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Motivation: singularities and GKZ systems 
A =

⋮ ⋮ ⋯ ⋮
m1 m2 ⋯ ms
⋮ ⋮ ⋯ ⋮

∈ ℤn×s,

fA(α; z) = z1 αm1 + z2 αm2 + ⋯ + zs αms

rank(A) = n

zi ∈ ℂ

αmi = αm1i
1 ⋯αmni

n

α = (α1, …, αn)
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|χ(VA,z*) | = vol(A)
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Example 
A = [0 1 0 1

0 0 1 1]
fA(α, z) = z1 + z2 α1 + z3 α2 + z4 α1α2

ΔA = det (z1 z2
z3 z4) = z1z4 − z2z3

A-discriminants 
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∇∘
A = {z ∈ ℂs : ∃α ∈ (ℂ*)n  s.t.  fA(α; z) = ∂α fA(α; z) = 0}

∂α = (∂α1
, …, ∂αn

)

∇A = ∇∘
ADefinition: The    -discriminant variety                    records values of     for which         is a singular                       

hypersurface. 
A
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Scattering amplitudes

Iν1,…,νn
= #∫

∞

0

αν1
1 ⋯ανnn

(𝒰G + ℱG)D/2

dα1

α1
∧ ⋯ ∧

dαn

αn

[Lee-Pomeransky, '13]           

G = (V, E) Feynman diagram     

𝒰G, ℱG
polynomials in

with coefficients in the 
kinematic space   

α1, …, αn

𝒦 ⊂ ℂm

3
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𝒢G
Graph polynomial          

homogeneous 
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VS volumeχ
Theorem (Bitoun, Bogner, Klausen, Panzer, 2018): The Euler characteristic                    counts the 
number of master integrals 

|χ(V(𝒢G)) |
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VS volumeχ
Theorem (Bitoun, Bogner, Klausen, Panzer, 2018): The Euler characteristic                    counts the 
number of master integrals 

|χ(V(𝒢G)) |

( |χ(VA(ℰ)) | , vol(A(ℰ)))

4



VS volumeχ
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P := conv(A) ⊂ ℝn

PSet of faces of                  

A ∩ Q =
⋮ ⋮ ⋯ ⋮

m1 m2 ⋯ ms
⋮ ⋮ ⋯ ⋮

          

mi ∈ Q

eQ ∈ ℕ

Principal A-determinant [GKZ]

6

EA = ∏
Q∈F(A)

ΔeQ
A∩Q



          

P := conv(A) ⊂ ℝn

PSet of faces of                  

          

mi ∈ Q

eQ ∈ ℕ

Theorem (Amendola, Bliss, Burke, Gibbons, Helmer, Hoşten, Nash, Rodriguez, Smolkin, 2012):

Moreover, when                 , we have

|χ(VA,z) | = vol(A) ⟺ z ∈ ℂs ∖ {EA = 0}

EA(z) = 0 |χ(VA,z) | < vol(A) .

Principal A-determinant [GKZ]
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Q∈F(A)

ΔeQ
A∩Q A ∩ Q =

⋮ ⋮ ⋯ ⋮
m1 m2 ⋯ ms
⋮ ⋮ ⋯ ⋮



EA = z1 ⋅ z2 ⋅ z3 ⋅ z4 ⋅

Example 
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0 0 1 1]

(z1z4 − z2z3)

fA(α, z) = z1 + z2 α1 + z3 α2 + z4 α1α2
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EA = z1 ⋅ z2 ⋅ z3 ⋅ z4 ⋅
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Computing principal 
A-determinant  

Specialising 
to parameter 
space

fA(α, z) = z1 + z2 α1 + z3 α2 + z4 α1α2

Computing principal 
A-determinant  

Specialising 
to parameter 
space
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Some factors might identically vanish
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Bjorken, Landau, Nakanishi ’54   
Klausen ’21 - Berghoff, Panzer ’22, - Dlapa, Helmer, Papathanasiou, Tellander ’23   
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Example: one-loop diagram                                                                                             

An =
ℱAn

= ∑
i<n

(si,i+1,…,j−1 − mi − mj) αiαj −
n

∑
i=1

mi α2
i

𝒰An
= α1 + … + αn
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Specialising to kinematic parameters in 

Example: one-loop diagram                                                                                             

{𝒦, ℰ(𝖬i,0), }ℰ(0,0)

Conjecture!

no factors of the principal A-determinant is identically zero. 

Theorem (F,Mizera,Telen, 2023+):
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Proof idea:                                                                                              

1. Determine the combinatorics of

2. Compute the principal          -determinant 

3. Find a choice of parameters s.t. the 
specialisation does not vanish 

conv(An(ℰ))
An(ℰ)
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Example: one-loop diagram                                                                                             

{𝒦, ℰ(𝖬i,0), }ℰ(0,0)

Conjecture!

no factors of the principal A-determinant is identically zero. 

Theorem (F,Mizera,Telen, 2023+):

Proof idea:                                                                                              

1. Determine the combinatorics of

2. Compute the principal          -determinant 

3. Find a choice of parameters s.t. the 
specialisation does not vanish 

conv(An(ℰ))
An(ℰ)

Outcome:

1. Formulae for the singular locus of

2. Formal proof for the number of 
master integrals  

An
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Example:                                                                                            A3

𝒢A3
=

1
2 (1 α1 α2 α3)

0 1 1 1
1 −2𝗆1 𝖬1 − 𝗆1 − 𝗆2 𝖬3 − 𝗆1 − 𝗆3

1 𝖬1 − 𝗆1 − 𝗆2 −2𝗆2 𝖬2 − 𝗆2 − 𝗆3

1 𝖬3 − 𝗆1 − 𝗆3 𝖬2 − 𝗆2 − 𝗆3 −2𝗆3

1
α1
α2
α3

deg(EA3
(𝒦)) = 17 = 2 ⋅ 8 + 1 = (n − 1) ⋅ 2n + 1



-discriminantsχ
Xz = {α ∈ (ℂ*)n : fi(α, z) ≠ 0, i = 1,…, ℓ}

ℰ = 𝒦

Vk(ℰ) = {z ∈ ℰ : |χ(Xz) | = k}Zk(ℰ) = {z ∈ ℰ : |χ(Xz) | ≤ k}
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-discriminantsχ
Xz = {α ∈ (ℂ*)n : fi(α, z) ≠ 0, i = 1,…, ℓ}

ℰ = 𝒦

χ

Vk(ℰ) = {z ∈ ℰ : |χ(Xz) | = k}

Definition 

The    -discriminant variety of the family       of very affine varieties over      is the 
closed subvariety    

Zk(ℰ) = {z ∈ ℰ : |χ(Xz) | ≤ k}

Xz ℰ

∇χ(ℰ) = Zχ*−1(ℰ) = ℰ∖Vχ*(ℰ) ⊂ ℂs

If             is defined by a single equation:         ∇χ(ℰ) Δχ(ℰ) ∈ ℂ[ℰ]

-discriminant         χ10



Thank you!

Stay tuned for Simon’s talk:  PLD.jl in
and why    -discriminantsχ


