGRwAPJ+oxg66THUA9VaBXyu+WKX/VnQMskyEkFctS75a+wp0gqqLSEY2M6gZ/YKMPaMsLppBSmhiaYjPCAdhyVWFATZbODJ+jEKT3UV9o9adFM/b2RYWHMWMRuUmA7NIveVPzP66S2fx1lTCappZLMP+qnHLmI0/SoxzQllo8dwUQzdysiQ6wxsa6jkishWIy8TJpn1eCyenF/Xqnd5HUU4QiO4RQCuIIa3EEdGkBAwDO8wpunvRfv3fuYjxa8fOcQ/sD7/AFEfpAS</latexit>

⇢ ! 0

The C-matrix in this setup becomes block triangular

Many more details in Pokraka’s talk?

<latexit sha1_base64="/U1NwVAClx4TMi7GF5wO10DgNr4=">AAACGHicbVDLSsNAFJ34tr6qLt0Ei9CC1ER8LUU3LhWsFppQJpMbO3TycOZGaEI+w42/4saFIm6782+cPhbaemCGwznnMnOPlwiu0LK+jZnZufmFxaXl0srq2vpGeXPrTsWpZNBgsYhl06MKBI+ggRwFNBMJNPQE3Hvdy4F//wRS8Ti6xV4CbkgfIh5wRlFL7fKB44NA2s6qWc2Bx5Q/OYGkLE+rVq3Qd1YrfAc7oCN5tm8V7XLFqltDmNPEHpMKGeO6Xe47fszSECJkgirVsq0E3ZxK5ExAUXJSBQllXfoALU0jGoJy8+FihbmnFd8MYqlPhOZQ/T2R01CpXujpZEixoya9gfif10oxOHNzHiUpQsRGDwWpMDE2By2ZPpfAUPQ0oUxy/VeTdaguBnWXJV2CPbnyNLk7rNsn9eObo8r5xbiOJbJDdkmV2OSUnJMrck0ahJFn8kreyYfxYrwZn8bXKDpjjGe2yR8Y/R/EEKA8</latexit>

�z(z) ⌘
u(0)

u(z)
d✓z,0

<latexit sha1_base64="z9Cal7OgMjfQ2VPAbwq7bY8dRiU="></latexit>

h�z|'Ri = Resz=0

✓
'R

u(0)

u(z)

◆
[Caron-Huot,Pokraka,2021]
[Caron-Huot,Pokraka,2022]

[Matsumoto,2018]
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We have applied the techniques of polynomial expansion and relative cohomology to 
several examples presented in detail in our upcoming work

• 12 MIs
• 9 variables
• 3 triple cuts
• 3 quadruple cuts

• 16 MIs
• 9 variables
• 4 triple cuts
• 2 quadruple cuts

• 19 MIs
• 9 variables
• 4 triple cuts
• 3 quadruple cuts

• 24 MIs
• 9 variables
• 5 triple cuts
• 2 quadruple cuts
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We have applied the techniques of polynomial expansion and relative cohomology to 
several examples presented in detail in our upcoming work

• 12 MIs
• 9 variables
• 3 triple cuts
• 3 quadruple cuts

• 16 MIs
• 9 variables
• 4 triple cuts
• 2 quadruple cuts

• 19 MIs
• 9 variables
• 4 triple cuts
• 3 quadruple cuts

• 24 MIs
• 9 variables
• 5 triple cuts
• 2 quadruple cuts

Applications of Intersection Theory go beyond just Feynman Integrals
• String Theory/Double Copy
• Path Integrals
• Cosmological Correlators
• QFT Lattice computations
• Post Minkowskian Integrals
• And much more!

[Cacciatori,Mastrolia, 2022]

[Shounak De,Pokraka, 2023]

[Gasparotto, Weinzierl, 2022]

[Mizera, 2017]
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Thank you for listening!
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Can also view relative cohomology intersection numbers as the leading order contributions 
to regulated intersection numbers.

<latexit sha1_base64="gV3i0FoCGcmmLxQL5BBrLw87UMM="></latexit>

ru ⌘
✓
d+

du

u

◆
 = 'L

Formal solution <latexit sha1_base64="Z4KKAgdnaqzKevOD1igSKjn4w2A="></latexit>

 p(z) =
1

(e2⇡i↵p � 1)u⇢(z)

Z

Cp(z)
u⇢(t)'L(t)

Monodromy factor around the pole p
<latexit sha1_base64="qAmOdEm20Jyv5mQY+39cjOuxLC0=">AAAB/3icbZBNS8MwGMfT+TbnW1Xw4iU4hAkyWvHtIgy9eJzgXmCtJc3SLSxNS5IKW93Br+LFgyJe/Rre/DamWw86/UPgl//zPOTJ348ZlcqyvozC3PzC4lJxubSyura+YW5uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD66yeuueCEkjfquGMXFD1OM0oBgpbXnmTuI5oh9VRgcXo7uMnMNEXzyzbFWtieBfsHMog1x1z/x0uhFOQsIVZkjKjm3Fyk2RUBQzMi45iSQxwgPUIx2NHIVEuulk/zHc104XBpHQhys4cX9OpCiUchj6ujNEqi9na5n5X62TqODcTSmPE0U4nj4UJAyqCGZhwC4VBCs21ICwoHpXiPtIIKx0ZCUdgj375b/QPKrap9WTm+Ny7TKPowh2wR6oABucgRq4BnXQABg8gCfwAl6NR+PZeDPep60FI5/ZBr9kfHwD0u+VVw==</latexit>

u⇢(z) = z⇢ u(z)

Unregulated twistRegulated twist

<latexit sha1_base64="YtRRTET5q9ba4nbTRbhSvDNEt8k="></latexit>

 0(z) =
1

(e2⇡i⇢ � 1) z⇢ u(z)

Z

Cj(z)
t⇢ u(t)'L(t) dt

<latexit sha1_base64="z9cx3aHsE6dLFBVdTUmuyXopEQc="></latexit>

=
1

2⇡i⇢

1

u(z)

I

✏
u(t)'L(t) dt+O(⇢0)

<latexit sha1_base64="CqhIkEICDVFR2HITl79iyhm9xKo="></latexit>

h'L|'Ri =
1

2⇡i⇢
Resz=0

✓
'R

1

u(z)

I

✏
u(t)'L(t) dt

◆
+O(⇢0)

<latexit sha1_base64="iTCAiUYyRKyf14fZH9vaI7JVohs="></latexit>

h1/z|'Ri =
1

2⇡i⇢
Resz=0

✓
'R

1

u(z)

I

✏
u(t)

1

t
dt

◆
+O(⇢0) =

1

⇢
Resz=0

✓
'R

u(0)

u(z)

◆
+O(⇢0)

Same action as the            form 
<latexit sha1_base64="V1VO6RjUi8YIN/v9ndf+5LaKqmo=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQFKYn4WhbduKxgH9CUMpnc2MHJw5mbQhvyHW78FTcuFHEnbvwbp4+Fth6Y4cy553LnHi8RXKFtfxtz8wuLS8uFleLq2vrGprm1XVdxKhnUWCxi2fSoAsEjqCFHAc1EAg09AQ3v/mpYb/RAKh5Ht9hPoB3Su4gHnFHUUsd0XB8E0k42yA8Ghy48pLznBpKyLNXvXN/2Ye672IWR6cjOO2bJLtsjWLPEmZASmaDaMT9dP2ZpCBEyQZVqOXaC7YxK5ExAXnRTBQll9/QOWppGNATVzkar5da+VnwriKU+EVoj9XdHRkOl+qGnnSHFrpquDcX/aq0Ug4t2xqMkRYjYeFCQCgtja5iT5XMJDEVfE8ok13+1WJfqYFCnWdQhONMrz5L6cdk5K5/enJQql5M4CmSX7JED4pBzUiHXpEpqhJFH8kxeyZvxZLwY78bH2DpnTHp2yB8YXz+1TKFI</latexit>

�z(z) ⌘
u(z)

u(0)
d✓z,0

Will not contribute to the integral reduction coefficient


