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What do we mean by inferring?
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What do we mean by inferring?

A given 
theoretical model

The data we 
have collected

An opinion that has to be 
quantified through the 
instrument of probability and 
statistics

Introduction to Statistical Inference                   ArQus School 2022 - Bergen, Norway



5

The Model

The data

The opinion

All sheep are white

The model is rejected
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The Model

The data

The opinion

1% of the sheep are black

?

Out of 1 thousand 
sheep 20 are black

We will come back 
later on this!
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Two approaches are used to quantify an opinion about a model given an 
observation

- The Bayesian approach tries to answer the question:

Given our prior knowledge and the observed data, what is the probability that the 
model is true?

- The Frequentist approach tries to answer the question:

If I repeat the experiment an infinite time, assuming the model is true, with which 
frequency I would observe a value more extreme than the one actually observed?
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The Bayesian approach
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Marginalised probability

Conditional probability

f(x, y|I) = f(x|y, I) · f(y|I)

f(x|I) =
Z

f(x, y|I)dy

The Bayes theorem

    represents our prior knowledgeI

    is for a generic probability distribution (or mass) function f()
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Marginalised probability

Conditional probability

f(x, y|I) = f(x|y, I) · f(y|I)

f(x|I) =
Z

f(x, y|I)dy

The Bayes theorem

    represents our prior knowledgeI

    is for a generic probability distribution (or mass) function f()

{ f(x|y, I) = f(y|x, I)f(x|I)R
f(y|x, I)f(x|I)dx
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Marginalised probability

Conditional probability

f(x, y|I) = f(x|y, I) · f(y|I)

f(x|I) =
Z

f(x, y|I)dy

The Bayes theorem

    represents our prior knowledgeI

    is for a generic probability distribution (or mass) function f()

{ f(x|y, I) = f(y|x, I)f(x|I)R
f(y|x, I)f(x|I)dx

Likelihood Prior

NormalisationPosterior
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1 2 3

The Monty Hall problem

In two boxes there is a goat and in the other a car

You have to choose one and only one box
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1
2 3

Imagine we randomly pick the first one, but without opening it

The Monty Hall problem
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Now the host of the game (who knows where the car is) shows us 
the content of the third box, which does not contain the car

1
2 3

The Monty Hall problem
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S/He then give us the opportunity to change our box (n.1) with the 
other (n. 2) 

What would you do? Would you accept the opportunity?

The Monty Hall problem

1
2 3
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The Monty Hall problem

     The hypothesis “the car is in the i-th box”Hi

1
2 3
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The Monty Hall problem

1
2 3

     The hypothesis “the car is in the i-th box”Hi

    The event “the host shows use the content of the third box”E
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I

The Monty Hall problem

1
2 3

“3 boxes and 1 car”       “the host knows where the car is”

     The hypothesis “the car is in the i-th box”Hi

    The event “the host shows use the content of the third box”E

    Our prior knowledge
�
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“3 boxes and 1 car”       “the host knows where the car is”

     The hypothesis “the car is in the i-th box”Hi

    The event “the host shows use the content of the third box”E

    Our prior knowledge
�
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I

f(Hi|E, I)Posterior

The Monty Hall problem

1
2 3
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f(H1|E, I) =
f(E|H1, I)f(H1|I)

f(E|I) = ...

f(H2|E, I) =
f(E|H2, I)f(H2|I)

f(E|I) = ...

f(H3|E, I) =
f(E|H3, I)f(H3|I)

f(E|I) = ...

The Monty Hall problem

1
2 3
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f(H1|E, I) =
f(E|H1, I)f(H1|I)

f(E|I) =
·1/3

f(H2|E, I) =
f(E|H2, I)f(H2|I)

f(E|I) =
·1/3

f(H3|E, I) =
f(E|H3, I)f(H3|I)

f(E|I) =
·1/3

Priors f(H1|I) = f(H2|I) = f(H3|I) =
1

3

The Monty Hall problem

1
2 3
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f(H1|E, I) =
f(E|H1, I)f(H1|I)

f(E|I) =
·1/3

1/2

f(H2|E, I) =
f(E|H2, I)f(H2|I)

f(E|I) =
·1/3

1/2

f(H3|E, I) =
f(E|H3, I)f(H3|I)

f(E|I) =
·1/3

1/2

Normalisation
X

i

f(E|Hi, I)f(Hi|I) = f(E|I) = 1

2

The Monty Hall problem

1
2 3
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f(H1|E, I) =
f(E|H1, I)f(H1|I)

f(E|I) =
1/2 · 1/3

1/2
=

1

3

f(H2|E, I) =
f(E|H2, I)f(H2|I)

f(E|I) =
1 · 1/3
1/2

=
2

3

f(H3|E, I) =
f(E|H3, I)f(H3|I)

f(E|I) =
0 · 1/3
1/2

= 0

Likelihoods f(E|H1, I) =
1

2
f(E|H2, I) = 1 f(E|H3, I) = 0

The Monty Hall problem

1
2 3
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f(H1|E, I) =
f(E|H1, I)f(H1|I)

f(E|I) =
1/2 · 1/3

1/2
=

1

3

f(H2|E, I) =
f(E|H2, I)f(H2|I)

f(E|I) =
1 · 1/3
1/2

=
2

3

f(H3|E, I) =
f(E|H3, I)f(H3|I)

f(E|I) =
0 · 1/3
1/2

= 0

If we want to win the car, 
we should change the box!

1
2 3
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0

1/6

1/3

1/2

2/3

E Ē

0

1/6

1/3

1/2

2/3

H1 H2 H3

1

2 1

2

1
1

0

1/6

1/3

1/2

2/3

H1 H2 H3

“I observe” E

Priors

Likelihoods

Posteriors

The Monty Hall problem
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What if the TV-Show 
hoster did not know 

where the car is?
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Another example: Covid-19 test
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<latexit sha1_base64="UMPWZNliz1OCENvHLIFd+dv1hLU=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhooQZCepFDHrxGNEskAyhp9OTNOlZ6O4R4hj8FS8eFPHqf3jzb+wkc9DEBwWP96qoqudGnEllWd9GZm5+YXEpu5xbWV1b3zA3t2oyjAWhVRLyUDRcLClnAa0qpjhtRIJi3+W07vavRn79ngrJwuBODSLq+LgbMI8RrLTUNneiArpFraNHXQgdogN0ji7aZt4qWmOgWWKnJA8pKm3zq9UJSezTQBGOpWzaVqScBAvFCKfDXCuWNMKkj7u0qWmAfSqdZHz9EO1rpYO8UOgKFBqrvycS7Es58F3d6WPVk9PeSPzPa8bKO3MSFkSxogGZLPJijlSIRlGgDhOUKD7QBBPB9K2I9LDAROnAcjoEe/rlWVI7LtonxdJNKV++TOPIwi7sQQFsOIUyXEMFqkDgAZ7hFd6MJ+PFeDc+Jq0ZI53Zhj8wPn8AExORww==</latexit>

p(S |+) =?

What’s the probability that I am sick (S) ?
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Another example: Covid-19 test
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What’s the probability that I am sick (S) ?
<latexit sha1_base64="q5pVc+t/ksqkYhr3/OzRudRs1fo="></latexit>

p(S |+) =
P (+ |S)P (S)

P (+ |S)P (S) + P (+ | S̄)P (S̄)

Probability of 
True positive

Priors

Probability of 
False positive



28

Another example: Covid-19 test

Introduction to Statistical Inference                   ArQus School 2022 - Bergen, Norway

What’s the probability that I am sick (S) ?
<latexit sha1_base64="q5pVc+t/ksqkYhr3/OzRudRs1fo="></latexit>

p(S |+) =
P (+ |S)P (S)

P (+ |S)P (S) + P (+ | S̄)P (S̄)

Probability of 
True positive

Priors

Probability of 
False positive

<latexit sha1_base64="CNWFEtoNyqlSQCOXszC53+CEvAY=">AAACFXicbVA9SwNBEN2L3/ErammzGATFEO4kqGXQxjKi0UAuhL3NRJfs7Z27c8Fw5k/Y+FdsLBSxFez8N25iCk18MMPjvRmGeUEshUHX/XIyU9Mzs3PzC9nFpeWV1dza+qWJEs2hyiMZ6VrADEihoIoCJdRiDSwMJFwFnZOBf9UFbUSkLrAXQyNk10q0BWdopWau4CPcYUrPQRmBoiuw16c+3CaiSys7dI/6BXo/aOd0lzZzebfoDkEniTcieTJCpZn79FsRT0JQyCUzpu65MTZSplFwCf2snxiIGe+wa6hbqlgIppEOv+rTbau0aDvSthTSofp7I2WhMb0wsJMhwxsz7g3E/7x6gu2jRipUnCAo/nOonUiKER1ERFtCA0fZs4RxbVPhlN8wzTjaILM2BG/85UlyuV/0Doqls1K+fDyKY55ski2yQzxySMrklFRIlXDyQJ7IC3l1Hp1n5815/xnNOKOdDfIHzsc30ZucoQ==</latexit>

Sensitivity ⌘ P (+ |S)
<latexit sha1_base64="LuIOA3d9KgY+vtDlQ6EfNCTwaEg=">AAACG3icbVDLSgNBEJyNrxhfqx69DAYhgobdIOox6MVjRKOBbAizk04cnH040yuGNf/hxV/x4kERT4IH/8bZmIMmFnRTVHUz0+XHUmh0nC8rNzU9MzuXny8sLC4tr9iraxc6ShSHOo9kpBo+0yBFCHUUKKERK2CBL+HSvz7O/MtbUFpE4Tn2Y2gFrBeKruAMjdS2Kx7CHab0LAaeyQL7A+rBTSJuaa1Ed6m3Q++z5vlMpWcDuk3bdtEpO0PQSeKOSJGMUGvbH14n4kkAIXLJtG66ToytlCkUXMKg4CUaYsavWQ+ahoYsAN1Kh7cN6JZROrQbKVMh0qH6eyNlgdb9wDeTAcMrPe5l4n9eM8HuYSsVYZwghPznoW4iKUY0C4p2hAKOsm8I40qYv1J+xRTjaOIsmBDc8ZMnyUWl7O6X9073itWjURx5skE2SYm45IBUyQmpkTrh5IE8kRfyaj1az9ab9f4zmrNGO+vkD6zPb5+inzk=</latexit>

Specificity ⌘ P (� | S̄)
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Another example: Covid-19 test

Introduction to Statistical Inference                   ArQus School 2022 - Bergen, Norway

What’s the probability that I am sick (S) ?
<latexit sha1_base64="mtFj6HA21SAPxDhk07sPnvTuhY0="></latexit>

p(S |+) =

✓
1 +

1� Sp.

Se.
· p(S̄)
p(S)

◆�1
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Another example: Covid-19 test
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What’s the probability that I am sick (S) ?
<latexit sha1_base64="mtFj6HA21SAPxDhk07sPnvTuhY0="></latexit>

p(S |+) =

✓
1 +

1� Sp.

Se.
· p(S̄)
p(S)

◆�1

<latexit sha1_base64="ijRXP6rOl1idzkxM/Oip52qOsak=">AAAB+3icbVDLSsNAFJ3UV62vWJduBkvBVUhErC6EohuXFe0DmlAm00k7dPJg5kZaQn/FjQtF3Poj7vwbp20W2nrgwuGce7n3Hj8RXIFtfxuFtfWNza3idmlnd2//wDwst1ScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2R7czv/3EpOJx9AiThHkhGUQ84JSAlnpm2QU2huwhsab4Gl/VsFvtmRXbsufAq8TJSQXlaPTML7cf0zRkEVBBlOo6dgJeRiRwKti05KaKJYSOyIB1NY1IyJSXzW+f4qpW+jiIpa4I8Fz9PZGRUKlJ6OvOkMBQLXsz8T+vm0Jw6WU8SlJgEV0sClKBIcazIHCfS0ZBTDQhVHJ9K6ZDIgkFHVdJh+Asv7xKWmeWc2Gd359X6jd5HEV0jE7QKXJQDdXRHWqgJqJojJ7RK3ozpsaL8W58LFoLRj5zhP7A+PwB0puTAA==</latexit>

Sp. = 97%
<latexit sha1_base64="s/Aqv1xchSFPpw2PIHSnhpn9mBU=">AAAB+3icbVDJTgJBEO3BDXFDPHrpSEg8kRmDy8WE6MUjRlkShpCepoAOPUu6awxkwq948aAxXv0Rb/6NDcxBwZdU8vJeVarqeZEUGm3728qsrW9sbmW3czu7e/sH+cNCQ4ex4lDnoQxVy2MapAigjgIltCIFzPckNL3R7cxvPoHSIgwecRJBx2eDQPQFZ2ikbr7gIowxeYDylF7Tc5u6pW6+aJftOegqcVJSJClq3fyX2wt57EOAXDKt244dYSdhCgWXMM25sYaI8REbQNvQgPmgO8n89iktGaVH+6EyFSCdq78nEuZrPfE90+kzHOplbyb+57Vj7F91EhFEMULAF4v6saQY0lkQtCcUcJQTQxhXwtxK+ZApxtHElTMhOMsvr5LGWdm5KFfuK8XqTRpHlhyTE3JKHHJJquSO1EidcDImz+SVvFlT68V6tz4WrRkrnTkif2B9/gCwsJLq</latexit>

Se. = 50%
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Another example: Covid-19 test
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What’s the probability that I am sick (S) ?
<latexit sha1_base64="mtFj6HA21SAPxDhk07sPnvTuhY0="></latexit>

p(S |+) =

✓
1 +

1� Sp.

Se.
· p(S̄)
p(S)

◆�1

<latexit sha1_base64="ijRXP6rOl1idzkxM/Oip52qOsak=">AAAB+3icbVDLSsNAFJ3UV62vWJduBkvBVUhErC6EohuXFe0DmlAm00k7dPJg5kZaQn/FjQtF3Poj7vwbp20W2nrgwuGce7n3Hj8RXIFtfxuFtfWNza3idmlnd2//wDwst1ScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2R7czv/3EpOJx9AiThHkhGUQ84JSAlnpm2QU2huwhsab4Gl/VsFvtmRXbsufAq8TJSQXlaPTML7cf0zRkEVBBlOo6dgJeRiRwKti05KaKJYSOyIB1NY1IyJSXzW+f4qpW+jiIpa4I8Fz9PZGRUKlJ6OvOkMBQLXsz8T+vm0Jw6WU8SlJgEV0sClKBIcazIHCfS0ZBTDQhVHJ9K6ZDIgkFHVdJh+Asv7xKWmeWc2Gd359X6jd5HEV0jE7QKXJQDdXRHWqgJqJojJ7RK3ozpsaL8W58LFoLRj5zhP7A+PwB0puTAA==</latexit>

Sp. = 97%
<latexit sha1_base64="s/Aqv1xchSFPpw2PIHSnhpn9mBU=">AAAB+3icbVDJTgJBEO3BDXFDPHrpSEg8kRmDy8WE6MUjRlkShpCepoAOPUu6awxkwq948aAxXv0Rb/6NDcxBwZdU8vJeVarqeZEUGm3728qsrW9sbmW3czu7e/sH+cNCQ4ex4lDnoQxVy2MapAigjgIltCIFzPckNL3R7cxvPoHSIgwecRJBx2eDQPQFZ2ikbr7gIowxeYDylF7Tc5u6pW6+aJftOegqcVJSJClq3fyX2wt57EOAXDKt244dYSdhCgWXMM25sYaI8REbQNvQgPmgO8n89iktGaVH+6EyFSCdq78nEuZrPfE90+kzHOplbyb+57Vj7F91EhFEMULAF4v6saQY0lkQtCcUcJQTQxhXwtxK+ZApxtHElTMhOMsvr5LGWdm5KFfuK8XqTRpHlhyTE3JKHHJJquSO1EidcDImz+SVvFlT68V6tz4WrRkrnTkif2B9/gCwsJLq</latexit>

Se. = 50%
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Another example: Covid-19 test
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What’s the probability that I am sick (S) ?
<latexit sha1_base64="mtFj6HA21SAPxDhk07sPnvTuhY0="></latexit>

p(S |+) =

✓
1 +

1� Sp.

Se.
· p(S̄)
p(S)

◆�1

<latexit sha1_base64="ijRXP6rOl1idzkxM/Oip52qOsak=">AAAB+3icbVDLSsNAFJ3UV62vWJduBkvBVUhErC6EohuXFe0DmlAm00k7dPJg5kZaQn/FjQtF3Poj7vwbp20W2nrgwuGce7n3Hj8RXIFtfxuFtfWNza3idmlnd2//wDwst1ScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2R7czv/3EpOJx9AiThHkhGUQ84JSAlnpm2QU2huwhsab4Gl/VsFvtmRXbsufAq8TJSQXlaPTML7cf0zRkEVBBlOo6dgJeRiRwKti05KaKJYSOyIB1NY1IyJSXzW+f4qpW+jiIpa4I8Fz9PZGRUKlJ6OvOkMBQLXsz8T+vm0Jw6WU8SlJgEV0sClKBIcazIHCfS0ZBTDQhVHJ9K6ZDIgkFHVdJh+Asv7xKWmeWc2Gd359X6jd5HEV0jE7QKXJQDdXRHWqgJqJojJ7RK3ozpsaL8W58LFoLRj5zhP7A+PwB0puTAA==</latexit>

Sp. = 97%
<latexit sha1_base64="s/Aqv1xchSFPpw2PIHSnhpn9mBU=">AAAB+3icbVDJTgJBEO3BDXFDPHrpSEg8kRmDy8WE6MUjRlkShpCepoAOPUu6awxkwq948aAxXv0Rb/6NDcxBwZdU8vJeVarqeZEUGm3728qsrW9sbmW3czu7e/sH+cNCQ4ex4lDnoQxVy2MapAigjgIltCIFzPckNL3R7cxvPoHSIgwecRJBx2eDQPQFZ2ikbr7gIowxeYDylF7Tc5u6pW6+aJftOegqcVJSJClq3fyX2wt57EOAXDKt244dYSdhCgWXMM25sYaI8REbQNvQgPmgO8n89iktGaVH+6EyFSCdq78nEuZrPfE90+kzHOplbyb+57Vj7F91EhFEMULAF4v6saQY0lkQtCcUcJQTQxhXwtxK+ZApxtHElTMhOMsvr5LGWdm5KFfuK8XqTRpHlhyTE3JKHHJJquSO1EidcDImz+SVvFlT68V6tz4WrRkrnTkif2B9/gCwsJLq</latexit>

Se. = 50%
What’s instead the 

probability that I am 
sick if the result is 

negative? 

Try to get the same 
plot but for a test 

whose Sp. is 98% and 
Se. is 99%
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Let’s go back to the “sheep” example
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The Model

The data

The opinion

1% of the sheep are black = M 

Out of 1 thousand 
sheep 20 are black

 =  D 

<latexit sha1_base64="GaPJwBgN7cb1pFnuWyKXRZJguZg=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LevAiVLAf0i4lm2bb0CS7JFmhrP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfjtLyyura+u5jfzm1vbObmFvv6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLya+M1HqjSL5L0ZxdQXuC9ZyAg2VnqIS+gWPaHrk26h6JbdKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrzwUybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0TsveWblyVylWL7M4cnAIR1ACD86hCjdQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4AseSPCw==</latexit>

p(M |D)
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Let’s go back to the “sheep” example
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The Model

The data

The opinion

1% of the sheep are black = M 

Out of 1 thousand 
sheep 20 are black

 =  D 
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Let’s go back to the “sheep” example
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Our prior knowledge:
• How much do you believe in your model before the 

observation?
• Are there other models/hypotheses that might 

explain the observation? How likely are they?
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Let’s go back to the “sheep” example
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Our prior knowledge:
• We will assume for simplicity that there is only one 

alternative model “2% of the sheep are black”
• Both models are equally probable

<latexit sha1_base64="sM55Xsy5Y4WnZISWgyRoAToscqM=">AAACBnicbVDLSgMxFM3UV62vUZciBItQF5YZqY+NUHTjplDBPqAdSibNtKGZTEgyQhm6cuOvuHGhiFu/wZ1/Y6adhVYPXDiccy/33uMLRpV2nC8rt7C4tLySXy2srW9sbtnbO00VxRKTBo5YJNs+UoRRThqaakbaQhIU+oy0/NF16rfuiVQ04nd6LIgXogGnAcVIG6ln74sSrMEjeAldeAxFqesjmdQmqeCUT3t20Sk7U8C/xM1IEWSo9+zPbj/CcUi4xgwp1XEdob0ESU0xI5NCN1ZEIDxCA9IxlKOQKC+ZvjGBh0bpwyCSpriGU/XnRIJCpcahbzpDpIdq3kvF/7xOrIMLL6FcxJpwPFsUxAzqCKaZwD6VBGs2NgRhSc2tEA+RRFib5AomBHf+5b+keVJ2z8qV20qxepXFkQd74ACUgAvOQRXcgDpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4BzQGU5g==</latexit>

p(M) = 1� p(M̄) = 0.5
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Try to reproduce this 
plot and change the 
values used  in the 

the model
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1% of the sheep are black 2% of the sheep are black
<latexit sha1_base64="6QcSymqZHK3bMMH9yMa2FdkwLQM="></latexit>

p(D|M) = B(20 | p = 0.01, N = 103)
<latexit sha1_base64="e3b3nvvcbThqPQ0mEWdtp1F4+pE="></latexit>

p(D|M̄) = B(20 | p = 0.02, N = 103)

<latexit sha1_base64="CpVVqhoEGYTlmNdXHpifD/34JQo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMiHZZdOOygr1AO5ZMeqYNTTJjklHK0Pdw40IRt76LO9/GTDsLbf0h8PGfczgnfxBzpo3rfjuFldW19Y3iZmlre2d3r7x/0NJRoig0acQj1QmIBs4kNA0zHDqxAiICDu1gfJ3V24+gNIvknZnE4AsylCxklBhr3fc0E/CAsVt1Xa/WL1cyyISXwcuhgnI1+uWv3iCiiQBpKCdadz03Nn5KlGGUw7TUSzTEhI7JELoWJRGg/XR29RSfWGeAw0jZJw2eub8nUiK0nojAdgpiRnqxlpn/1bqJCWt+ymScGJB0vihMODYRziLAA6aAGj6xQKhi9lZMR0QRamxQJRuCt/jlZWidVb2L6vnteaV+lcdRREfoGJ0iD12iOrpBDdREFCn0jF7Rm/PkvDjvzse8teDkM4foj5zPHxTKkPE=</latexit>' 0.0018
<latexit sha1_base64="ldxRlTPBJ50JdHV5v0y8NMHOHeE=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaN8XEjevGIiTwS2JDZoRcmzOwuM7MkhPAdXjxojFc/xpt/4wB7ULCSTlequjM9FSSCa+O6305ubX1jcyu/XdjZ3ds/KB4e1XWcKoY1FotYNQOqUfAIa4Ybgc1EIZWBwEYwuJ/5jREqzePoyYwT9CXtRTzkjBor+W3NJQ4Jccvurdsplmyfg6wSLyMlyFDtFL/a3ZilEiPDBNW65bmJ8SdUGc4ETgvtVGNC2YD2sGVpRCVqfzI/ekrOrNIlYaxsRYbM1d8bEyq1HsvATkpq+nrZm4n/ea3UhDf+hEdJajBii4fCVBATk1kCpMsVMiPGllCmuL2VsD5VlBmbU8GG4C1/eZXUL8reVfny8bJUucviyMMJnMI5eHANFXiAKtSAwRCe4RXenJHz4rw7H4vRnJPtHMMfOJ8/o16Qtw==</latexit>' 0.090
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<latexit sha1_base64="+6WvTUNAzu5dIE0dJRvbUPWrfOQ=">AAAB83icbVBNSwMxEJ2tX7V+VT16CZaCp7JbinosevFYwX5AdynZNNuGJtk1yQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Hbud5+o0iyWD2aa0EDgkWQRI9hYyfc1E/QRoTryq4Nyxa25C6B14uWkAjlag/KXP4xJKqg0hGOt+56bmCDDyjDC6azkp5ommEzwiPYtlVhQHWSLm2eoapUhimJlSxq0UH9PZFhoPRWh7RTYjPWqNxf/8/qpia6DjMkkNVSS5aIo5cjEaB4AGjJFieFTSzBRzN6KyBgrTIyNqWRD8FZfXiedes27rDXuG5XmTR5HEc7gHC7Agytowh20oA0EEniGV3hzUufFeXc+lq0FJ585hT9wPn8ARGiQiQ==</latexit>

' 2%

<latexit sha1_base64="VDCE9IW/+HPY5+IDPTPEARDjwpI=">AAACFXicbVDLSgMxFM3UV62vUZduLpZCC1pmpGhdCEVduClUsA/olJJJ0zY08zDJCGXsT7jxV9y4UMSt4M6/MX0stHrgwsk595J7jxtyJpVlfRmJhcWl5ZXkamptfWNzy9zeqckgEoRWScAD0XCxpJz5tKqY4rQRCoo9l9O6O7gY+/U7KiQL/Bs1DGnLwz2fdRnBSktt8yDMOi4WcXkE93AJOTgDGw4hzJbH7xw4knn0FuC0CE6mbaatvDUB/CX2jKTRDJW2+el0AhJ51FeEYymbthWqVoyFYoTTUcqJJA0xGeAebWrqY4/KVjy5agQZrXSgGwhdvoKJ+nMixp6UQ8/VnR5WfTnvjcX/vGakusVWzPwwUtQn04+6EQcVwDgi6DBBieJDTTARTO8KpI8FJkoHmdIh2PMn/yW1o7x9nC9cF9Kl81kcSbSH9lEW2egEldAVqqAqIugBPaEX9Go8Gs/Gm/E+bU0Ys5ld9AvGxzfWyZo5</latexit>

p(M̄ |D) = 1� p(M |D) ' 98%

The alternative model is much more likely of 
being true and the Bayesian approach let us 
quantify this “likeliness”
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The Model

The data

The opinion

1% of the sheep are black = M 

Out of 1 thousand 
sheep 20 are black

 =  D 

<latexit sha1_base64="GaPJwBgN7cb1pFnuWyKXRZJguZg=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LevAiVLAf0i4lm2bb0CS7JFmhrP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfjtLyyura+u5jfzm1vbObmFvv6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLya+M1HqjSL5L0ZxdQXuC9ZyAg2VnqIS+gWPaHrk26h6JbdKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrzwUybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0TsveWblyVylWL7M4cnAIR1ACD86hCjdQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4AseSPCw==</latexit>

p(M |D)
<latexit sha1_base64="+6WvTUNAzu5dIE0dJRvbUPWrfOQ=">AAAB83icbVBNSwMxEJ2tX7V+VT16CZaCp7JbinosevFYwX5AdynZNNuGJtk1yQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Hbud5+o0iyWD2aa0EDgkWQRI9hYyfc1E/QRoTryq4Nyxa25C6B14uWkAjlag/KXP4xJKqg0hGOt+56bmCDDyjDC6azkp5ommEzwiPYtlVhQHWSLm2eoapUhimJlSxq0UH9PZFhoPRWh7RTYjPWqNxf/8/qpia6DjMkkNVSS5aIo5cjEaB4AGjJFieFTSzBRzN6KyBgrTIyNqWRD8FZfXiedes27rDXuG5XmTR5HEc7gHC7Agytowh20oA0EEniGV3hzUufFeXc+lq0FJ585hT9wPn8ARGiQiQ==</latexit>

' 2%



41

Introduction to Statistical Inference                   ArQus School 2022 - Bergen, Norway

… but what if we do not know the priors of the models?
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… but what if we do not know the priors of the models?

Bayes Factor

What is the BF in our 
example?
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The Frequentist approach
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- The Frequentist approach tries to answer the question:

If I repeat the experiment an infinite time, assuming the model is true, with 
which frequency I would observe a value more extreme than the one actually 
observed?
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- The Frequentist approach tries to answer the question:

If I repeat the experiment an infinite time, assuming the model is true, with 
which frequency I would observe a value more extreme than the one actually 
observed?

The data “D” itself or a function of them known as the statistic
<latexit sha1_base64="+DEUQDjJ7rr8I/Jw3Zlh+78wjcg=">AAACB3icbVC7SgNBFL0bXzG+Vi0FGQxCbMKuBLURglpYRjQPSJYwO5lNhsw+mJkVwpLOxl+xsVDE1l+w82+cTbaIiQcGzpxzL/fe40acSWVZP0ZuaXlldS2/XtjY3NreMXf3GjKMBaF1EvJQtFwsKWcBrSumOG1FgmLf5bTpDq9Tv/lIhWRh8KBGEXV83A+YxwhWWuqahx0fqwHBPLkfo0s08yuhG3TSNYtW2ZoALRI7I0XIUOua351eSGKfBopwLGXbtiLlJFgoRjgdFzqxpBEmQ9ynbU0D7FPpJJM7xuhYKz3khUK/QKGJOtuRYF/Kke/qynRPOe+l4n9eO1behZOwIIoVDch0kBdzpEKUhoJ6TFCi+EgTTATTuyIywAITpaMr6BDs+ZMXSeO0bJ+VK3eVYvUqiyMPB3AEJbDhHKpwCzWoA4EneIE3eDeejVfjw/icluaMrGcf/sD4+gUoh5g0</latexit>

S = S(D)
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Let’s go back to the “sheep” example

We can use the number of sheep observed as statistics and ask ourselves:

If I repeat the observation an infinity of time, how frequently would I have observed 20 or 
more sheep? 
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Let’s go back to the “sheep” example

We can use the number of sheep observed as statistics and ask ourselves:

If I repeat the observation an infinity of time, how frequently would I have observed 20 or 
more sheep? 

The answer is only 0.1% of 
the time!

Therefore the frequentist conclusion is 
that our model is excluded with a 
99.9% confidence level.
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Let’s go back to the “sheep” example

We can use the number of sheep observed as statistics and ask ourselves:

If I repeat the observation an infinity of time, how frequently would I have observed 20 or 
more sheep? 

The answer is only 0.1% of 
the time!

Therefore the frequentist conclusion is 
that our model is excluded with a 
99.9% confidence level.

P-VALUETry to get this value



49

Introduction to Statistical Inference                   ArQus School 2022 - Bergen, Norway

The P-VALUE is the frequency in which we would have observed 
“something” more extreme assuming the null hypothesis to be true
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The P-VALUE is the frequency in which we would have observed 
“something” more extreme assuming the null hypothesis to be true

… but then, what are all these “sigmas”?
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The P-VALUE is the frequency in which we would have observed 
“something” more extreme assuming the null hypothesis to be true

… but then, what are all these “sigmas”?
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The P-VALUE is the frequency in which we would have observed 
“something” more extreme assuming the null hypothesis to be true

… but then, what are all these “sigmas”?

It is common to express such probability in multiples S of the standard deviations of a 
normal distribution via the inverse error function

Here the (in-)famous number 
of “sigma”
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Let’s go back to the “sheep” example
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The Model

The data

The opinion

1% of the sheep are black  

Out of 1 thousand 
sheep 20 are black

The model is excluded at 3.2 
sigma 
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Issues of the frequentist approach:
It does not take into account the alternative hypothesis that might explain 
the outcome of an event

Conclusion:
The null hypothesis is rejected with 
a 2 sigma significance
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Issues of the frequentist approach:
It does not take into account the alternative hypothesis that might explain 
the outcome of an event

Conclusion:
The null hypothesis is rejected with 
a 2 sigma significance

But what about the alternative 
hypothesis?
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Issues of the frequentist approach:
It does not take into account the alternative hypothesis that might explain 
the outcome of an event

The observed value of 2 is 
actually more plausible being the 
outcome of the null hypothesis

By rejecting the null hypothesis 
we would have done the so-called 
type I error

This is why a value of sigma bigger than 3 
or even 5 is required for making a claim!
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1� �

H0 H1

�
Type-II error

1� ↵

↵
Type-I error

1� �

Distribution of the S assuming H1 is true

Distribution of the S assuming H0 is true

S

Cutoff

False positive: 
Probability of rejecting 

H0 when H0 is true

False negative: 
Probability of accepting 

H0 when H1 is true

Confidence level

Power of the test
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Issues of the frequentist approach:
It does not take into account the alternative hypothesis that might explain 
the outcome of an event

So… with a significance of 4 we 
should be safe? 
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Issues of the frequentist approach:
It does not take into account the alternative hypothesis that might explain 
the outcome of an event

So… with a significance of 4 we 
should be safe? 

The value of 4 is unlikely to be the 
outcome also of the alternative 
hypothesis, thus again we could 
be doing a type I error
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Issues of the frequentist approach:
It does not take into account the alternative hypothesis that might explain 
the outcome of an event

The ideal statistic is the one that makes 
you reject a hypothesis that is false!
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Issues of the frequentist approach:

The probability of rejecting a 
hypothesis that is false is called 
the “power” of the statistic

Your statistic must be 
POWERFUL!
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Issues of the frequentist approach:

Arbitrariness in the choice 
of the statistic

https://en.wikipedia.org/wiki/Category:Statistical_tests
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Thankfully the Neyman-Pearson Lemma tells us that the most “powerful” statistic is 
the likelihood ratio:

Likelihood

Best fit or value 
that maximises 
the likelihood

Observed data

Parameter of the 
null hypothesis
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Example:

This is the plot that led ATLAS to claim the 
discovery of the HIGGS.
Let’s figure out how they were able to make 
such a claim with a Toy Model and with the 
theory we have learned so far
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Example:

Toy Model

Null hypothesis H0
a = 0

Alternative hyp. H1
a = 5
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Example:

<latexit sha1_base64="o/hPRVfqAL3hzbtcAvDd1WjlHBE="></latexit>

L(a) ⌘ p(~x, ~y|a) =
Y

i

p(xi, yi|a)
Likelihood

<latexit sha1_base64="wQb4BNSwsJHGZkSWdLKUPxI5Vt0="></latexit>

p(xi, yi|a) / e
� 1

2

✓
y0
i(a)�yi

�

◆2

Null hypothesis H0
a = 0

Alternative hyp. H1
a = 5

<latexit sha1_base64="fxl1iSWFN7IW+AGU9zbAYRZCp94=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUmkqMuiGxcuKtgHtKFMppN26GQSZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29fbt00FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77O/PYDlYpF4l5PYuqFeChYwAjWRurbpV6I9Yhgnt5OKwijU9S3y07VmQEtEzcnZcjR6NtfvUFEkpAKTThWqus6sfZSLDUjnE6LvUTRGJMxHtKuoQKHVHnpLPoUnRhlgIJImic0mqm/N1IcKjUJfTOZBVWLXib+53UTHVx6KRNxoqkg80NBwpGOUNYDGjBJieYTQzCRzGRFZIQlJtq0VTQluItfXiats6p7Xq3d1cr1q7yOAhzBMVTAhQuoww00oAkEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPlvmS6g==</latexit>

L(a)
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Example:

Null hypothesis H0
a = 0

Alternative hyp. H1
a = 5

<latexit sha1_base64="cZTnj0WX7w4gEzfU6G0iDuq1XiQ="></latexit>

S =
L(a = 0)

L(a = â)
= 3.52 · 10�7

How do we interpret this value of 
the statistic?

<latexit sha1_base64="o/hPRVfqAL3hzbtcAvDd1WjlHBE="></latexit>

L(a) ⌘ p(~x, ~y|a) =
Y

i

p(xi, yi|a)
Likelihood

<latexit sha1_base64="wQb4BNSwsJHGZkSWdLKUPxI5Vt0="></latexit>

p(xi, yi|a) / e
� 1

2

✓
y0
i(a)�yi

�

◆2
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Example:

Null hypothesis H0
a = 0

Alternative hyp. H1
a = 5

<latexit sha1_base64="cZTnj0WX7w4gEzfU6G0iDuq1XiQ="></latexit>

S =
L(a = 0)

L(a = â)
= 3.52 · 10�7

<latexit sha1_base64="cZTnj0WX7w4gEzfU6G0iDuq1XiQ="></latexit>

S =
L(a = 0)

L(a = â)
= 3.52 · 10�7

Observed:
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Example:

<latexit sha1_base64="cZTnj0WX7w4gEzfU6G0iDuq1XiQ="></latexit>

S =
L(a = 0)

L(a = â)
= 3.52 · 10�7

<latexit sha1_base64="cZTnj0WX7w4gEzfU6G0iDuq1XiQ="></latexit>

S =
L(a = 0)

L(a = â)
= 3.52 · 10�7

Observed:

Such a value of the statistic is 
more luckily to have been 
produced by the alternative 
hypothesis rather than by the null 
hypothesis!

Therefore, we can exclude the null 
hypothesis and be quite sure of 
avoiding a type I error.

But with what confidence?
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Example:

<latexit sha1_base64="cZTnj0WX7w4gEzfU6G0iDuq1XiQ="></latexit>

S =
L(a = 0)

L(a = â)
= 3.52 · 10�7

<latexit sha1_base64="cZTnj0WX7w4gEzfU6G0iDuq1XiQ="></latexit>

S =
L(a = 0)

L(a = â)
= 3.52 · 10�7

Observed:

Taking the 
the blu distribution becomes a 
        distribution 

<latexit sha1_base64="2hdDJ4H8p3qmbZm4o32U6V5Gm1A=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLixJKeqy6MZlRfuAJpTJZNoOncyEmYlQQjdu/BU3LhRx6z+482+ctFlo9cCFwzn3cu89Qcyo0o7zZRWWlldW14rrpY3Nre0de3evrUQiMWlhwYTsBkgRRjlpaaoZ6caSoChgpBOMrzK/c0+kooLf6UlM/AgNOR1QjLSR+vbhKaxBD4dCQ4+JYQV6EdIjjFh6Oz3p22Wn6swA/xI3J2WQo9m3P71Q4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/nX0xhcdGCeFASFNcw5n6cyJFkVKTKDCd2Y1q0cvE/7xeogcXfkp5nGjC8XzRIGFQC5hFAkMqCdZsYgjCkppbIR4hibA2wZVMCO7iy39Ju1Z1z6r1m3q5cZnHUQQH4AhUgAvOQQNcgyZoAQwewBN4Aa/Wo/VsvVnv89aClc/sg1+wPr4BLMaXIQ==</latexit>

�2 · log(S)
<latexit sha1_base64="DYrKLoIRk+cRhodTNQq1qYdoIX8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUs2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+54kqzaS4N9OY+hEeCRYygo2V2n0yZg+1QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJUtYdBc/T2R4kjraRTYzgibsV72MvE/r5eY8MpPmYgTQwVZLAoTjoxE2etoyBQlhk8twUQxeysiY6wwMTagkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMqS47f</latexit>

�2

This is known as the 
Wilks’ theorem
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Example:

Observed: 29.7

Taking the 
the blu distribution becomes a 
        distribution 

<latexit sha1_base64="2hdDJ4H8p3qmbZm4o32U6V5Gm1A=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLixJKeqy6MZlRfuAJpTJZNoOncyEmYlQQjdu/BU3LhRx6z+482+ctFlo9cCFwzn3cu89Qcyo0o7zZRWWlldW14rrpY3Nre0de3evrUQiMWlhwYTsBkgRRjlpaaoZ6caSoChgpBOMrzK/c0+kooLf6UlM/AgNOR1QjLSR+vbhKaxBD4dCQ4+JYQV6EdIjjFh6Oz3p22Wn6swA/xI3J2WQo9m3P71Q4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/nX0xhcdGCeFASFNcw5n6cyJFkVKTKDCd2Y1q0cvE/7xeogcXfkp5nGjC8XzRIGFQC5hFAkMqCdZsYgjCkppbIR4hibA2wZVMCO7iy39Ju1Z1z6r1m3q5cZnHUQQH4AhUgAvOQQNcgyZoAQwewBN4Aa/Wo/VsvVnv89aClc/sg1+wPr4BLMaXIQ==</latexit>

�2 · log(S)
<latexit sha1_base64="DYrKLoIRk+cRhodTNQq1qYdoIX8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUs2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+54kqzaS4N9OY+hEeCRYygo2V2n0yZg+1QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJUtYdBc/T2R4kjraRTYzgibsV72MvE/r5eY8MpPmYgTQwVZLAoTjoxE2etoyBQlhk8twUQxeysiY6wwMTagkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMqS47f</latexit>

�2

This is known as the 
Wilks’ theorem

<latexit sha1_base64="2hdDJ4H8p3qmbZm4o32U6V5Gm1A=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLixJKeqy6MZlRfuAJpTJZNoOncyEmYlQQjdu/BU3LhRx6z+482+ctFlo9cCFwzn3cu89Qcyo0o7zZRWWlldW14rrpY3Nre0de3evrUQiMWlhwYTsBkgRRjlpaaoZ6caSoChgpBOMrzK/c0+kooLf6UlM/AgNOR1QjLSR+vbhKaxBD4dCQ4+JYQV6EdIjjFh6Oz3p22Wn6swA/xI3J2WQo9m3P71Q4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/nX0xhcdGCeFASFNcw5n6cyJFkVKTKDCd2Y1q0cvE/7xeogcXfkp5nGjC8XzRIGFQC5hFAkMqCdZsYgjCkppbIR4hibA2wZVMCO7iy39Ju1Z1z6r1m3q5cZnHUQQH4AhUgAvOQQNcgyZoAQwewBN4Aa/Wo/VsvVnv89aClc/sg1+wPr4BLMaXIQ==</latexit>

�2 · log(S)

<latexit sha1_base64="DYrKLoIRk+cRhodTNQq1qYdoIX8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUs2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+54kqzaS4N9OY+hEeCRYygo2V2n0yZg+1QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJUtYdBc/T2R4kjraRTYzgibsV72MvE/r5eY8MpPmYgTQwVZLAoTjoxE2etoyBQlhk8twUQxeysiY6wwMTagkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMqS47f</latexit>

�2
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Example:

Observed: 29.7

<latexit sha1_base64="2hdDJ4H8p3qmbZm4o32U6V5Gm1A=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLixJKeqy6MZlRfuAJpTJZNoOncyEmYlQQjdu/BU3LhRx6z+482+ctFlo9cCFwzn3cu89Qcyo0o7zZRWWlldW14rrpY3Nre0de3evrUQiMWlhwYTsBkgRRjlpaaoZ6caSoChgpBOMrzK/c0+kooLf6UlM/AgNOR1QjLSR+vbhKaxBD4dCQ4+JYQV6EdIjjFh6Oz3p22Wn6swA/xI3J2WQo9m3P71Q4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/nX0xhcdGCeFASFNcw5n6cyJFkVKTKDCd2Y1q0cvE/7xeogcXfkp5nGjC8XzRIGFQC5hFAkMqCdZsYgjCkppbIR4hibA2wZVMCO7iy39Ju1Z1z6r1m3q5cZnHUQQH4AhUgAvOQQNcgyZoAQwewBN4Aa/Wo/VsvVnv89aClc/sg1+wPr4BLMaXIQ==</latexit>

�2 · log(S)

Converting the p-value to a 
“sigma”

We are above the 5 sigmas, we 
can therefore claim a discovery!

<latexit sha1_base64="2OakBxe/1x5ZiLYTbvCYSfzK9rs="></latexit>p
2 · erf�1(1� 5 · 10�8) ' 5.45

<latexit sha1_base64="00R/kdKPQX1BvBC86ih9iYMA+JQ="></latexit>

p-value =

Z 1

29.7
dx �2(x) ' 5 · 10�8

<latexit sha1_base64="DYrKLoIRk+cRhodTNQq1qYdoIX8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUs2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+54kqzaS4N9OY+hEeCRYygo2V2n0yZg+1QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJUtYdBc/T2R4kjraRTYzgibsV72MvE/r5eY8MpPmYgTQwVZLAoTjoxE2etoyBQlhk8twUQxeysiY6wwMTagkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMqS47f</latexit>

�2
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Example:

Observed: 29.7

<latexit sha1_base64="2hdDJ4H8p3qmbZm4o32U6V5Gm1A=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLixJKeqy6MZlRfuAJpTJZNoOncyEmYlQQjdu/BU3LhRx6z+482+ctFlo9cCFwzn3cu89Qcyo0o7zZRWWlldW14rrpY3Nre0de3evrUQiMWlhwYTsBkgRRjlpaaoZ6caSoChgpBOMrzK/c0+kooLf6UlM/AgNOR1QjLSR+vbhKaxBD4dCQ4+JYQV6EdIjjFh6Oz3p22Wn6swA/xI3J2WQo9m3P71Q4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/nX0xhcdGCeFASFNcw5n6cyJFkVKTKDCd2Y1q0cvE/7xeogcXfkp5nGjC8XzRIGFQC5hFAkMqCdZsYgjCkppbIR4hibA2wZVMCO7iy39Ju1Z1z6r1m3q5cZnHUQQH4AhUgAvOQQNcgyZoAQwewBN4Aa/Wo/VsvVnv89aClc/sg1+wPr4BLMaXIQ==</latexit>

�2 · log(S)

Converting the p-value to a 
“sigma”

Notice that 
<latexit sha1_base64="H+ShAJMOPsJY525zL7FbXYi0Nz4=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCq2GmtFZ3RTcuK9gHdIaSSdM2NMlMk4xQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrmXe+8JY0aVdt1va2V1bX1jM7eV397Z3du3Dw4bKkokJnUcsUi2QqQIo4LUNdWMtGJJEA8ZaYbDm6nffCBS0Ujc63FMAo76gvYoRtpIHfvYVyOp0+KVU5lAX1FORrDslMqwYxdcx50BLhMvIwWQodaxv/xuhBNOhMYMKdX23FgHKZKaYkYmeT9RJEZ4iPqkbahAnKggnX0wgWdG6cJeJE0JDWfq74kUcaXGPDSdHOmBWvSm4n9eO9G9yyClIk40EXi+qJcwqCM4jQN2qSRYs7EhCEtqboV4gCTC2oSWNyF4iy8vk0bR8S6c0l2pUL3O4siBE3AKzoEHKqAKbkEN1AEGj+AZvII368l6sd6tj3nripXNHIE/sD5/AN7RlTk=</latexit>p
29.7 ' 5.45

<latexit sha1_base64="2OakBxe/1x5ZiLYTbvCYSfzK9rs="></latexit>p
2 · erf�1(1� 5 · 10�8) ' 5.45

<latexit sha1_base64="00R/kdKPQX1BvBC86ih9iYMA+JQ="></latexit>

p-value =

Z 1

29.7
dx �2(x) ' 5 · 10�8

Why?

<latexit sha1_base64="DYrKLoIRk+cRhodTNQq1qYdoIX8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUs2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+54kqzaS4N9OY+hEeCRYygo2V2n0yZg+1QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJUtYdBc/T2R4kjraRTYzgibsV72MvE/r5eY8MpPmYgTQwVZLAoTjoxE2etoyBQlhk8twUQxeysiY6wwMTagkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMqS47f</latexit>

�2
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Recap:
1. The Bayesian approach allows us to quantify our “opinion” on a given model from the 

observed data using the rules of probability theory
• Pros: Alternative hypotheses are taken into account. No need to define a statistic 

and to know its distribution.
• Cons: One needs a prior distribution. 

2. The frequentist approach makes us exclude a model with given confidence by looking 
at infinity repetitions of the experiments in which the model is assumed to be true

• Pros:  No need for priors
• Cons: Choice of the statistic is arbitrary. Alternative hypothesis not taken into 

account. Type I and II errors.
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Statistical inference 
applied in gamma-ray 

astronomy
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These are the typical plots shown in a scientific 
publication in gamma-ray astronomy and are all 

the product of statistical analysis.
How do we interpret them? What is “Li&Ma”?
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We will skip the first and last part (being too technical and too instrument 
dependent) and focus on the remaining part: 
given a list of events how do we reconstruct the flux and with which 
confidence can we claim that there is indeed a flux of gamma-ray?
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Given your event list what’s the 
expected number of gamma-ray?
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Given your event list what’s the 
expected number of gamma-ray?

Consider this event at 1 TeV. Is it a signal 
event (a gamma-ray) or a background 

event (a muon, proton, etc…)?

We have 6310 events (in a given temporal, 
energetic, and spatial window). Does that 
mean that the gamma-ray flux is 6310?



84

Introduction to Statistical Inference                   ArQus School 2022 - Bergen, Norway

The flux

Expected background events “b”
• can be assumed to be known 
• can be estimated from an OFF measurement 

(see next slide)

Total number of observed events “on source”
<latexit sha1_base64="h5tMzA81BW4dZk+xqZIWUvf9FJE="></latexit>

NON ⇠ P(NON |s+ b) =
(s+ b)NON

NON !
e�(s+b)

Total number of observed events “off source”
<latexit sha1_base64="sNGxkU+Cb362WeQb1qRmX3nHLTA="></latexit>

NOFF ⇠ P(NOFF |b) =
bNOFF

NOFF !
e�b

Expected signal events “s”

The “ingredients”
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On/Off measurement
Signal event

Background event

Non

NoffNs

On measurement Off measurement

What’s the 
signal rate?

?

Probability mass function of observing Non and Noff or 
Likelihood function of the signal (s) and background (b) rate

In an On/Off experiment:

• a background-control (Off) region, which is supposedly void of any signal, is defined to estimate 

the background rate (b)

• the On source measurement instead provides an estimate of the signal rate (s) plus b, with the 

latter term supposed to be equal to that in the Off region.

The following variables are therefore introduced:
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On/Off measurement Signal estimation in the frequentist approach: 

Likelihood function:
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On/Off measurement Signal estimation in the frequentist approach: 

value of b that maximizes the 
likelihood for a given s

Likelihood ratio:

Likelihood function:
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On/Off measurement Signal estimation in the frequentist approach: 

value of b that maximizes the 
likelihood for a given s

Likelihood ratio:

Likelihood function:

<latexit sha1_base64="MVExS3qpbK89PbyUoXuSWfdtZoA="></latexit>

�2 log �(s) = 2


Non log

✓
Non

s+ ↵b̂

◆
+Noff log

✓
Noff

b̂

◆
+ s+ (1 + ↵)b̂�Non �Noff

�
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On/Off measurement Signal estimation in the frequentist approach: 
<latexit sha1_base64="MVExS3qpbK89PbyUoXuSWfdtZoA="></latexit>

�2 log �(s) = 2


Non log

✓
Non

s+ ↵b̂

◆
+Noff log

✓
Noff

b̂

◆
+ s+ (1 + ↵)b̂�Non �Noff

�

Example with: 
Non  = 57

Noff  = 85

α       = 0.5


which have been produced from 
a Poissonian sampling with s=20 
and b=90:


<latexit sha1_base64="h5tMzA81BW4dZk+xqZIWUvf9FJE="></latexit>

NON ⇠ P(NON |s+ b) =
(s+ b)NON

NON !
e�(s+b)

<latexit sha1_base64="sNGxkU+Cb362WeQb1qRmX3nHLTA="></latexit>

NOFF ⇠ P(NOFF |b) =
bNOFF

NOFF !
e�b

s=20
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On/Off measurement Signal estimation in the frequentist approach: 
<latexit sha1_base64="MVExS3qpbK89PbyUoXuSWfdtZoA="></latexit>

�2 log �(s) = 2


Non log

✓
Non

s+ ↵b̂

◆
+Noff log

✓
Noff

b̂

◆
+ s+ (1 + ↵)b̂�Non �Noff

�

s=20
Our statistic is

<latexit sha1_base64="J7tUUV8Q/A3AWgo4DAKNgRgt/sE=">AAACD3icbVA7T8MwGHTKq5RXgJHFogKVgSgpFXRBqmBhLBJ9SE1UOY7TWnUe2A5SFfUfsPBXWBhAiJWVjX+D02aAlpNsne6+k/2dGzMqpGl+a4Wl5ZXVteJ6aWNza3tH391riyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47us78zgPhgkbhnRzHxAnQIKQ+xUgqqa8fwwynVWizaKAulfRQRVxWzRNoCxqQe2gaZ/W+XjYNcwq4SKyclEGOZl//sr0IJwEJJWZIiJ5lxtJJEZcUMzIp2YkgMcIjNCA9RUMUEOGk030m8EgpHvQjrk4o4VT9nUhRIMQ4cNVkgORQzHuZ+J/XS6Rfd1IaxokkIZ495CcMyghm5UCPcoIlGyuCMKfqrxAPEUdYqgpLqgRrfuVF0q4a1rlRu62VG1d5HUVwAA5BBVjgAjTADWiCFsDgETyDV/CmPWkv2rv2MRstaHlmH/yB9vkDrQyYsQ==</latexit>

�2 log �(s = 20) ' 0.38
Which is an expected value for a 
chi-squared variable 

<latexit sha1_base64="J7tUUV8Q/A3AWgo4DAKNgRgt/sE=">AAACD3icbVA7T8MwGHTKq5RXgJHFogKVgSgpFXRBqmBhLBJ9SE1UOY7TWnUe2A5SFfUfsPBXWBhAiJWVjX+D02aAlpNsne6+k/2dGzMqpGl+a4Wl5ZXVteJ6aWNza3tH391riyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47us78zgPhgkbhnRzHxAnQIKQ+xUgqqa8fwwynVWizaKAulfRQRVxWzRNoCxqQe2gaZ/W+XjYNcwq4SKyclEGOZl//sr0IJwEJJWZIiJ5lxtJJEZcUMzIp2YkgMcIjNCA9RUMUEOGk030m8EgpHvQjrk4o4VT9nUhRIMQ4cNVkgORQzHuZ+J/XS6Rfd1IaxokkIZ495CcMyghm5UCPcoIlGyuCMKfqrxAPEUdYqgpLqgRrfuVF0q4a1rlRu62VG1d5HUVwAA5BBVjgAjTADWiCFsDgETyDV/CmPWkv2rv2MRstaHlmH/yB9vkDrQyYsQ==</latexit>

�2 log �(s = 20) ' 0.38
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On/Off measurement Signal estimation in the frequentist approach: 
<latexit sha1_base64="MVExS3qpbK89PbyUoXuSWfdtZoA="></latexit>

�2 log �(s) = 2


Non log

✓
Non

s+ ↵b̂

◆
+Noff log

✓
Noff

b̂

◆
+ s+ (1 + ↵)b̂�Non �Noff

�

s=20
Our statistic is

<latexit sha1_base64="J7tUUV8Q/A3AWgo4DAKNgRgt/sE=">AAACD3icbVA7T8MwGHTKq5RXgJHFogKVgSgpFXRBqmBhLBJ9SE1UOY7TWnUe2A5SFfUfsPBXWBhAiJWVjX+D02aAlpNsne6+k/2dGzMqpGl+a4Wl5ZXVteJ6aWNza3tH391riyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47us78zgPhgkbhnRzHxAnQIKQ+xUgqqa8fwwynVWizaKAulfRQRVxWzRNoCxqQe2gaZ/W+XjYNcwq4SKyclEGOZl//sr0IJwEJJWZIiJ5lxtJJEZcUMzIp2YkgMcIjNCA9RUMUEOGk030m8EgpHvQjrk4o4VT9nUhRIMQ4cNVkgORQzHuZ+J/XS6Rfd1IaxokkIZ495CcMyghm5UCPcoIlGyuCMKfqrxAPEUdYqgpLqgRrfuVF0q4a1rlRu62VG1d5HUVwAA5BBVjgAjTADWiCFsDgETyDV/CmPWkv2rv2MRstaHlmH/yB9vkDrQyYsQ==</latexit>

�2 log �(s = 20) ' 0.38
Which is an expected value for a 
chi-squared variable 

<latexit sha1_base64="J7tUUV8Q/A3AWgo4DAKNgRgt/sE=">AAACD3icbVA7T8MwGHTKq5RXgJHFogKVgSgpFXRBqmBhLBJ9SE1UOY7TWnUe2A5SFfUfsPBXWBhAiJWVjX+D02aAlpNsne6+k/2dGzMqpGl+a4Wl5ZXVteJ6aWNza3tH391riyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47us78zgPhgkbhnRzHxAnQIKQ+xUgqqa8fwwynVWizaKAulfRQRVxWzRNoCxqQe2gaZ/W+XjYNcwq4SKyclEGOZl//sr0IJwEJJWZIiJ5lxtJJEZcUMzIp2YkgMcIjNCA9RUMUEOGk030m8EgpHvQjrk4o4VT9nUhRIMQ4cNVkgORQzHuZ+J/XS6Rfd1IaxokkIZ495CcMyghm5UCPcoIlGyuCMKfqrxAPEUdYqgpLqgRrfuVF0q4a1rlRu62VG1d5HUVwAA5BBVjgAjTADWiCFsDgETyDV/CmPWkv2rv2MRstaHlmH/yB9vkDrQyYsQ==</latexit>

�2 log �(s = 20) ' 0.38

Check that the variable above 
defined is indeed a chi-

squared variable
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On/Off measurement Signal estimation in the frequentist approach: 

? ? ? ? ?In a real data analysis, we do not 
know the true signal (this is what 
we want to estimate) but we only 
know the counts in the OFF and 
ON regions.


So what can we do? 
2.45

1.04

0.06

0.37

3.84

Non  = 57      Noff  = 85        α   = 0.5
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On/Off measurement Signal estimation in the frequentist approach: 

? ? ? ? ?
All these values should follow a 
chi-squared distribution 
assuming a given signal to be 
true.


For example, if the true signal 
was 20, we would have observed 
a value smaller than 2.45 88% of 
the time.


We can therefore claim that a 
value of 20 is excluded with a 
88% confidence level.

2.45

1.04

0.06

0.37

3.84

Non  = 57      Noff  = 85        α   = 0.5
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On/Off measurement Signal estimation in the frequentist approach: 

Conventionally 3 confidence 
levels are reported:

• 0%   CL  : which is by definition 

when the chi-squared is zero


• 68% CL  : which is when the chi-
squared is 1


• 95% CL : which is when the chi-
squared is 3.84

3.84
3.84

1 1

0

Non  = 57      Noff  = 85        α   = 0.5

94
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On/Off measurement Signal estimation in the frequentist approach: 

Conventionally 3 confidence 
levels are reported:

• 0%   CL  : which is by definition 

when the chi-squared is zero


• 68% CL  : which is when the chi-
squared is 1


• 95% CL : which is when the chi-
squared is 3.84

3.84
3.84

1 1

0

68% uncertainty

best estimated

95% Upper limit
95% Lower limit

Non  = 57      Noff  = 85        α   = 0.5

95
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On/Off measurement Signal estimation in the frequentist approach: 

So do we need each time to 
compute the likelihood ratio 
and find where it is equal to 
zero, one, and 3.84?

3.84
3.84

1 1

0

68% uncertainty

best estimated

95% Upper limit
95% Lower limit

Non  = 57      Noff  = 85        α   = 0.5

96
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On/Off measurement Signal estimation in the frequentist approach: 

So do we need each time to 
compute the likelihood ratio 
and find where it is equal to 
zero, one, and 3.84?

Thankfully in most cases we 
can get a good 
approximation using the 
following expression

3.84
3.84

1 1

0

68% uncert          ainty

best estimated
<latexit sha1_base64="XbQAaFvWiPPy0b7UzrdbmNkN8Dw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuLEkUtRl0Y0rqWAf0IYwmU7aoZNJmJkIJWTjr7hxoYhbP8Odf+Ok7UJbD1w4c869zL0nSDhT2nG+raXlldW19dJGeXNre2fX3ttvqTiVhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY3RR++5FKxWLxoMcJ9SI8ECxkBGsj+fbhnZ/FIkdnqId5MsSoeIdh7tsVp+pMgBaJOyMVmKHh21+9fkzSiApNOFaq6zqJ9jIsNSOc5uVeqmiCyQgPaNdQgSOqvGxyQI5OjNJHYSxNCY0m6u+JDEdKjaPAdEZYD9W8V4j/ed1Uh1dexkSSairI9KMw5UjHqEgD9ZmkRPOxIZhIZnZFZIglJtpkVjYhuPMnL5LWedW9qNbua5X69SyOEhzBMZyCC5dQh1toQBMI5PAMr/BmPVkv1rv1MW1dsmYzB/AH1ucPzbiV6w==</latexit>

Non � ↵Noff

<latexit sha1_base64="+8s6OJD4hmznrxYqRTgC3XpUNWs=">AAACJ3icbVBbS8MwGE29znmr+uhLcAiCONox1CcZ+uKTTHAXWOtIs3QLS9OapMIo/Te++Fd8EVREH/0nplsR3TwQODnnfCTf8SJGpbKsT2NufmFxabmwUlxdW9/YNLe2mzKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhheZ37onQtKQ36hRRNwA9Tn1KUZKS13z7KqbhDyFR9BBLBogmN19P4VOFEBH3gmVwDxymEduKz+htGuWrLI1Bpwldk5KIEe9a744vRDHAeEKMyRlx7Yi5SZIKIoZSYtOLEmE8BD1SUdTjgIi3WS8Zwr3tdKDfij04QqO1d8TCQqkHAWeTgZIDeS0l4n/eZ1Y+aduQnkUK8Lx5CE/ZlCFMCsN9qggWLGRJggLqv8K8QAJhJWutqhLsKdXniXNStk+Llevq6XaeV5HAeyCPXAAbHACauAS1EEDYPAAnsAreDMejWfj3fiYROeMfGYH/IHx9Q2NpaUn</latexit>

Non � ↵Noff ±
q

Non + ↵2Noff

68%       uncert          ainty
<latexit sha1_base64="ccmHECfJYigAs/ZoKDawF/CJJlY=">AAACLHicbVDNSgMxGMz6b/1b9eglWARBLLulqMeiF09SwWqhW0s2zdpgNlmTb4Wy9IG8+CqCeLCIV5/DbF1EqwOBycx8JN+EieAGPG/kTE3PzM7NLyyWlpZXVtfc9Y1Lo1JNWZMqoXQrJIYJLlkTOAjWSjQjcSjYVXh7kvtX90wbruQFDBLWicmN5BGnBKzUdU/OupmSQ7yPAyKSPsH5PYpyoRrQngIcmDsNGS5ye0XuuvqdHHbdslfxxsB/iV+QMirQ6LrPQU/RNGYSqCDGtH0vgU5GNHAq2LAUpIYlhN6SG9a2VJKYmU42XnaId6zSw5HS9kjAY/XnREZiYwZxaJMxgb6Z9HLxP6+dQnTUybhMUmCSfj0UpQKDwnlzuMc1oyAGlhCquf0rpn2iCQXbb8mW4E+u/JdcViv+QaV2XivXj4s6FtAW2ka7yEeHqI5OUQM1EUUP6Am9opHz6Lw4b877V3TKKWY20S84H5+dvaal</latexit>

Non � ↵Noff � 2 ·
q

Non + ↵2Noff 68%       uncert          ainty
<latexit sha1_base64="YiTJUbdgFari16UU8M7qXYzeTIo=">AAACLHicbVDLSgMxFM3Ud31VXboJFkEQy0wRdSm6cSUK9gGdWjJppg3NJGNyRyjDfJAbf0UQF4q49TtM20G0eiBwcs65JPcEseAGXPfNKczMzs0vLC4Vl1dW19ZLG5t1oxJNWY0qoXQzIIYJLlkNOAjWjDUjUSBYIxicj/zGPdOGK3kDw5i1I9KTPOSUgJU6pfPLTqpkhg+wT0TcJ3h0D8MM7+OqT7sKsG/uNKQ4z+3nudvqdzLrlMpuxR0D/yVeTsoox1Wn9Ox3FU0iJoEKYkzLc2Nop0QDp4JlRT8xLCZ0QHqsZakkETPtdLxshnet0sWh0vZIwGP150RKImOGUWCTEYG+mfZG4n9eK4HwpJ1yGSfAJJ08FCYCg8Kj5nCXa0ZBDC0hVHP7V0z7RBMKtt+iLcGbXvkvqVcr3lHl8PqwfHqW17GIttEO2kMeOkan6AJdoRqi6AE9oVf05jw6L8678zGJFpx8Zgv9gvP5BZphpqM=</latexit>

Non � ↵Noff + 2 ·
q

Non + ↵2Noff

Non  = 57      Noff  = 85        α   = 0.5
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On/Off measurement Signal estimation in the frequentist approach: 

3.84
3.84

1 1

0

68% uncert          ainty

best estimated
<latexit sha1_base64="XbQAaFvWiPPy0b7UzrdbmNkN8Dw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuLEkUtRl0Y0rqWAf0IYwmU7aoZNJmJkIJWTjr7hxoYhbP8Odf+Ok7UJbD1w4c869zL0nSDhT2nG+raXlldW19dJGeXNre2fX3ttvqTiVhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY3RR++5FKxWLxoMcJ9SI8ECxkBGsj+fbhnZ/FIkdnqId5MsSoeIdh7tsVp+pMgBaJOyMVmKHh21+9fkzSiApNOFaq6zqJ9jIsNSOc5uVeqmiCyQgPaNdQgSOqvGxyQI5OjNJHYSxNCY0m6u+JDEdKjaPAdEZYD9W8V4j/ed1Uh1dexkSSairI9KMw5UjHqEgD9ZmkRPOxIZhIZnZFZIglJtpkVjYhuPMnL5LWedW9qNbua5X69SyOEhzBMZyCC5dQh1toQBMI5PAMr/BmPVkv1rv1MW1dsmYzB/AH1ucPzbiV6w==</latexit>

Non � ↵Noff

<latexit sha1_base64="+8s6OJD4hmznrxYqRTgC3XpUNWs=">AAACJ3icbVBbS8MwGE29znmr+uhLcAiCONox1CcZ+uKTTHAXWOtIs3QLS9OapMIo/Te++Fd8EVREH/0nplsR3TwQODnnfCTf8SJGpbKsT2NufmFxabmwUlxdW9/YNLe2mzKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhheZ37onQtKQ36hRRNwA9Tn1KUZKS13z7KqbhDyFR9BBLBogmN19P4VOFEBH3gmVwDxymEduKz+htGuWrLI1Bpwldk5KIEe9a744vRDHAeEKMyRlx7Yi5SZIKIoZSYtOLEmE8BD1SUdTjgIi3WS8Zwr3tdKDfij04QqO1d8TCQqkHAWeTgZIDeS0l4n/eZ1Y+aduQnkUK8Lx5CE/ZlCFMCsN9qggWLGRJggLqv8K8QAJhJWutqhLsKdXniXNStk+Llevq6XaeV5HAeyCPXAAbHACauAS1EEDYPAAnsAreDMejWfj3fiYROeMfGYH/IHx9Q2NpaUn</latexit>

Non � ↵Noff ±
q

Non + ↵2Noff

68%       uncert          ainty
<latexit sha1_base64="ccmHECfJYigAs/ZoKDawF/CJJlY=">AAACLHicbVDNSgMxGMz6b/1b9eglWARBLLulqMeiF09SwWqhW0s2zdpgNlmTb4Wy9IG8+CqCeLCIV5/DbF1EqwOBycx8JN+EieAGPG/kTE3PzM7NLyyWlpZXVtfc9Y1Lo1JNWZMqoXQrJIYJLlkTOAjWSjQjcSjYVXh7kvtX90wbruQFDBLWicmN5BGnBKzUdU/OupmSQ7yPAyKSPsH5PYpyoRrQngIcmDsNGS5ye0XuuvqdHHbdslfxxsB/iV+QMirQ6LrPQU/RNGYSqCDGtH0vgU5GNHAq2LAUpIYlhN6SG9a2VJKYmU42XnaId6zSw5HS9kjAY/XnREZiYwZxaJMxgb6Z9HLxP6+dQnTUybhMUmCSfj0UpQKDwnlzuMc1oyAGlhCquf0rpn2iCQXbb8mW4E+u/JdcViv+QaV2XivXj4s6FtAW2ka7yEeHqI5OUQM1EUUP6Am9opHz6Lw4b877V3TKKWY20S84H5+dvaal</latexit>

Non � ↵Noff � 2 ·
q

Non + ↵2Noff 68%       uncert          ainty
<latexit sha1_base64="YiTJUbdgFari16UU8M7qXYzeTIo=">AAACLHicbVDLSgMxFM3Ud31VXboJFkEQy0wRdSm6cSUK9gGdWjJppg3NJGNyRyjDfJAbf0UQF4q49TtM20G0eiBwcs65JPcEseAGXPfNKczMzs0vLC4Vl1dW19ZLG5t1oxJNWY0qoXQzIIYJLlkNOAjWjDUjUSBYIxicj/zGPdOGK3kDw5i1I9KTPOSUgJU6pfPLTqpkhg+wT0TcJ3h0D8MM7+OqT7sKsG/uNKQ4z+3nudvqdzLrlMpuxR0D/yVeTsoox1Wn9Ox3FU0iJoEKYkzLc2Nop0QDp4JlRT8xLCZ0QHqsZakkETPtdLxshnet0sWh0vZIwGP150RKImOGUWCTEYG+mfZG4n9eK4HwpJ1yGSfAJJ08FCYCg8Kj5nCXa0ZBDC0hVHP7V0z7RBMKtt+iLcGbXvkvqVcr3lHl8PqwfHqW17GIttEO2kMeOkan6AJdoRqi6AE9oVf05jw6L8678zGJFpx8Zgv9gvP5BZphpqM=</latexit>

Non � ↵Noff + 2 ·
q

Non + ↵2Noff

Non  = 57      Noff  = 85        α   = 0.5
Non  - α  Noff  = 32

sqrt( Non  + α2  Noff)  = 8.06

The signal estimation is:


32 ± 8

with upper limit


48.1

and lower limit 


15.9
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On/Off measurement Signal estimation in the frequentist approach: 

3.84
3.84

1 1

0

68% uncert          ainty

best estimated
<latexit sha1_base64="XbQAaFvWiPPy0b7UzrdbmNkN8Dw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuLEkUtRl0Y0rqWAf0IYwmU7aoZNJmJkIJWTjr7hxoYhbP8Odf+Ok7UJbD1w4c869zL0nSDhT2nG+raXlldW19dJGeXNre2fX3ttvqTiVhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY3RR++5FKxWLxoMcJ9SI8ECxkBGsj+fbhnZ/FIkdnqId5MsSoeIdh7tsVp+pMgBaJOyMVmKHh21+9fkzSiApNOFaq6zqJ9jIsNSOc5uVeqmiCyQgPaNdQgSOqvGxyQI5OjNJHYSxNCY0m6u+JDEdKjaPAdEZYD9W8V4j/ed1Uh1dexkSSairI9KMw5UjHqEgD9ZmkRPOxIZhIZnZFZIglJtpkVjYhuPMnL5LWedW9qNbua5X69SyOEhzBMZyCC5dQh1toQBMI5PAMr/BmPVkv1rv1MW1dsmYzB/AH1ucPzbiV6w==</latexit>

Non � ↵Noff

<latexit sha1_base64="+8s6OJD4hmznrxYqRTgC3XpUNWs=">AAACJ3icbVBbS8MwGE29znmr+uhLcAiCONox1CcZ+uKTTHAXWOtIs3QLS9OapMIo/Te++Fd8EVREH/0nplsR3TwQODnnfCTf8SJGpbKsT2NufmFxabmwUlxdW9/YNLe2mzKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhheZ37onQtKQ36hRRNwA9Tn1KUZKS13z7KqbhDyFR9BBLBogmN19P4VOFEBH3gmVwDxymEduKz+htGuWrLI1Bpwldk5KIEe9a744vRDHAeEKMyRlx7Yi5SZIKIoZSYtOLEmE8BD1SUdTjgIi3WS8Zwr3tdKDfij04QqO1d8TCQqkHAWeTgZIDeS0l4n/eZ1Y+aduQnkUK8Lx5CE/ZlCFMCsN9qggWLGRJggLqv8K8QAJhJWutqhLsKdXniXNStk+Llevq6XaeV5HAeyCPXAAbHACauAS1EEDYPAAnsAreDMejWfj3fiYROeMfGYH/IHx9Q2NpaUn</latexit>

Non � ↵Noff ±
q

Non + ↵2Noff

68%       uncert          ainty
<latexit sha1_base64="ccmHECfJYigAs/ZoKDawF/CJJlY=">AAACLHicbVDNSgMxGMz6b/1b9eglWARBLLulqMeiF09SwWqhW0s2zdpgNlmTb4Wy9IG8+CqCeLCIV5/DbF1EqwOBycx8JN+EieAGPG/kTE3PzM7NLyyWlpZXVtfc9Y1Lo1JNWZMqoXQrJIYJLlkTOAjWSjQjcSjYVXh7kvtX90wbruQFDBLWicmN5BGnBKzUdU/OupmSQ7yPAyKSPsH5PYpyoRrQngIcmDsNGS5ye0XuuvqdHHbdslfxxsB/iV+QMirQ6LrPQU/RNGYSqCDGtH0vgU5GNHAq2LAUpIYlhN6SG9a2VJKYmU42XnaId6zSw5HS9kjAY/XnREZiYwZxaJMxgb6Z9HLxP6+dQnTUybhMUmCSfj0UpQKDwnlzuMc1oyAGlhCquf0rpn2iCQXbb8mW4E+u/JdcViv+QaV2XivXj4s6FtAW2ka7yEeHqI5OUQM1EUUP6Am9opHz6Lw4b877V3TKKWY20S84H5+dvaal</latexit>

Non � ↵Noff � 2 ·
q

Non + ↵2Noff 68%       uncert          ainty
<latexit sha1_base64="YiTJUbdgFari16UU8M7qXYzeTIo=">AAACLHicbVDLSgMxFM3Ud31VXboJFkEQy0wRdSm6cSUK9gGdWjJppg3NJGNyRyjDfJAbf0UQF4q49TtM20G0eiBwcs65JPcEseAGXPfNKczMzs0vLC4Vl1dW19ZLG5t1oxJNWY0qoXQzIIYJLlkNOAjWjDUjUSBYIxicj/zGPdOGK3kDw5i1I9KTPOSUgJU6pfPLTqpkhg+wT0TcJ3h0D8MM7+OqT7sKsG/uNKQ4z+3nudvqdzLrlMpuxR0D/yVeTsoox1Wn9Ox3FU0iJoEKYkzLc2Nop0QDp4JlRT8xLCZ0QHqsZakkETPtdLxshnet0sWh0vZIwGP150RKImOGUWCTEYG+mfZG4n9eK4HwpJ1yGSfAJJ08FCYCg8Kj5nCXa0ZBDC0hVHP7V0z7RBMKtt+iLcGbXvkvqVcr3lHl8PqwfHqW17GIttEO2kMeOkan6AJdoRqi6AE9oVf05jw6L8678zGJFpx8Zgv9gvP5BZphpqM=</latexit>

Non � ↵Noff + 2 ·
q

Non + ↵2Noff

Non  = 57      Noff  = 85        α   = 0.5
Non  - α  Noff  = 32

sqrt( Non  + α2  Noff)  = 8.06

The signal estimation is:


32 ± 8

with upper limit


48.1

and lower limit 


15.9

Check that these are indeed 
good approximations
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On/Off measurement Signal estimation in the frequentist approach: 

Non  = 57      Noff  = 85        α   = 0.5
Among all the possible 
hypotheses, there is a 
‘special’ one we are 
interested in excluding…

… the one in which there is 
no signal, i.e. s=0

19.5
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On/Off measurement Signal estimation in the frequentist approach: 

Non  = 57      Noff  = 85        α   = 0.5
Among all the possible 
hypotheses, there is a 
‘special’ one we are 
interested in excluding…

… the one in which there is 
no signal, i.e. s=0

19.5

A chi-squared variable can 
take values bigger than 19.5 
only 1/100’000 of the time!


sqrt(19.5) = 4.4, which 
means that … (?)

101
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On/Off measurement Signal estimation in the frequentist approach: 

<latexit sha1_base64="MVExS3qpbK89PbyUoXuSWfdtZoA="></latexit>

�2 log �(s) = 2


Non log

✓
Non

s+ ↵b̂

◆
+Noff log

✓
Noff

b̂

◆
+ s+ (1 + ↵)b̂�Non �Noff

�

If you take the log-likelihood expression

put s=0 and take the square root (in order to get a normal variable from a chi-
squared one), you get the famous “Li&Ma” Significance

<latexit sha1_base64="iPXv7OTAasmhlWVKKiwpLHnTskU="></latexit>

±
p
2


Non log

✓
1

↵

(↵+ 1)Non

Non +Noff

◆
+Noff log

✓
(↵+ 1)Noff

Non +Noff

◆�1/2

where the sign + or - is arbitrary chosen to be positive when the excess is positive
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On/Off measurement Signal estimation in the frequentist approach: 

<latexit sha1_base64="MVExS3qpbK89PbyUoXuSWfdtZoA="></latexit>

�2 log �(s) = 2


Non log

✓
Non

s+ ↵b̂

◆
+Noff log

✓
Noff

b̂

◆
+ s+ (1 + ↵)b̂�Non �Noff

�

If you take the log-likelihood expression

put s=0 and take the square root (in order to get a normal variable from a chi-
squared one), you get the famous “Li&Ma” Significance

<latexit sha1_base64="iPXv7OTAasmhlWVKKiwpLHnTskU="></latexit>

±
p
2


Non log

✓
1

↵

(↵+ 1)Non

Non +Noff

◆
+Noff log

✓
(↵+ 1)Noff

Non +Noff

◆�1/2

where the sign + or - is arbitrary chosen to be positive when the excess is positive

Perform a simulation of On/Off counts 
with fixed ’s’=0 and ‘b’ and get each time 

the Li&Ma significance.
Which distribution do you get from it?

What happens if ’s’ is not fixed to zero?
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On/Off measurement Signal estimation in the frequentist approach: 

For small or negative excess 
Wilks’ theorem cannot be 
applied anymore.

This means that the value of 
3.84 should not be used for 
putting 95% upper limit on 
the signal


What can we do then?

In these cases ‘ad-hoc’ adjustments are required, the most famous one being 
the Rolke et al. method

104



Introduction to Statistical Inference                   ArQus School 2022 - Bergen, Norway

On/Off measurement Signal estimation in the frequentist approach: 

For small or negative excess 
Wilks’ theorem cannot be 
applied anymore.

This means that the value of 
3.84 should not be used for 
putting 95% upper limit on 
the signal


What can we do then?

105

In these cases ‘ad-hoc’ adjustments are required, the most famous one being 
the Rolke et al. method
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On/Off measurement Signal estimation in the bayesian approach: 

Bayes theorem 
with uniform priors:

PDF of the signal rate PMS of the number of signal event

106

Likelihood:
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On/Off measurement Signal estimation in the bayesian approach: 

107

Dots

Lines

<latexit sha1_base64="8m8OMAbYL4Hmr5nSAvXpizX+AMQ=">AAAB+HicbVDLSsNAFJ3UV42PRl26GSyCq5CIr41QdOOygn1AG8rNdNIOnUzCzESopV/ixoUibv0Ud/6NkzYLbT1w4XDOvdx7T5hyprTnfVulldW19Y3ypr21vbNbcfb2myrJJKENkvBEtkNQlDNBG5ppTtuppBCHnLbC0W3utx6pVCwRD3qc0iCGgWARI6CN1HMquAs8HQK+9txz27Z7TtVzvRnwMvELUkUF6j3nq9tPSBZToQkHpTq+l+pgAlIzwunU7maKpkBGMKAdQwXEVAWT2eFTfGyUPo4SaUpoPFN/T0wgVmoch6YzBj1Ui14u/ud1Mh1dBRMm0kxTQeaLooxjneA8BdxnkhLNx4YAkczciskQJBBtsspD8BdfXibNU9e/cM/uz6q1myKOMjpER+gE+egS1dAdqqMGIihDz+gVvVlP1ov1bn3MW0tWMXOA/sD6/AE2QZDa</latexit>

↵ = 0.5
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On/Off measurement Signal estimation in the bayesian approach: 

108

<latexit sha1_base64="UpmTHvLHWLoOuPDSM4XQilCe2q8="></latexit>Z s2

s1

p(s | Non, Noff ;↵) ds = 0.68

<latexit sha1_base64="TFgaBtCkqHX2JEigMQC/yBuA/nE="></latexit>Z 1

sUL

p(s | Non, Noff ;↵) ds = 0.05.

Contrary to the frequentist approach, where one has to maximize the likelihood and apply the Wilks’ 
theorem, in the Bayesian approach all the information on ’s’ (the signal rate) is included in its PDF.


The best estimate of ’s' will be given by the most probable value, while the 68% credible interval [s1, s2] 
is such that

The upper limit is given straightforwardly by the value sUL such that
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On/Off measurement Signal estimation in the bayesian approach: 

109

<latexit sha1_base64="UpmTHvLHWLoOuPDSM4XQilCe2q8="></latexit>Z s2

s1

p(s | Non, Noff ;↵) ds = 0.68

<latexit sha1_base64="TFgaBtCkqHX2JEigMQC/yBuA/nE="></latexit>Z 1

sUL

p(s | Non, Noff ;↵) ds = 0.05.

Contrary to the frequentist approach, where one has to maximize the likelihood and apply the Wilks’ 
theorem, in the Bayesian approach all the information on ’s’ (the signal rate) is included in its PDF.


The best estimate of ’s' will be given by the most probable value, while the 68% credible interval [s1, s2] 
is such that

The upper limit is given straightforwardly by the value sUL such that

Try to get the best estimate ’s’, with 
credible intervals and upper limits from 
the 3 examples shown in the previous 

slide
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Here you are seeing 
the TS or the log-
likelihood value 

obtained in each 
pixel for the null 

hypothesis

Now you know what 
these values refer to!

This arrow here 
indicates an upper 
limit, and now you 

know what it 
means!
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111

Recap:
1. We have defined an On/Off measurement, which is the most common type of 

measurement in gamma-ray astronomy when dealing with an unknown background

2. We have seen how to estimate the excess from an On and Off measurement in both 
the frequentist and bayesian approaches and how to put confidence/credible 
intervals on such estimates

3. The frequentist approach allows us to exclude the null hypothesis with given 
confidence via the usage of the Li&Ma expression

4. The bayesian gives us a probability distribution for the excess of gamma-ray

We will apply this knowledge in the hands-on sessions on the spectra and light curve 
analysis!


