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Sunrise problem

2 Q3 + 23 X053 + Zg a1a32 + 29 azag =0

Z2(X3+Zga§ =0

= Qynp = D~ %% =0 (Apnp)ige =0

—m3, —mg3, s —Mp — My — m3)

Z3053+Z9a32 =0
Zz 051 +Z3 0!2+2Z8 a1a3+2Z9 a2a3 = 0

., 210) = (1,1, 1,

(Zla' —Myp, —Mq1, —Mg, —Mg,

a0y —1 =0

all parameters in & lie inside the principal A-determinant

|

the generic Euler characteristic on & is strictly smaller than vol(A)

G K £(M;,0) £0,m.) £(0,0) G E
A (15, 15) (11, 11) (11, 15) (3,3) inner-dbox (43,834)
By (15, 35) (1,1) (15,35) (1,1) outer-dbox (64, 1302)
par (19, 35) (4, 8) (13, 35) (1,3) Hj-npl-dbox (99,1016)
acn | (55,136) | (20,54) | (36,136) (3,9) Bhabha-dbox (64, 774)
env | (273,1496) | (56,262) | (181,1496) | (10,80) Bhabha2-dbox | (79,910)
npltrb | (116,512) | (28,252) | (77,512) | (5,61) Bhabha-npl-dbox | (111,936)
tdetri | (51,201) (4,18) (33,201) (1,5) Kite (30,136)
debox (43,96) (11, 33) (31, 96) (3,10) par (19, 35)
tdebox | (123,705) | (11,113) | (87,705) | (3,41) Hj-npl-pentb | (330,3144)
pltrb | (81,417) | (16,201) | (61,417) | (4,80) dpent (281,5511)
dbox | (227,1422) | (75,903) | (159,1422) | (12,238) npl-dpent (631,5784)
pentb | (543,4279) | (228,3148) | (430,4279) | (62,1186) npl-dpent?2 (458, 5467)
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all parameters in & lie inside the principal A-determinant

|

the generic Euler characteristic on & is strictly smaller than vol(A)

G K £(M;,0) £0,m.) £(0,0) G E . ..
™ (15,15) | (L1) | (L15) | (3,3) inner-dbox | (43,834) The A-discriminant can usually
By (15, 35) (1,1) (15,35) (1,1) outer-dbox | (64,1302) not be obtained by restricting the
par (19, 35) (4, 8) (13, 35) (1,3) Hj-npl-dbox (99,1016) e :
acn | (55,136) | (20,54) | (36,136) | (3,9) Bhabha-dbox | (64,774) principal A-determinant
env | (273,1496) | (56,262) | (181,1496) | (10,80) Bhabha2-dbox (79, 910)
npltrb | (116,512) | (28,252) | (77,512) (5,61) Bhabha-npl-dbox | (111,936)
tdetri | (51,201) (4,18) (33,201) (1,5) kite (30,136)
debox (43,96) (11, 33) (31, 96) (3,10) par (19, 35)
tdebox | (123,705) | (11,113) (87,705) (3,41) Hj-npl-pentb | (330,3144)
pltrb | (81,417) | (16,201) | (61,417) (4, 80) dpent (281,5511)
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pentb | (543,4279) | (228,3148) | (430,4279) | (62,1186) npl-dpent?2 (458, 5467)
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all parameters in & lie inside the principal A-determinant
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the generic Euler characteristic on & is strictly smaller than vol(A)

G K £(M;,0) £0,m.) £(0,0) G E . .
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acn | (55,136) | (20,54) | (36,136) | (3,9) Bhabha-dbox | (64,774) principal A-determinant
env | (273,1496) | (56,262) | (181,1496) | (10,80) Bhabha2-dbox (79,910)
npltrb | (116,512) (28,252) (77,512) (5,61) Bhabha-npl-dbox | (111,936) . - .
tdetri | (51,201) (4,18) (33,201) (1,5) Kite (30,136) The principal Landau determinant
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tdebox | (123, 705) (11,113) (87,705) (3,41) Hj-npl-pentb (330,3144) : C . ey .
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pentb | (543,4279) | (228,3148) | (430,4279) | (62,1186) npl-dpent?2 (458, 5467)
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A first guess

Why not H (Apno)ig ? (1+ a1)(a+ bay + cas + dagas)
(AAnQ)|%5éO

010212 E4 = z1232426(22 — 42124) (22 — 4232)
A=10010 11 (2222 ;
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2 2 2
32y — R2R32425 + 212425 + 252326 — 221232426 — 21722526 + 2126)

(21, 22, 23, 24, 25, 26) = (@,a + b,c,b,c+d,d) = abcd(a — b)(c - d)
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R.P. Klausen, Kinematic singularities of Feynman integrals and principal
A-determinants, JHEP 02 (2022) 004 [2109.07584].

C. Dlapa, M. Helmer, G. Papathanasiou and F. Tellander, Symbol Alphabets from the
Landau Singular Locus, 2304 .02629.
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Incidence variety

: R = QQ[X1,X27ayb7C7d7y];

(1+x1)*(a + b*x1 + c*x2 + d*x1*x2);

: I = ideal(f,diff(x1,f),diff(x2,f),x1*x2*y-1):
ideal(f,diff(x1,f),diff(x2,f),x1*x2*y-1); Welcome to the

: Idealof R Macaulay2Web
interface
i4 : PD = primaryDecomposition I,;
ib : netlList PD
+ ___________________________________________________________________________________
= |ideal (x1 + 1, a*y - b*y - ¢ + d, x2*y + 1, x2*c - x2*d + a - b)
+ ___________________________________________________________________________________

: apply(PD,i->eliminate(i,{x1,x2,y}))

06 = {ideal(), ideal(bc — ad), ideal (a —b,c? —2cd+ dz)}
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Principal Landau determinant

Q C conv(A) face, &= 2 c,(m,M,s,1)a”, ?G,Q = Z c,(m,M,s,1t)a“

acA aceANQ
L Y508 = (@) €(CHEXE : Gg, = 0,0,%G, = 0)
| Yoo® = | ) Y2 (%) irreducible decomposition
| Y® ’ G,0
A | 1€ (G,0)
| vo VE?,Q(%) — ﬂ%(yg’)Q(g)) projectionto &

I(G,Q), = {i € l(G,Q) : codimvg{Q(%) = 1}
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Principal Landau determinant

Q C conv(A) face, &= 2 c,(m,M,s,1)a”, ?G,Q = Z c,(m,M,s,1t)a“
acA aceANQ

L Ygo(®) = (@) € (CHEXE : Ggp = 0,0, = 0

y()\’y(4)
; o Y6.0(8) = U Yg,)Q(%) irreducible decomposition
A | 1€1(G,0)
T Voo = k@) protento &
IG.0), = {i €KG.0Q) : codimV® (&) = 1)
Definition. The principal Landau determinant of the diagram G with

respect to the parameter space & is the defining polynomial E. of

PLD;®) = | |J VI,®

Qcconv(A) i€l(G,0),



Sunrise solution: PLD.jl

ay

edges = [[1,2],11,2],[1,2]1]; nodes = [1,1,2,2]; @var m[1:3] M[1:4];

getPLD(edges, nodes; internal_masses = m, external_masses = M, method = :num)

New discriminants after codim 3, face 1/9. The list

New discriminants after codim 3, face 3/9. The list is: mi, m2
New discriminants after codim 3, face 4/9. The list is: 1, mi, m:

New discriminants after codim 3, face 5/9. The list is: 1, mi, m2, ms




unrise solution: PLD.|l

New discriminants after codim 1, face 1/8. The list is: 1, mi, mi1™4 - 4xmi1”3kmz — 4km1"3%mz — 4*km1°3%S + 6km172%km2"2 + 4*kmi1”2%kmz*
ms + 4xkm1”2%mz2%s + 6%km1"2%kms3”2 + 4km172%kmskS + 6km172%S™2 — 4xkmikmz”3 + 4kmikmz272%kms + 4kmikmz2"2%S + 4kmaikmzkms”™2 — 40%mikmzkmzxks
+ 4kmi1xm2%S”2 — 4kmikms3™3 + 4kmikms3”2%S + 4kmikmskS”2 — 4kmiks™3 + m2™4 — 4xkm2”3kms — 4km2"3%S + 6%km2"2%m32 + 4km2"2%m3xkS + 6%m
272%S"2 — 4xm2km3”™3 + 4km2kmsN2%S + 4km2kmsks™2 — 4xkmz2ks™3 + m3™ — 4km3”3%s + 6km3N2%ks™2 — 4kmsxks”3 + s™4, mz2, m3, S




method = :num

Y
X X P(Kc;) incidence

total variety
space
- \/ v I

[]

Vg
Landau
’—

discriminant

P(Ka)

projectivized
kinematic space o

S. Mizera and S. Telen, Landau discriminants, JHEP 08 (2022) 200 [2109.08036].

+ numerical interpolation

Homotopy *
Continuation jl



method = :num

Y
X X P(/Cc;)
total

incidence
variety
space

]
P(Kc) v
projectivized Landau
kinematic space oA - discriminant

S. Mizera and S. Telen, Landau discriminants, JHEP 08 (2022) 200 [2109.08036].

Homoto py + numerical interpolation
Continuation jl

a | ‘

0 -



method = :num

Homoto py + numerical interpolation
X x P(Ke) - Continuation jl

incidence

total variety
space .-
= \\/ v I 1: "—f,\; TV i 1

[]

A | y® y@
P(Ke) Ve o A\ V.
projectivized == Landau o| | |

kinematic space o discriminant ‘\41
-2 L eamm—— y 2
S. Mizera and S. Telen, Landau discriminants, JHEP 08 (2022) 200 [2109.08036]. PN Y
2 2
_2_2
1. Compute samples on the incidence variety as regular solutions to systems of polynomial

equations. We pick up points on desired components + dominant components

2. Filter out such dominant points, and continue with the remaining samples
3. Divide the samples into groups corresponding to their incidence components
4, Deduce the degree of the projected components from the number of samples

d. Collect enough samples to find a unique interpolant
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Conjectures

PLDG(%) C V(&)

xdiscriminantQ(U+F, pp,vv,unique(vcat(A...)))

Generic |Euler characteristic|, xx = 7
candidates = Any[mi, mz2, m3, m1™4 — 4*km1"3xmz2 — 4*km1”3xm3 — 4*km1”3%s + 6%km1°2%m2"2 + 4kmi”2kmzkms + 4kmi”

2%M2%kS + 6%km17°2%m3™2 + 4xkmi1™2%km3ks + 6kmM172%S™2 — 4kmikmz2™3 + 4kmikmz22%kms + 4kmaikma22%S + 4kmikmzkms™2 —
A0%kmikmz2kms3*ksS + 4kmikm2%ks”™2 — 4kmikms™3 + 4kmikms™2%ks + 4xkmikmsks™2 — 4xkmiks”™3 + m2"4 — 4km2"3kms — 4xkm:
A3%kS + 6km272%km3™2 + 4km2"2%kmsksS + 6km272%kS™2 — 4xkm2kms”™3 + 4kmakmsN2kS + 4kmakmiks”™2 — 4km2ks™3 + m3™N4 -

4*m3”~3%S + 6%m3~2%S”2 — 4km3ks™3 + s™4, s]




Conjectures

PLDg(&) C V(&) but we know PLDg(&) 2 V(&)

xdiscriminantQ(U+F, pp,vv,unique(vcat(A...)))

Generic |Euler characteristic|, xx =
candidates = Any[mi, mz2, m3, mi™4 — 4xm1”3xm2 — 4xkm1”3%m3 — 4xkm1”3%S + 6km172%m2"2 + 4xmi”2%kmzkms + 4xm1”
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Conjectures

PLDg(&) C V(&) but we know PLDg(&) 2 V(&)

xdiscriminantQ(U+F, pp,vv,unique(vcat(A...)))

Generic |Euler characteristic|, xx =
candidates = Any[mi, mz2, m3, mi™4 — 4xm1”3xm2 — 4xkm1”3%m3 — 4xkm1”3%S + 6km172%m2"2 + 4xmi”2%kmzkms + 4xm1”

2%M2%kS + 6%km17°2%m3™2 + 4xkmi1™2%km3ks + 6kmM172%S™2 — 4kmikmz2™3 + 4kmikmz22%kms + 4kmaikma22%S + 4kmikmzkms™2 —
A0%kmikmz2kms3*ksS + 4kmikm2%ks”™2 — 4kmikms™3 + 4kmikms™2%ks + 4xkmikmsks™2 — 4xkmiks”™3 + m2"4 — 4km2"3kms — 4xkm:
A3%kS + 6km272%km3™2 + 4km2"2%kmsksS + 6km272%kS™2 — 4xkm2kms”™3 + 4kmakmsN2kS + 4kmakmiks”™2 — 4km2ks™3 + m3™N4 -

4*m3”~3%S + 6%m3~2%S”2 — 4km3ks™3 + s™4, s]

PLD(&) C V, (&) = Landau variety C resultof HyperInt

F.C.S. Brown, On the periods of some Feynman integrals, 0910.0114.

E. Panzer, Algorithms for the symbolic integration of hyperlogarithms with applications
to Feynman integrals, Comput. Phys. Commun. 188 (2015) 148 [1403.3385].



Conjectures

PLDg(&) C V(&) but we know PLDg(&) 2 V(&)

xdiscriminantQ(U+F, pp,vv,unique(vcat(A...)))

Generic |Euler characteristic|, xx =
candidates = Any[mi, mz2, m3, mi™4 — 4xm1”3xm2 — 4xkm1”3%m3 — 4xkm1”3%S + 6km172%m2"2 + 4xmi”2%kmzkms + 4xm1”

2%M2%kS + 6%km17°2%m3™2 + 4xkmi1™2%km3ks + 6kmM172%S™2 — 4kmikmz2™3 + 4kmikmz22%kms + 4kmaikma22%S + 4kmikmzkms™2 —
A0%kmikmz2kms3*ksS + 4kmikm2%ks”™2 — 4kmikms™3 + 4kmikms™2%ks + 4xkmikmsks™2 — 4xkmiks”™3 + m2"4 — 4km2"3kms — 4xkm:
A3%kS + 6km272%km3™2 + 4km2"2%kmsksS + 6km272%kS™2 — 4xkm2kms”™3 + 4kmakmsN2kS + 4kmakmiks”™2 — 4km2ks™3 + m3™N4 -

4*m3”~3%S + 6%m3~2%S”2 — 4km3ks™3 + s™4, s]

PLD(&) C V, (&) = Landau variety C resultof HyperInt

F.C.S. Brown, On the periods of some Feynman integrals, 0910.0114.

E. Panzer, Algorithms for the symbolic integration of hyperlogarithms with applications
to Feynman integrals, Comput. Phys. Commun. 188 (2015) 148 [1403.3385].

Can we compute V%(%) from the primary decomposition of an ideal in the Cox ring of XCOHV( A) ?
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(a) Double-box with (b) Double-box with (c) Non-planar double-box for
an inner massive loop, an outer massive loop, Higgs + jet production, I
G = inner-dbox G = outer-dbox G = Hj-npl-dbox
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(d) Double-box for Bhabha (e) Second double-box for Bhabha (f) Non-planar doubl'e-box for 0 ?' M A I H R E P o
Bhabha scattering,

scattering, G = Bhabha-db scattering, G = Bhabha2-db
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(g) Kite diagram with generic
masses, G = kite

(h) Parachute diagram with generic
masses, G = par (i) Non-planar penta-box fir Higgs +

jet production, G = Hj-npl-pentb
P1 Ps

Thank you!
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(j) Massless planar (k) Massless non-planar (1) Second massless non-planar
double-pentagon, G = dpent double-pentagon, G = npl-dpent double-pentagon, G = npl-dpent2 1 O



