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NC and CC Drell-Yan processes,                                   and                                 are 
of fundamental importance for an accurate check of the SM at hadron 
colliders. Sizable cross sect and high sensitivity to the properties of the 
gauge bosons!


NC DY is important for the detector calibration, accurate determination of 
input SM parameters, as the measurement of                  that starts to compete 
with LEP(permille level at Tevatron and LHC) 


CC DY production is important for the determination of the W mass (via 
transverse mass and lepton transverse momentum distributions using 
electron-neutrino and muon-neutrino final states), that was measured at 
Tevatron with accuracy of 16 MeV (arXiv:1204.0042) and at LHC with similar 
accuracy. Global fit:             8 MeV. Requires accurate theoretical control on 
the distributions


NC and CC Drell-Yan processes constitute the ``SM background'' for 
processes of new physics as Z’ or W' production. Tail of kinematic 
distributions (high transverse momentum, high invariant  mass distributions).


Measurement of the di-lepton invariant mass distribution expected at O(1%) 
at                     1 TeV  requires analogous control of SM predictions
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Drell-Yan TH predictions in the Literature
DY was one of the first hadronic processes for which perturbative 
corrections were calculated


Dominant Perturbative Contributions come from QCD:

✦   Total cross section at NLO and NNLO 

✦   Total cross section at NNNLO

G. Altarelli, R. K. Ellis, G. Martinelli, Nucl.Phys.B 157 (1979) 461

R. Hamberg, W. van Neerven and T. Matsuura, Nucl.Phys.B 359 (1991) 343

C. Anastasiou, L. J. Dixon, K. Melnikov and F. Petriello, Phys. Rev. Lett. 91 (2003) 182002

C. Anastasiou, L. J. Dixon, K. Melnikov and F. Petriello, Phys. Rev. D 69 (2004) 094008

K. Melnikov and F. Petriello, Phys. Rev. D 74 (2006) 114017

S. Catani, L. Cieri, G, Ferrera, D. De Florian and M. Grazzini, Phys. Rev. Lett. 103 (2009) 082001

C. Duhr, F. Dulat and B. Mistlberger, Phys. Rev. Lett. 125 (2020) 172001

C. Duhr, F. Dulat and B. Mistlberger, JHEP 11 (2020) 143

C. Duhr, B. Mistlberger, JHEP 03 (2022) 116

✦   Differential cross section at NNLO

✦   Resummation …. 1987 …. up to NNNLL
S. Moch, A. Vogt, 2005; V. Ravindran, 2006; S. Catani, L. Cieri, D. de Florian, G. Ferrera, M. Grazzini, 2014; …

✦   Lept-pair less inclusive at NNNLO, fiducial cross section and rapidity distribution
S. Camarda, L. Cieri and G. Ferrera, Phys.Rev.D 104 (2021) 11, L111503

X. Chen, T. Gehrmann, N. Glover, A. Huss, T. Yang and H. X. Zhu, Phys.Rev.Lett. 128 (2022) 5, 052001
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Drell-Yan TH predictions in the Literature

NLO EW Contributions


Differential NLO corrections both QCD and EW + PS

S. Dittmaier and M. Kraemer, Phys. Rev. D 65 (2002) 073007

U. Baur and D. Wackeroth, Phys. Rev. D 70 (2004) 073015

V. Zykunov, Phys. Atom. Nucl. 69 (2006) 1522

A. Arbuzov at al., Eur. Phys. J. C 46 (2006) 407

C. Carloni Calame, G. Montagna, O. Nicrosini and A. Vicini, JHEP 12 (2006) 016

↵2
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U. Baur, O. Brein, W. Hollik, C. Schappacher and D. Wackeroth, Phys. Rev. D 65 (2002) 033007

V. Zykunov, Phys.  Rev. D 75 (2007) 073019

C. Carloni Calame, G. Montagna, O. Nicrosini and A. Vicini, JHEP 10 (2007) 109

Arbuzov at al., Eur. Phys. J. C 54 (2008) 451

S. Dittmaier and M. Huber, JHEP 01 (2009) 060

✦   CC Drell-Yan

✦   NC Drell-Yan

MCFM, HORACE, POWHEG, MADGRAPH, MC@NLO 

                    

DY was one of the first hadronic processes for which perturbative 
corrections were calculated
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Drell-Yan TH predictions in the Literature
Mixed QCD-EW NNLO Corrections

✦   On-Shell Z/W production

✦    Beyond On-Shell production

h1 + h2 ! l+l� +X
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• Mixed QCD-QED corrections to the inclusive prod of an on-shell Z
D. de Florian, M. Der and I. Fabre, Phys. Rev. D 98 (2018) 094008

• Fully differential mixed QCD-QED corrections to the prod of an on-shell Z
M. Delto, M. Jaquier, K. Melnikov and R. Roentsch, JHEP 01 (2019) 043

• Mixed QCD-EW corrections to the inclusive prod of an on-shell Z (analytic)
R.B., F. Buccioni, N. Rana and A. Vicini, Phys. Rev. Lett. 125 (2020) 232004

• Fully differential mixed QCD-EW corr. inclusive prod of on-shell Z and W
F. Buccioni, F. Caola, M. Delto, M. Jaquier, K. Melnikov and R. Roentsch, Phys. Lett. B 811 (2020) 135969

A. Behring, F. Buccioni, F. Caola, M. Delto, M. Jaquier, K. Melnikov and R. Roentsch, PRD 103 (2021) 013008

• Dominant QCD-EW corrections in resonant region, neutral and charged DY
S. Dittmaier, A. Huss and C. Schwinn, Nucl. Phys. B 885 (2014) 318

S. Dittmaier, A. Huss and C. Schwinn, Nucl. Phys. B 904 (2016) 216

• Mixed QCD-QED corrections to neutrino pair production 
L. Cieri, D. de Florian, M. Der and J. Mazzitelli, JHEP 09 (2020) 155

✦    Mixed QCD-EW corrections to and
L. Buonocore, M. Grazzini, S. Kallweit, C. Savoini and F. Tramontano, Phys.Rev.D 103 (2021) 114012

R.B., L. Buonocore, M. Grazzini, S. Kallweit, N. Rana, F. Tramontano, A. Vicini, Phys.Rev.Lett. 128 (2022) 1, 012002

F. Buccioni, F. Caola, H. Chawdhry, F. Devoto, M. Heller, A. Von Manteuffel, K. Melnikov, et al. , 2203.11237

• Mixed QCD-EW corrections to (helicity) amplitudes for lepton pair prod 
M. Heller, A. Von Manteuffel, R. M. Schabinger and H. Spiesberger, JHEP 05 (2021) 216

T. Armadillo, R.B., S. Devoto, N. Rana, A. Vicini, JHEP 05 (2022) 072
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i,j
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0
dx1

Z 1

0
dx2 fi,h1(x1, µF ) fj,h2(x2, µF ) �̂ij(ŝ,m

2,↵S(µR), µF , µR)

Theoretical framework: Perturbative QCD

At LHC hadronic collisions
we rely on Factorization Theorem

NNLO

NNNLO

PDFs: Universal Part

Evolution with Fact scale 

predicted by the theory

Partonic CS: Process-dep Part

Calculation in PT Theory

S. Moch, J. Vermaseren, A. Vogt, Nucl. Phys. B688 (2004) 101

A. Vogt, S. Moch, J. Vermaseren, Nucl. Phys. B691 (2004) 129

S. Moch, B. Ruijl, T. Ueda, J. Vermaseren, A. Vogt, Phys. Lett. B782 (2018) 627

J. Davis, B. Ruijl, T. Ueda, J. Vermaseren, A. Vogt, Nucl. Phys. B915 (2017) 335

S. Moch, B. Ruijl, T. Ueda, J. Vermaseren, A. Vogt, JHEP 10 (2017) 041
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D. de Florian, G. F. R. Sborlini and G. Rodrigo, Eur. Phys. J. C 76 (2016) 282NNLO mixed



Resonant contribution: Z on-shell
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R.B., F. Buccioni, N. Rana and A. Vicini, Phys. Rev. Lett. 125 (2020) 232004

R.B., F. Buccioni, N. Rana and A. Vicini, JHEP 02 (2022) 095

✦ Although this is not a realistic setup, it is interesting for many reasons:
• It constitutes a benchmark calculation important for the total cross section normalisation

• It allows a detailed understanding of the dependence on different input parameter schemes

• It allows a detailed study of the impact of the choice of different PDFs sets 

✦ The calculation was carried out integrating the contribution of the real

radiation all over the phase space, through Reverse Unitarity

VV

RV
RR

C. Anastasiou, K. Melnikov, Nucl. Phys. B 646 (2002) 220

�(p2 �m2) ! 1

2⇡i

✓
1

p2 �m2 + i0+
� 1

p2 �m2 � i0+

◆
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• The calculation proceeds via reduction to MIs
and differential equations for their evaluation
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R.B., F. Buccioni, N. Rana and A. Vicini, Phys. Rev. Lett. 125 (2020) 232004

R.B., F. Buccioni, N. Rana and A. Vicini, JHEP 02 (2022) 095

Resonant contribution: Z on-shell

We studied the impact of the corrections for Tevatron and LHC at different
c. m. energies, with different PDFs sets and different input parameter schemes

Absolute Size of the corrections at LHC (13 TeV): comparing the complete

Stabilisation of the result w.r.t. the scales variation 

Different input param schemes: stabilisation of the scheme dependence
thanks to mixed QCDxEW corrections

NNLO with the only-QCD NNLO we see a decrease of -0.57%

(7-point variation of Ren and Fact scales around mZ)

We convoluted the partonic cross section with different PFD sets NNPDF31, 
MMHT2015, CT18: we register a spread that ranges between 1% and 2% dep on
the energy. Compatible with PDF errors
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Let us now move to a more realistic description

that involves non factorable corrections



EXACT CALCULATION: Partonic Cross Section

need IR counterterms in a subtraction scheme: we used Qt subtr scheme

2 -> 4      RR

2 -> 3      RV

2 -> 2      VV

Computed with

RECOLA and

OPENLOOPS            


                                                             

•  The three sets are separately divergent: for a differential cross section we

S. Catani and M. Grazzini, Phys. Rev. Lett. 98 (2007) 222002
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However: Collinear divergences cancel in the amplitude when we add s-t and s-u box 
contributions (we explicitly checked the cancellation of the highest pole). Remaining 
collinear divergences come from factorized one-loop diagrams —> easy to compute


Therefore, we can set the leptonic mass to zero in the most complicated diagrams 
(the ones with many scales). Basically we set up the following computation:


QCDxQED corrections                                    massive leptons


One/Two boson exchange                               massless leptons

The qT subtraction formalism was recently generalised to include 

emission from a massive final state, at first for top-antitop prod.

and then extended to the production of a lepton-neutrino pair.

need no collinear div in the final-state  —> massive leptons

S. Catani, S. Devoto, M. Grazzini, S. Kallweit, J. Mazzitelli and H. Sargsyan, Phys. Rev. D 99 (2019) 051501

L. Buonocore, M. Grazzini, S. Kallweit, C. Savoini and F. Tramontano, Phys.Rev.D 103 (2021) 114012
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Two-Loop Amplitude 
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The  UV-renormalised amplitude has the following IR structure

S.Catani, M. Grazzini and A. Torre, Nucl. Phys. B890 (2014) 518

L. Buonocore, M. Grazzini and F. Tramontano, Eur. Phys. J. C 80 (2020) 254
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<latexit sha1_base64="zdbrlOPHnqB02fZu/XTStdXQp0E="></latexit>
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Computation of the Amplitude

… goes through the “usual” steps:

Gµ
<latexit sha1_base64="aFuAs762DGtwWbYC5IBbmkiA5Rc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hqQY8FD3qsYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0sbm1vVPereztHxweVY9P2jrJFKEBSXiiuhHWlDNJA8MMp91UUSwiTjvR5Hbud56o0iyRj2aa0lDgkWQxI9hYKbgb9EU2qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8XmbimzBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvu+ldu/aFRa7pFHGU4g3O4BB+uoQn30IIACDB4hld4c6Tz4rw7H8vWklPMnMIfOJ8/oFqOgA==</latexit>

�5
<latexit sha1_base64="Nbg0RHgSV/OYCNb+X+Qadq2zBI8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgKSRV0WPBi8cK9gPaUCbbTbt0dxN3N0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZelHKmje9/O4W19Y3NreJ2aWd3b/+gfHjU1EmmCG2QhCeqHaGmnEnaMMxw2k4VRRFx2opGtzO/9USVZol8MOOUhgIHksWMoLFSuztAIbB31StXfM+fw10lQU4qkKPeK391+wnJBJWGcNS6E/ipCSeoDCOcTkvdTNMUyQgHtGOpREF1OJnfO3XPrNJ340TZksadq78nJii0HovIdgo0Q73szcT/vE5m4ptwwmSaGSrJYlGccdck7ux5t88UJYaPLUGimL3VJUNUSIyNqGRDCJZfXiXNqhdceNX7y0rNy+MowgmcwjkEcA01uIM6NIAAh2d4hTfn0Xlx3p2PRWvByWeO4Q+czx+xj4+t</latexit>

S.Dittmaier, A. Huss and C. Schwinn, Nucl. Phys. B 885 (2014) 318

D. Kreimer, Phys. Lett. B 237 (1990) 59

P. Maierhoefer, J. Usovitsch and P. Uwer, Comp. Phys. Commun. 230 (2018) 99

J. Klappert, F, Lange, P. Maierhoefer and J. Usovitsch, Comput.Phys.Commun. 266 (2021) 108024

A. Von Manteuffel and C. Studerus, 1201.4330

R. N. Lee, 1212.2685

P. Nogueira, J. Comput. Phys. 105 (1993) 279

T. Hahn, Comput.Phys.Commun. 140 (2001) 418-431

B. Ruijl, T. Ueda and J. A. M. Vermaseren, 1707.06453

Generation of the Feynman diagrams:   QGRAF   and   FeynArts

We computed directly the Interference with the tree-level:   FORM

We used an anti commuting

We renormalise in the       scheme, keeping complex boson masses and 
accordingly complex sW

<latexit sha1_base64="+V8VjjSTeilbIEQpNVHY5bf4liA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPvtfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA++I3F</latexit>

The Dim-Regularized scalar integrals were reduced to the MIs using 
IBP identities implemented in KIRA, Reduze2, LiteRed 
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Treatment of         in Dim Regularisation�5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>

✦           is a genuine 4-dim object. In 4 dimensions we have �5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>

{�µ, �5} = 0
<latexit sha1_base64="dOZevv3+Koco/sWku8bSuXuNE6g=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMxURTdC0Y3LCvYBnWHIpJk2NMkMSUYow2zd+CtuXCji1j9w59+YtiNo64ELJ+fcS+49YcKo0o7zZS0sLi2vrJbWyusbm1vb9s5uS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1weD322/dEKhqLOz1KiM9RX9CIYqSNFNjQy6DXR5yjIPN4mh//vM6gl8NL6AR2xak6E8B54hakAgo0AvvT68U45URozJBSXddJtJ8hqSlmJC97qSIJwkPUJ11DBeJE+dnkkhweGqUHo1iaEhpO1N8TGeJKjXhoOjnSAzXrjcX/vG6qows/oyJJNRF4+lGUMqhjOI4F9qgkWLORIQhLanaFeIAkwtqEVzYhuLMnz5NWreqeVGu3p5X6VRFHCeyDA3AEXHAO6uAGNEATYPAAnsALeLUerWfrzXqfti5Yxcwe+APr4xtAeZi/</latexit>

tr(�5�µ1 ...�µ4) = 4i✏µ1...µ4
<latexit sha1_base64="52AIAzEcVpLUu7sSfCiQdOux7bs="></latexit>

cyclicity

✦ When we move to               dimensions we cannot preserve anticommutation
and cyclicity at the same time. We have two choices 

• We get rid of anticommutativity but we keep cyclicity

• We get rid of cyclicity but we keep anticommutativity

Breaks gauge invariance that has to be restored with appropriate 

counterterms (finite renormalization)

Ward identities are automatically preserved but       -odd traces have 

a reading point

�5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>

D. Kreimer, Phys. Lett. B 237 (1990) 59

G. ‘t Hooft, M. Veltman, Nucl. Phys. B 44 (1972) 189

P. Breitenlohner, D. Maison, Commun. Math. Phys. 52 (1977)11, 39, 55

D 6= 4
<latexit sha1_base64="AsLnW9aB5l5jVIazH3xtiCxJ2Z4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0IsQ1IPHCOaByRJmJ7PJkNnZZaZXCCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw5up33zi2ohYPeAo4X5E+0qEglG00uMt6agYyRWpdAtFt+TOQJaJl5EiZKh1C1+dXszSiCtkkhrT9twE/THVKJjkk3wnNTyhbEj7vG2pohE3/nh28YScWqVHwljbUkhm6u+JMY2MGUWB7YwoDsyiNxX/89ophpf+WKgkRa7YfFGYSoIxmb5PekJzhnJkCWVa2FsJG1BNGdqQ8jYEb/HlZdIol7zzUvm+UqxeZ3Hk4BhO4Aw8uIAq3EEN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QO5t4+k</latexit>

✦ In the case of NC Drell-Yan it was proven that the two prescriptions give 

M. Heller, A. Von Manteuffel, R. M. Schabinger and H. Spiesberger, JHEP 05 (2021) 216

different amplitudes but equal IR-subtracted finite corrections!  
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{�µ, �5} = 0
<latexit sha1_base64="dOZevv3+Koco/sWku8bSuXuNE6g=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMxURTdC0Y3LCvYBnWHIpJk2NMkMSUYow2zd+CtuXCji1j9w59+YtiNo64ELJ+fcS+49YcKo0o7zZS0sLi2vrJbWyusbm1vb9s5uS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1weD322/dEKhqLOz1KiM9RX9CIYqSNFNjQy6DXR5yjIPN4mh//vM6gl8NL6AR2xak6E8B54hakAgo0AvvT68U45URozJBSXddJtJ8hqSlmJC97qSIJwkPUJ11DBeJE+dnkkhweGqUHo1iaEhpO1N8TGeJKjXhoOjnSAzXrjcX/vG6qows/oyJJNRF4+lGUMqhjOI4F9qgkWLORIQhLanaFeIAkwtqEVzYhuLMnz5NWreqeVGu3p5X6VRFHCeyDA3AEXHAO6uAGNEATYPAAnsALeLUerWfrzXqfti5Yxcwe+APr4xtAeZi/</latexit>

cyclicity

{�µ, �5} = 0
<latexit sha1_base64="dOZevv3+Koco/sWku8bSuXuNE6g=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMxURTdC0Y3LCvYBnWHIpJk2NMkMSUYow2zd+CtuXCji1j9w59+YtiNo64ELJ+fcS+49YcKo0o7zZS0sLi2vrJbWyusbm1vb9s5uS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1weD322/dEKhqLOz1KiM9RX9CIYqSNFNjQy6DXR5yjIPN4mh//vM6gl8NL6AR2xak6E8B54hakAgo0AvvT68U45URozJBSXddJtJ8hqSlmJC97qSIJwkPUJ11DBeJE+dnkkhweGqUHo1iaEhpO1N8TGeJKjXhoOjnSAzXrjcX/vG6qows/oyJJNRF4+lGUMqhjOI4F9qgkWLORIQhLanaFeIAkwtqEVzYhuLMnz5NWreqeVGu3p5X6VRFHCeyDA3AEXHAO6uAGNEATYPAAnsALeLUerWfrzXqfti5Yxcwe+APr4xtAeZi/</latexit>

cyclicity



✦ However, In the case of NC Drell-Yan there are no anomalous diagrams 

Treatment of         in Dim Regularisation�5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>
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i.e. any choice is basically ok

✦ We choose a naive anti commuting �5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>

• We move all the       at the end of the Dirac trace using anticommutativity

• We use               and we get either traces with one       or without

�5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>

�2
5 = 1

<latexit sha1_base64="rDYkQiOHMDCzIL+WZsFvLTVAfhE=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexWRS9C0YvHCvYD2m2ZTbNtaJJdkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QpAU84krRtmOG3FioIIOG0Go9up33ykSrNIPphxTH0BA8lCRsBYqdsZgBDQu+hW8DX2esWSW3ZnwMvEy0gJZaj1il+dfkQSQaUhHLRue25s/BSUYYTTSaGTaBoDGcGAti2VIKj209nVE3xilT4OI2VLGjxTf0+kILQei8B2CjBDvehNxf+8dmLCKz9lMk4MlWS+KEw4NhGeRoD7TFFi+NgSIIrZWzEZggJibFAFG4K3+PIyaVTK3lm5cn9eqt5kceTRETpGp8hDl6iK7lAN1RFBCj2jV/TmPDkvzrvzMW/NOdnMIfoD5/MHjMyROw==</latexit>

�5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>

�5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>

• We replace the last        in the trace with  �5
<latexit sha1_base64="XzBekzWB8A5TSnR6kgcSeV/S3Tk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lMl20y7dTeLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOldneAUmLvslcquxV3BrJMvJyUIUe9V/rq9mOaShYZKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMfSCCXTfja7d0JOrdInYaxsRYbM1N8TGUqtxzKwnRLNUC96U/E/r5Oa8NrPeJSkhkV0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp/Ua7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+3k4/B</latexit>

�5 =
i

4!
✏µ1µ2µ3µ4�

µ1�µ2�µ3�µ4

<latexit sha1_base64="o9H7QwcteJNC4aVxg/7zFqgfAMo="></latexit>

✦ The contraction of two epsilon-tensors (one from the leptonic current

✦ As a non trivial check of the consistency of the treatment we observe
the cancellation of the IR poles

and the other from the quark current) is done using

✏µ1µ2µ3µ4✏
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��������
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UV renormalization
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Feynman diagrams are computed in the Background Field Gauge that 
ensures the validity of Ward identities for the initial state vertex

UV-Finiteness of two-loop vertices with quark WF renormalisation

We use the Complex Mass Scheme: mass counter-terms are defined at 
the complex pole of the propagator

µ2
W0 = µ2

W + �µ2
W , µ2

Z0 = µ2
Z + �µ2

Z , e0 = e+ �e
<latexit sha1_base64="/YH/zn5j2DoFkNDyM9UBYvJs6t4="></latexit>

s2W0 = 1� µ2
W0

µ2
Z0

<latexit sha1_base64="I4uSj8BFKRtCmGcZ4ijNgrJKuPM=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARXGhJoqAboejGZQV7wSYNk+mkHTq5MDMRSshLuPFV3LhQxK3gzrdxmkbQ1gMDH/9/DmfO78WMCmkYX1ppYXFpeaW8Wllb39jc0rd3WiJKOCZNHLGIdzwkCKMhaUoqGenEnKDAY6Ttja4mfvuecEGj8FaOY+IEaBBSn2IkleTqR8JN20bWs+AFNOExtH2OcGoHSc/KjeyH7xS7etWoGXnBeTALqIKiGq7+afcjnAQklJghIbqmEUsnRVxSzEhWsRNBYoRHaEC6CkMUEOGk+VUZPFBKH/oRVy+UMFd/T6QoEGIceKozQHIoZr2J+J/XTaR/7qQ0jBNJQjxd5CcMyghOIoJ9ygmWbKwAYU7VXyEeIpWLVEFWVAjm7Mnz0LJq5knNujmt1i+LOMpgD+yDQ2CCM1AH16ABmgCDB/AEXsCr9qg9a2/a+7S1pBUzu+BPaR/fOB6dpg==</latexit>
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=
c2W
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✓
�µ2

Z

µ2
Z

� �µ2
W

µ2
W

◆
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Gµp
2
=

⇡↵

2µ2
W s2W

(1 +�r)
<latexit sha1_base64="4M1i13GfN3+5So+vr2SIq6tvimQ="></latexit>

From the muon decay amplitude we derive the relation

Three parameters:                          or 

(Gµ, µW , µZ)
<latexit sha1_base64="9nnor2fUL7BMmEsc6+NrloYgSm0=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEClJmqqDLogtdVrAPbIchk2ba0CQzJBmhDAV/xY0LRdz6He78G9PpLLT1QC6Hc+7l3pwgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdT/32I5GKRuJej2PicTQQNKQYaSP59kHlxk97PJmcmuK3s/pw4ttlp+pkgIvEzUkZ5Gj49levH+GEE6ExQ0p1XSfWXoqkppiRSamXKBIjPEID0jVUIE6Ul2bnT+CxUfowjKR5QsNM/T2RIq7UmAemkyM9VPPeVPzP6yY6vPRSKuJEE4Fni8KEQR3BaRawTyXBmo0NQVhScyvEQyQR1iaxkgnBnf/yImnVqu5ZtXZ3Xq5f5XEUwSE4AhXgggtQB7egAZoAgxQ8g1fwZj1ZL9a79TFrLVj5zD74A+vzBx7elPE=</latexit>

(Gµ, µW , µZ)
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(↵, µW , µZ)
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In the                      scheme the couplings of Z and       to fermions are�
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Z )
<latexit sha1_base64="3LGHDJ1XekQSKOwEHQvqxM6mkDo="></latexit>
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2Gµµ2

W s2W (1 + �g
Gµ

A )
<latexit sha1_base64="SXacTgytHwsoWX2E52SpUvlAe4Y="></latexit>

Finally, the renormalisation of the gauge boson propagators
⌃AA

R,T (q
2) = ⌃AA

T (q2) + 2q2�gA
<latexit sha1_base64="/2KiEp82BEj2RBerMztdN9Tp0DI=">AAACJHicbZDLSgMxFIYz9VbrbdSlm2ARKkqZqYKCCK1uXFbtDTrtkEkzbWjmYpIRyjAP48ZXcePCCy7c+CymF6FWDyT8fP85JOd3QkaFNIxPLTU3v7C4lF7OrKyurW/om1s1EUQckyoOWMAbDhKEUZ9UJZWMNEJOkOcwUnf6l0O/fk+4oIFfkYOQtDzU9alLMZIK2fqZdUu7HrLjm8NK0o5LpSR31y7sn//gaXhQUDe0OoRJBLt2ydazRt4YFfwrzInIgkmVbf3N6gQ48ogvMUNCNE0jlK0YcUkxI0nGigQJEe6jLmkq6SOPiFY8WjKBe4p0oBtwdXwJR3R6IkaeEAPPUZ0ekj0x6w3hf14zku5pK6Z+GEni4/FDbsSgDOAwMdihnGDJBkogzKn6K8Q9xBGWKteMCsGcXfmvqBXy5lG+cH2cLV5M4kiDHbALcsAEJ6AIrkAZVAEGD+AJvIBX7VF71t61j3FrSpvMbINfpX19A88xowc=</latexit>
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<latexit sha1_base64="Rtsf9/JwzsciDMkkU+vsvd6zaxc="></latexit>
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R,T (q
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Master Integrals 
We basically divide the computation in two subsets

✦  Massive final state MIs
R.B., A. Ferroglia, T. Gehrmann, D. Maitre and C. Studerus, JHEP 07 (2008) 129

R.B., A. Ferroglia, T. Gehrmann and C. Studerus, JHEP 08 (2009) 067

P. Mastrolia, M. Passera, A. Primo and U. Schubert, JHEP 11 (2017) 198

✦  Massless final state MIs

U. Aglietti, R.B., Nucl.Phys.B 668 (2003) 3

U.Aglietti, R.B., Nucl.Phys.B 698 (2004) 277

R.B., S. Di Vita, P. Mastrolia and U. Schubert, JHEP 09 (2016) 091

M. Heller, A. Von Manteuffel and R. M. Schabinger, Phys. Rev. D 102 (2020) 016025

S. M. Hasan and U. Schubert, JHEP 11 (2020) 107

(T1) (T2) (T3) (T4) (T5) (T6)

(T7) (T8) (T9) (T10) (T11) (T12)

(T13) (T14) (T15) (T16) (T17) (T18)

(T19) (T20) (T21) (T22) (T23) (T24)

(T25) (T26) (T27) (T28) (T29)

(T30) (T31)

(k1 − p1 + p3)2

(T1) (T2) (T3) (T4) (T5) (T6)

(T7) (T8) (T9) (T10) (T11) (T12)

(T13) (T14) (T15) (T16) (T17) (T18)

(T19) (T20) (T21) (T22) (T23) (T24)

(T25) (T26) (T27) (T28) (T29) (T30)

(T31) (T32) (T33) (T34)

(k1 + k2)2

(T35)

(k1 − p1 + p3)2

(T36)

(k1 + k2)2(k1 − p1 + p3)2

We rely on JHEP 09 (2016) 091   — All the MIs (with the 

exception of 5 two-mass  BOXES) could be expressed

in terms of GPLs. The 5 boxes still have a numeric int.

2 MIs 2 MIs 2 MIs 2 MIs

2 MIs 2 MIs 2 MIs 3 MIs

For the massive part of the calculation, all the MIs 

could be expressed in terms of GPLs.
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Differential Equations

The MIs were computed using the Differential Equations Method


Massless final state MIs were evaluated analytically using the canonical form for 
the system 


However, the alphabet contains squared roots that could not be linearised 
simultaneously. Not all of the masters in GPLs  —> remaining numeric integration

S. Caron-Huot and J. M. Henn, JHEP 06 (2014) 114

df(x, ✏) = ✏ dA(x) f(x, ✏)
<latexit sha1_base64="9g4cZNOKQKsz0ILWzGf7qIeD4W8=">AAACHHicbZDLSsNAFIYn9VbrrerSzWARWighaQXdCBU3LivYCzShTCaTduhkEmYm0hL6IG58FTcuFHHjQvBtnF4E2/rDwMd/zuHM+b2YUaks69vIrK1vbG5lt3M7u3v7B/nDo6aMEoFJA0csEm0PScIoJw1FFSPtWBAUeoy0vMHNpN56IELSiN+rUUzcEPU4DShGSlvdfNUPisOyQ2JJWcRL8Ar+MnTK0L8uDksTWGjq5guWaU0FV8GeQwHMVe/mPx0/wklIuMIMSdmxrVi5KRKKYkbGOSeRJEZ4gHqko5GjkEg3nR43hmfa8WEQCf24glP370SKQilHoac7Q6T6crk2Mf+rdRIVXLop5XGiCMezRUHCoIrgJCnoU0GwYiMNCAuq/wpxHwmElc4zp0Owl09ehWbFtKtm5e68UDPncWTBCTgFRWCDC1ADt6AOGgCDR/AMXsGb8WS8GO/Gx6w1Y8xnjsGCjK8fsSWfMA==</latexit>

V. Kotikov, Phys. Lett. B 254 (1991) 158

Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 412 (1994) 751

E. Remiddi, Nuovo Cim. A 110 (1997) 1435

T. Gehrmann and E. Remiddi, Nucl. Phys. B 580 (2000) 485

@

@xi
f(x, ✏) = Axi(x, ✏) f(x, ✏)

<latexit sha1_base64="4YfZno76f9RWskSTtyQuF9jb4EU="></latexit>

J. M. Henn, Phys. Rev. Lett. 110(2013) 251601

M. Argeri, S. Di Vita, P. Mastrolia, E. Mirabella, J, Schlenk, 

U. Schubert and L. Tancredi, JHEP 03 (2014) 082

✤  The numeric evaluation of the remaining integration is not optimal, in
particular for the analytic continuation  …… What to do? 

19



Differential Equations: Semi-analytic evaluation
In some cases it is difficult to find closed-form solutions for the differential equations

What can be done is a solution of the relative differential equation in series expansion

S.Pozzorini and E. Remiddi, Comp. Phys. Comm. 175 (2006) 381
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◆
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x2
+

9

8x
� 4

3(x+ 1)
+

5

24(x� 8)

�
F = ⌦(x)

<latexit sha1_base64="hYCDccd4BPwTaqLYG9+CoFvJcp8="></latexit>

✦   The differential equation and the solution are expanded in series around the singular points
Every series depends on two arbitrary constants. Imposing the matching we express all of 
them in terms of the two constants 

✦   Imposing initial conditions we fix the two constants. One can construct a numerical routine
that evaluates F(x) for every value of x with arbitrary precision !! 

✦   The convergence can be improved adding series expansions in intermediate regular points
U. Aglietti, R.B., L. Grassi and E. Remiddi, Nucl. Phys. B 789 (2008) 45

R. N. Lee, A. V. Smirnov and V. A. Smirnov, JHEP 03 (2018) 008

R.B., G. Degrassi, P. P. Giardino and R. Groeber, Comp. Phys. Comm. 241 (2019) 122

x = � s

m2
<latexit sha1_base64="TMDfcsltUWUXf3bdKHB5N8pDEXE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpgl6EohePFewHtLFstpt26WYTdjfFEvJPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7qd+q0xlYpF4kFPYuqFeCBYwAjWRurZ9tP1WTeQmKQqS8PHatazy07FmQEtEzcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnGalbqJojMkID2jHUIFDqrx0dnmGTozSR0EkTQmNZurviRSHSk1C33SGWA/VojcV//M6iQ6uvJSJONFUkPmiIOFIR2gaA+ozSYnmE0MwkczcisgQmxy0CatkQnAXX14mzWrFPa9U7y/KtZs8jiIcwTGcgguXUIM7qEMDCIzhGV7hzUqtF+vd+pi3Fqx85hD+wPr8AXE0k4k=</latexit>
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Example: elliptic vertex for ttbar production 

L. Tancredi, A. Von Manteuffel, JHEP 06 (2017) 127

R.B., G. Degrassi, P. P. Giardino and R. Groeber, Comp. Phys. Comm. 241 (2019) 122
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  Solution in x = 0
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two independent solutions with
a�1 = 1 , b�1 = 0
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✓
↵+

3

2

◆2

= 0
<latexit sha1_base64="x6SL+GlF+JfcnH/U7ZhchSG8CYI=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoMYEcLuRtCLEPTiMYJ5QHYNs5PZZMjsg5leISz5BC/+ihcPinj16M2/cZLsQRMLGoqqbrq7vFhwBab5beSWlldW1/LrhY3Nre2d4u5eU0WJpKxBIxHJtkcUEzxkDeAgWDuWjASeYC1veD3xWw9MKh6FdzCKmRuQfsh9TgloqVs8dgTzoYwdIuIBOXV8SWhaHaf2GDuS9wdwcm/jS2x2iyWzYk6BF4mVkRLKUO8Wv5xeRJOAhUAFUapjmTG4KZHAqWDjgpMoFhM6JH3W0TQkAVNuOn1ojI+00sN+JHWFgKfq74mUBEqNAk93BgQGat6biP95nQT8CzflYZwAC+lskZ8IDBGepIN7XDIKYqQJoZLrWzEdEJ0J6AwLOgRr/uVF0rQrVrVi356ValdZHHl0gA5RGVnoHNXQDaqjBqLoET2jV/RmPBkvxrvxMWvNGdnMPvoD4/MHKJibXg==</latexit>

M (0)
9 = x↵

1X

n=0

anx
n

<latexit sha1_base64="y/Ck8O1I39bn4Byl+s1BHeFW7uk=">AAACG3icbVDLSgMxFM34rPVVdekmWIS6KTNVUBeFohs3QgX7gD6GO2nGhmYyQ5IRyzD/4cZfceNCEVeCC//G9LHQ1gOBwznncnOPF3GmtG1/WwuLS8srq5m17PrG5tZ2bme3rsJYElojIQ9l0wNFORO0ppnmtBlJCoHHacMbXI78xj2VioXiVg8j2gngTjCfEdBGcnOla/e8mxTsoxSX8UM3aQOP+pDitooDNxFlOzUaE74ephhcYSJmKG8X7THwPHGmJI+mqLq5z3YvJHFAhSYclGo5dqQ7CUjNCKdpth0rGgEZwB1tGSogoKqTjG9L8aFRetgPpXlC47H6eyKBQKlh4JlkALqvZr2R+J/XirV/1kmYiGJNBZks8mOOdYhHReEek5RoPjQEiGTmr5j0QQLRps6sKcGZPXme1EtF57hYujnJVy6mdWTQPjpABeSgU1RBV6iKaoigR/SMXtGb9WS9WO/WxyS6YE1n9tAfWF8/q4ygnQ==</latexit>

M (0)
9 (x) =

1p
x

1X

n=�1

anx
n +

log xp
x

1X

n=�1

bnx
n

<latexit sha1_base64="KZTawiDn2z8/o45Pfvy14joPSBM="></latexit>

M̃9(x) =
1X

n=�1

pnx
n + log x

1X

n=�1

qnx
n

<latexit sha1_base64="5KMq5lh4Uctwv9HHKkiX+6JI38c="></latexit>

✦ Matching with initial condition in            (only log) x = 0
<latexit sha1_base64="9pvKUAnV2E2ksOiond8XQtQHNP8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHiOYByRJmJ51kyOzsMjMrhiWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupn6zUdUmkfywYxj9EM6kLzPGTVWun+6crvFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1LP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl7Z+XK3Xmpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8f18GNgQ==</latexit>

M9(x) =
1X

n=0

pnx
n + log x

1X

n=0

qnx
n

<latexit sha1_base64="WKqh7d6WO7IB8pMWuWK6NECTt5o="></latexit>

✦ The same in                 + matching with the series in            … and so onx = 0
<latexit sha1_base64="9pvKUAnV2E2ksOiond8XQtQHNP8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHiOYByRJmJ51kyOzsMjMrhiWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupn6zUdUmkfywYxj9EM6kLzPGTVWun+6crvFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1LP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl7Z+XK3Xmpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8f18GNgQ==</latexit>

x = 16
<latexit sha1_base64="ZUrUCtTMIHnUUux8aWKkiBEJ66E=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtol6EohePFewHtEvJptk2NMkuSVYsS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1IlWaRfDCTmPoCDyULGcEmk56uvYt+ueJW3RnQMvFyUoEcjX75qzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ7dO0YlVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi14m/ud1ExNe+SmTcWKoJPNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjadkQ/AWX14mrVrVO6vW7s8r9Zs8jiIcwTGcggeXUIc7aEATCIzgGV7hzRHOi/PufMxbC04+cwh/4Hz+AFD6jcI=</latexit>

✦ Analitic continuation

x = � s

m2
<latexit sha1_base64="TMDfcsltUWUXf3bdKHB5N8pDEXE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpgl6EohePFewHtLFstpt26WYTdjfFEvJPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7qd+q0xlYpF4kFPYuqFeCBYwAjWRurZ9tP1WTeQmKQqS8PHatazy07FmQEtEzcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnGalbqJojMkID2jHUIFDqrx0dnmGTozSR0EkTQmNZurviRSHSk1C33SGWA/VojcV//M6iQ6uvJSJONFUkPmiIOFIR2gaA+ozSYnmE0MwkczcisgQmxy0CatkQnAXX14mzWrFPa9U7y/KtZs8jiIcwTGcgguXUIM7qEMDCIzhGV7hzUqtF+vd+pi3Fqx85hD+wPr8AXE0k4k=</latexit>
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Differential Equations: Semi-analytic evaluation

✦   The examples above are one-dimensional, but the approach can be generalised to more
dimesions and used for a general system of differential equations for the MIs

F. Moriello, JHEP 01 (2020) 150

✦  Recently this method was implemented in a Mathematica code: DiffExp

✦   The differential equations in s and t are combined and a one-dim diff eq is recovered and
solved along a contour connecting two fixed points in the s-t plane

✦   Analytical continuation is done expanding in the singular point and matching the series

✦   The method is quite efficient and enables to compute fast a point in the phase space with
arbitrary precision

(s0, t0)
<latexit sha1_base64="3XccA0Pt7Zuw7C1NyM3Mm/bPq24=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItQQZbdKuix4MVjBfsh7bJk02wbmmSXZFYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMi1LBDXjet1NYW9/Y3Cpul3Z29/YPyodHLZNkmrImTUSiOxExTHDFmsBBsE6qGZGRYO1odDvz209MG56oBxinLJBkoHjMKQErPVZN6F1A6J2H5YrnenPgVeLnpIJyNMLyV6+f0EwyBVQQY7q+l0IwIRo4FWxa6mWGpYSOyIB1LVVEMhNM5gdP8ZlV+jhOtC0FeK7+npgQacxYRrZTEhiaZW8m/ud1M4hvgglXaQZM0cWiOBMYEjz7Hve5ZhTE2BJCNbe3YjokmlCwGZVsCP7yy6ukVXP9S7d2f1Wpu3kcRXSCTlEV+ega1dEdaqAmokiiZ/SK3hztvDjvzseiteDkM8foD5zPHyrXj0Y=</latexit>

(s, t)
<latexit sha1_base64="q6ZdsoRAziHRlCdlxbWt/bNvsvE=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBEqSEiqoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVco+t+W2vrG5tb26Wd8u7e/sFh5ei4pZNMUebTRCSqExLNBJfMR46CdVLFSBwK1g7HdzO//cSU5ol8xEnKgpgMJY84JWgkv6Yv8aJfqbqOO4e9SryCVKFAs1/56g0SmsVMIhVE667nphjkRCGngk3LvUyzlNAxGbKuoZLETAf5/NipfW6UgR0lypREe67+nshJrPUkDk1nTHCkl72Z+J/XzTC6DXIu0wyZpItFUSZsTOzZ5/aAK0ZRTAwhVHFzq01HRBGKJp+yCcFbfnmVtOqOd+XUH66rDaeIowSncAY18OAGGnAPTfCBAodneIU3S1ov1rv1sWhds4qZE/gD6/MH3bKOAA==</latexit>

using Feynman prescription for the invariants

M. Hidding, Comput.Phys.Commun. 269 (2021) 108125

(s1, t1)
<latexit sha1_base64="0VmEzfg9dJvbeI34q1xCbaTcwOM=">AAAB8HicbVBNSwMxEM36WetX1aOXYBEqSNmtgh6LXjxWsB/SLks2zbahSXZJZoWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy8SppqxJYxHrTkgME1yxJnAQrJNoRmQoWDsc3U799hPThsfqAcYJ8yUZKB5xSsBKjxUTeOcQeGdBqexW3RnwMvFyUkY5GkHpq9ePaSqZAiqIMV3PTcDPiAZOBZsUe6lhCaEjMmBdSxWRzPjZ7OAJPrVKH0extqUAz9TfExmRxoxlaDslgaFZ9Kbif143hejaz7hKUmCKzhdFqcAQ4+n3uM81oyDGlhCqub0V0yHRhILNqGhD8BZfXiatWtW7qNbuL8v1mzyOAjpGJ6iCPHSF6ugONVATUSTRM3pFb452Xpx352PeuuLkM0foD5zPHzPpj1w=</latexit>

d

d⇠
f(⇠, ✏) = A(⇠, ✏) f(⇠, ✏)

<latexit sha1_base64="9Dn3THN4aL6t8bWi2WBGsZW649o=">AAACLHicbVDNS8MwHE39nPOr6tFLcAgTxminoBdhuovHCe4D1jLSNN3C0rQkqTjK/iAv/iuCeHCIV/8Os60H7XwQ8njv/Uh+z4sZlcqypsbK6tr6xmZhq7i9s7u3bx4ctmWUCExaOGKR6HpIEkY5aSmqGOnGgqDQY6TjjRozv/NIhKQRf1DjmLghGnAaUIyUlvpmwwkEwqk/SX3niU5gUNZXxSGxpCziZ/Aa3uQUp5IP9c2SVbXmgMvEzkgJZGj2zTfHj3ASEq4wQ1L2bCtWboqEopiRSdFJJIkRHqEB6WnKUUikm86XncBTrfgwiIQ+XMG5+nsiRaGU49DTyRCpocx7M/E/r5eo4MpNKY8TRThePBQkDKoIzpqDPhUEKzbWBGFB9V8hHiLdntL9FnUJdn7lZdKuVe3zau3+olS/zeoogGNwAsrABpegDu5AE7QABs/gFXyAqfFivBufxtciumJkM0fgD4zvHxxRptw=</latexit>

�(⇠) : ⇠ ! {s(⇠), t(⇠)}
<latexit sha1_base64="MShqTEQNi4GqpFG6XJkmHn15T1Q=">AAACFHicbVBLSwMxGMzWV62vVY9egkWoWMpuFRRPRS8eK9gHNEvJpmkbmuwuSVYsS3+EF/+KFw+KePXgzX9jut2Dtg6EDDPfRzLjR5wp7TjfVm5peWV1Lb9e2Njc2t6xd/eaKowloQ0S8lC2fawoZwFtaKY5bUeSYuFz2vJH11O/dU+lYmFwp8cR9QQeBKzPCNZG6tonaICFwCX0wI4vISpDQyDSIUQJVKla1ukF0aRrF52KkwIuEjcjRZCh3rW/UC8ksaCBJhwr1XGdSHsJlpoRTicFFCsaYTLCA9oxNMCCKi9JQ03gkVF6sB9KcwINU/X3RoKFUmPhm0mB9VDNe1PxP68T6/6Fl7AgijUNyOyhfsyhCT1tCPaYpETzsSGYSGb+CskQS0y06bFgSnDnIy+SZrXinlaqt2fF2lVWRx4cgENQAi44BzVwA+qgAQh4BM/gFbxZT9aL9W59zEZzVrazD/7A+vwBziKcJw==</latexit>

f(⇠, ✏) =
NX

i=0

f (i)(⇠)✏i

<latexit sha1_base64="V9bNtCTgY3n+VmYdHfmrkNrAEQg=">AAACH3icbVDLSgMxFM34rPVVdekmWIQWpMxUUTeFohtXUsE+oDMdMmmmDc1khiQjlqF/4sZfceNCEXHXvzFtR9DWA4HDOedyc48XMSqVaY6NpeWV1bX1zEZ2c2t7Zze3t9+QYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje4nvjNByIkDfm9GkbECVCPU59ipLTk5s79gv1IT2wSScpCXoQVaMs4cBNaMUedW+h3kgItjiahIvxJdaiby5slcwq4SKyU5EGKmpv7srshjgPCFWZIyrZlRspJkFAUMzLK2rEkEcID1CNtTTkKiHSS6X0jeKyVLvRDoR9XcKr+nkhQIOUw8HQyQKov572J+J/XjpV/6SSUR7EiHM8W+TGDKoSTsmCXCoIVG2qCsKD6rxD3kUBY6UqzugRr/uRF0iiXrNNS+e4sX71K68iAQ3AECsACF6AKbkAN1AEGT+AFvIF349l4NT6Mz1l0yUhnDsAfGONv5C+hqQ==</latexit>f (i)(⇠) =
1X

j=0

c(i,j)(⇠ � ⇠0)
j

<latexit sha1_base64="iD/AG0SwJB1rnsqerxf7BVEJJOk="></latexit>

f (i)(⇠) =
X

j12S1

1X

j2=0

1X

j3=0

c(i,j1,j2,j3)(⇠ � ⇠0)
wj1+j2 logj3 (⇠ � ⇠0)

<latexit sha1_base64="ZOI7L6aIMmFioRGsSdz6ECZTs+E="></latexit>
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However DiffExp is designed for real masses. EW radiative corrections 
involve unstable particles Z, W, H, … : Complex Masses

We developed an independent package,  SeaSyde , to deal with series 
expansions solutions in the complex plane

SeaSyde (Series Expansion Approach for Systems of Differential Equations)
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T. Armadillo, R.B., S. Devoto, N. Rana, A. Vicini, 2205.03345
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Now we have cuts in the complex plane: we choose 
them to be parallel to the real axis, from the 
branching point to 

The path to avoid the cut proceeds via segments 
parallel to the real and to the imaginary axis in every 
complex variable, z and q

We solve the equation in z, at fixed q (cuts in the 
complex z-plane) then the eq. in q at fixed z

m2
V = M2

V � iMV �V
<latexit sha1_base64="Hln2PzQ78qTDPDMCovwKCtpAs7c=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scxUQTdC0YVuhAp2WmjHIZNm2tAkMyQZoZSCG3/FjQtF3PoT7vwbM+0stPVAcg/n3EtyT5gwqrTjfFtz8wuLS8uFleLq2vrGpr217ak4lZjUccxi2QyRIowKUtdUM9JMJEE8ZKQR9i8zv/FApKKxuNODhPgcdQWNKEbaSIG9ywPvvnJ+k91HFJoK21eIcxR4gV1yys4YcJa4OSmBHLXA/mp3YpxyIjRmSKmW6yTaHyKpKWZkVGyniiQI91GXtAwViBPlD8c7jOCBUTowiqU5QsOx+ntiiLhSAx6aTo50T017mfif10p1dOYPqUhSTQSePBSlDOoYZoHADpUEazYwBGFJzV8h7iGJsDaxFU0I7vTKs8SrlN3jcuX2pFS9yOMogD2wDw6BC05BFVyDGqgDDB7BM3gFb9aT9WK9Wx+T1jkrn9kBf2B9/gBCp5YA</latexit>

z = � s

m2
V

<latexit sha1_base64="akZpq/0Q53uv8kMT5pGWBaUHS6k=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwYkmqoBeh6MVjBfsBbSyb7aZdupuE3Y1YQ/6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439bS8srq2npho7i5tb2za++VmipKJKENEvFItn2sKGchbWimOW3HkmLhc9ryR9cTv/VApWJReKfHMfUEHoQsYARrI/Xs0tPlSTeQmKQqS0WveV/NenbZqThToEXi5qQMOeo9+6vbj0giaKgJx0p1XCfWXoqlZoTTrNhNFI0xGeEB7RgaYkGVl05vz9CRUfooiKSpUKOp+nsixUKpsfBNp8B6qOa9ifif10l0cOGlLIwTTUMyWxQkHOkITYJAfSYp0XxsCCaSmVsRGWKThDZxFU0I7vzLi6RZrbinlertWbl2lcdRgAM4hGNw4RxqcAN1aACBR3iGV3izMuvFerc+Zq1LVj6zD39gff4A3d2UVA==</latexit>

q = � t

m2
V

<latexit sha1_base64="/wRpuHDKyRD+9iNAR3SVExBa+O0=">AAAB+3icbVBNS8NAEJ34WetXrEcvwSJ4sSRV0ItQ9OKxgv2ANpbNdtMu3d3E3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8SMKu2639bS8srq2npho7i5tb2za++VmipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFo+uJ33okUtFI3OlxTHyOBoKGFCNtpJ5derg86YYS4VRnKe8176tZzy67FXcKZ5F4OSlDjnrP/ur2I5xwIjRmSKmO58baT5HUFDOSFbuJIjHCIzQgHUMF4kT56fT2zDkySt8JI2lKaGeq/p5IEVdqzAPTyZEeqnlvIv7ndRIdXvgpFXGiicCzRWHCHB05kyCcPpUEazY2BGFJza0OHiKThDZxFU0I3vzLi6RZrXinlertWbl2lcdRgAM4hGPw4BxqcAN1aACGJ3iGV3izMuvFerc+Zq1LVj6zD39gff4A0SyUTA==</latexit>

�1
<latexit sha1_base64="cMP7UeSSM7aP8uEReIn7iV5aq/Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgh6LXjxWsB/QhrLZbtqlm03YnQih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEbOE+xEdKhEKRtFK7YueUCFm/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0I1Cib5tNRLDU8oG9Mh71qqaMSNP5mfOyVnVhmQMNa2FJK5+ntiQiNjsiiwnRHFkVn2ZuJ/XjfF8MafCJWkyBVbLApTSTAms9/JQGjOUGaWUKaFvZWwEdWUoU2oZEPwll9eJa1a1bus1h6uKvXbPI4inMApnIMH11CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AEtvI93</latexit>
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✦   ALL the results were checked against  pySecDec, FIESTA
(or numeric evaluation of analytical expressions done with GiNaC)

S. Borowka, G. Heinrich, S. Jahn, S. P. Jones, M. Kerner, J. Schlenk and T. Zirke, Comp. Phys. Commun. 222 (2018) 313

A. V. Smirnov, Comp. Phys. Commun. 204 (2016) 189

J. Vollinga and S. Weinzierl, Comput.Phys.Commun. 167 (2005) 177
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Effect of the complex mass
✦   The complex mass smoothens the 

behaviour near threshold 

✦   The MIs can be computed with an 

arbitrary number of significant digits

cos ✓ = 0
<latexit sha1_base64="x09azVcs2SIt44oRrvwR7HMTIeo=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQS9C0YvHCvYDumvJptk2NJssyaxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0wEN+C6305hZXVtfaO4Wdra3tndK+8ftIxKNWVNqoTSnZAYJrhkTeAgWCfRjMShYO1wdDP1249MG67kPYwTFsRkIHnEKQErPfhUmcyHIQMyuXJ75YpbdWfAy8TLSQXlaPTKX35f0TRmEqggxnQ9N4EgIxo4FWxS8lPDEkJHZMC6lkoSMxNks6sn+MQqfRwpbUsCnqm/JzISGzOOQ9sZExiaRW8q/ud1U4gug4zLJAUm6XxRlAoMCk8jwH2uGQUxtoRQze2tmA6JJhRsUCUbgrf48jJp1areWbV2d16pX+dxFNEROkanyEMXqI5uUQM1EUUaPaNX9OY8OS/Ou/Mxby04+cwh+gPn8weB0pKC</latexit>

<(MI32)
<latexit sha1_base64="jGMNKLOQmxw4chRdAVEhSz5ta70=">AAAB9XicbVBNS8NAEN34WetX1aOXxSLUS0laQY9FL3oQqtgPaGPZbCft0s0m7G6UEvI/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPC/iTGnb/raWlldW19ZzG/nNre2d3cLeflOFsaTQoCEPZdsjCjgT0NBMc2hHEkjgcWh5o8uJ33oEqVgo7vU4AjcgA8F8Rok20kP3DpLSzXUvqVbSk7RXKNplewq8SJyMFFGGeq/w1e2HNA5AaMqJUh3HjrSbEKkZ5ZDmu7GCiNARGUDHUEECUG4yvTrFx0bpYz+UpoTGU/X3REICpcaBZzoDoodq3puI/3mdWPvnbsJEFGsQdLbIjznWIZ5EgPtMAtV8bAihkplbMR0SSag2QeVNCM78y4ukWSk71XLl9rRYu8jiyKFDdIRKyEFnqIauUB01EEUSPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9ItJG4</latexit>

=(MI32)
<latexit sha1_base64="cGNEpVwC/zf0i9O7XBNjLYlYFSs=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBHqpSStoMeiF3sQKtgPaGPZbDft0t1N2N0oJeR/ePGgiFf/izf/jds2B219MPB4b4aZeX7EqNKO822trK6tb2zmtvLbO7t7+4WDw5YKY4lJE4cslB0fKcKoIE1NNSOdSBLEfUba/vh66rcfiVQ0FPd6EhGPo6GgAcVIG+mhV+dJ6bbeT6qV9CztF4pO2ZnBXiZuRoqQodEvfPUGIY45ERozpFTXdSLtJUhqihlJ871YkQjhMRqSrqECcaK8ZHZ1ap8aZWAHoTQltD1Tf08kiCs14b7p5EiP1KI3Ff/zurEOLr2EiijWROD5oiBmtg7taQT2gEqCNZsYgrCk5lYbj5BEWJug8iYEd/HlZdKqlN1quXJ3XqxdZXHk4BhOoAQuXEANbqABTcAg4Rle4c16sl6sd+tj3rpiZTNH8AfW5w9HHJG3</latexit>

✦   A point in the phase space 
is evaluated in O(10min)


✦    Starting from the initial 
conditions                              
every other point becomes 
the starting point for a 
subsequent step in the 
series expansion

s = t = �M2
V

<latexit sha1_base64="a/lgruI37xKAXSPSwqFIrhTIIYE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgxZJUQS+FohcvQgXbim0sm+2mXbrZhN2JUEL/hRcPinj133jz37htc9DWBwOP92aYmefHgmt0nG8rt7S8srqWXy9sbG5t7xR395o6ShRlDRqJSN37RDPBJWsgR8HuY8VI6AvW8odXE7/1xJTmkbzDUcy8kPQlDzglaKQHXcXqyU23+VjpFktO2ZnCXiRuRkqQod4tfnV6EU1CJpEKonXbdWL0UqKQU8HGhU6iWUzokPRZ21BJQqa9dHrx2D4ySs8OImVKoj1Vf0+kJNR6FPqmMyQ40PPeRPzPaycYXHgpl3GCTNLZoiARNkb25H27xxWjKEaGEKq4udWmA6IIRRNSwYTgzr+8SJqVsntartyelWqXWRx5OIBDOAYXzqEG11CHBlCQ8Ayv8GZp68V6tz5mrTkrm9mHP7A+fwBJlpAC</latexit>
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The Computation of the IR subtracted amplitude
• We used a grid in          and              of 3250 points from 50 GeV to 3 TeV

with smaller intervals around the Z (W) peak 

p
s

<latexit sha1_base64="+pTsOG3DSUnapYOPIDx9SKSY0+o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeCF48V7Ae0oWy223bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MJHCoOd9O4WNza3tneJuaW//4PCofHzSNHGqGW+wWMa6HVLDpVC8gQIlbyea0yiUvBWO7+Z+64lrI2L1iNOEBxEdKjEQjKKV2l0z0ZiZWa9c8VxvAbJO/JxUIEe9V/7q9mOWRlwhk9SYju8lGGRUo2CSz0rd1PCEsjEd8o6likbcBNni3hm5sEqfDGJtSyFZqL8nMhoZM41C2xlRHJlVby7+53VSHNwGmVBJilyx5aJBKgnGZP486QvNGcqpJZRpYW8lbEQ1ZWgjKtkQ/NWX10mz6vpXbvXhulJz8ziKcAbncAk+3EAN7qEODWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QOiH5BL</latexit>

cos ✓
<latexit sha1_base64="iJeOch3x4k/avGAtDiGsD+HeGj8=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeCF48V7Ac0oWy2k3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTHNo8kYnuhcyAFAraKFBCL9XA4lBCN5zczf3uE2gjEvWI0xSCmI2UiARnaCXf54nJfRwDstmgWnPr7gJ0nXgFqZECrUH1yx8mPItBIZfMmL7nphjkTKPgEmYVPzOQMj5hI+hbqlgMJsgXN8/ohVWGNEq0LYV0of6eyFlszDQObWfMcGxWvbn4n9fPMLoNcqHSDEHx5aIokxQTOg+ADoUGjnJqCeNa2FspHzPNONqYKjYEb/XlddJp1L2reuPhutasF3GUyRk5J5fEIzekSe5Ji7QJJyl5Jq/kzcmcF+fd+Vi2lpxi5pT8gfP5A4JCke0=</latexit>

• The entire grid is evaluated in O(3h)on a 32 cores machine
• The grid is interpolated with cubic splines to use it in the MC integrator  

2<hM(0)|M(1,1)
fin i

hM(0)|M(0)i
<latexit sha1_base64="xlj+QPnP8/VfTdUfOjIezwgNJfI="></latexit>

In units ↵S

2⇡

↵

2⇡
<latexit sha1_base64="YtKN5HTA2yatv1BUGjemX2mDJjI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCCy1JFXRZdOOyor1AE8JkOmmHTibDzEQooU/hxldx40IRt+LOt3HSZlFbDwz8fP85nDl/KBhV2nF+rKXlldW19dJGeXNre2fX3ttvqSSVmDRxwhLZCZEijHLS1FQz0hGSoDhkpB0Ob3K//Uikogl/0CNB/Bj1OY0oRtqgwD7zIolw5iEmBii4H2c1T9Ax9E7hrGEwzHlgV5yqMym4KNxCVEBRjcD+9noJTmPCNWZIqa7rCO1nSGqKGRmXvVQRgfAQ9UnXSI5iovxsctYYHhvSg1EizeMaTujsRIZipUZxaDpjpAdq3svhf1431dGVn1EuUk04ni6KUgZ1AvOMYI9KgjUbGYGwpOavEA+QiUObJMsmBHf+5EXRqlXd82rt7qJSvy7iKIFDcAROgAsuQR3cggZoAgyewAt4A+/Ws/VqfVif09Ylq5g5AH/K+voFRIafbQ==</latexit>

p
s

<latexit sha1_base64="eir0NqNPgaXfu/tgkvclFP17yBY=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbNLdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfeuLaiFg94iThfkQHSoSCUbRSu2vGGjMz7ZXKbsWdg6wSLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGOpohE3fja/d0rOrdInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms+dJX2jOUE4soUwLeythQ6opQxtR0YbgLb+8SprVindZqT5clWu3eRwFOIUzuAAPrqEG91CHBjCQ8Ayv8OaMnRfn3flYtK45+cwJ/IHz+QOoI5Bf</latexit>

cos ✓
<latexit sha1_base64="Sop9iy01tIYeCdjbFQifd9TUlTo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx3czvPHFtRKIecZLyIKZDJSLBKFrJ91lich9HHOm0X6m6NXcOskq8glShQLNf+fIHCctirpBJakzPc1MMcqpRMMmnZT8zPKVsTIe8Z6miMTdBPr95Ss6tMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8XobRTZALlWbIFVssijJJMCGzAMhAaM5QTiyhTAt7K2EjqilDG1PZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMEjhGV7hzcmcF+fd+Vi0rjnFzAn8gfP5A4hGkgE=</latexit>

t = �s

2
(1� cos ✓)

<latexit sha1_base64="mZOmOphPjh7UdPqJq6LxuhK4lOQ=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh10ZJUQTdC0Y3LCvYBTSiT6aQdOnkwcyOUkLUbf8WNC0Xc+gXu/BunbRbaeuDC4Zx7ufceLxZcgWV9G0vLK6tr64WN4ubW9s6uubffUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsb3Uz89gOTikfhPYxj5gZkEHKfUwJa6plHgK9wxfEloanK0lqGy3bFoZFKHRgyINlpzyxZVWsKvEjsnJRQjkbP/HL6EU0CFgIVRKmubcXgpkQCp4JlRSdRLCZ0RAasq2lIAqbcdPpKhk+00sd+JHWFgKfq74mUBEqNA093BgSGat6biP953QT8SzflYZwAC+lskZ8IDBGe5IL7XDIKYqwJoZLrWzEdEh0L6PSKOgR7/uVF0qpV7bNq7e68VL/O4yigQ3SMyshGF6iOblEDNRFFj+gZvaI348l4Md6Nj1nrkpHPHKA/MD5/AHJbmX4=</latexit>
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• The mass of the final leptons is kept wherever needed. The log of the
lepton mass is subtracted from the grid and added back analytically
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Fiducial Cross Section: muon pair production
Setup:   LHC at 14 TeV
PDFs:    NNPDF31_nnlo_as_0118_luxqed

cuts:   pT,µ± > 25GeV , |yµ± | < 2.5 , mµµ > 50GeV
<latexit sha1_base64="8hoiRyxIfMvBnNl1FwEK5NAH0+U="></latexit>

Massive muons (no photon lepton recombination)
Fixed scales: µR = µF = mZ

<latexit sha1_base64="oC8Nllp1eivU4WwY5Po5shz0CIo=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwFZIq6KZQEMRlFfvANoTJdNIOnUnCPIQa+iVuXCji1k9x5984abPQ1gP3cjjnXubOCVNGpXLdb2tldW19Y7O0Vd7e2d2r2PsHbZlogUkLJywR3RBJwmhMWooqRrqpIIiHjHTC8VXudx6JkDSJ79UkJT5Hw5hGFCNlpMCu9LkO7up5v67z4CGwq67jzgCXiVeQKijQDOyv/iDBmpNYYYak7HluqvwMCUUxI9NyX0uSIjxGQ9IzNEacSD+bHT6FJ0YZwCgRpmIFZ+rvjQxxKSc8NJMcqZFc9HLxP6+nVXTpZzROtSIxnj8UaQZVAvMU4IAKghWbGIKwoOZWiEdIIKxMVmUTgrf45WXSrjnemVO7Pa82nCKOEjgCx+AUeOACNMANaIIWwECDZ/AK3qwn68V6tz7moytWsXMI/sD6/AEQ6pKj</latexit>

• Large cancellation between

qq and qg channels at NLO and 

NNLO in QCD


• Accidental cancellation between

NLO QCD and NLO EW 

Importance of Mixed corrections


• Mixed QCD-EW corrections

are bigger than NNLO QCD.

Dominated by the qg channel



Differential distributions

The inv. mass distribution
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Setup:   LHC at 14 TeV
PDFs:    NNPDF31_nnlo_as_0118_luxqed

cuts:   pT,µ± > 25GeV , |yµ± | < 2.5 , mµµ > 50GeV
<latexit sha1_base64="8hoiRyxIfMvBnNl1FwEK5NAH0+U="></latexit>

Massive muons (no photon lepton recombination)
Fixed scales: µR = µF = mZ

<latexit sha1_base64="oC8Nllp1eivU4WwY5Po5shz0CIo=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwFZIq6KZQEMRlFfvANoTJdNIOnUnCPIQa+iVuXCji1k9x5984abPQ1gP3cjjnXubOCVNGpXLdb2tldW19Y7O0Vd7e2d2r2PsHbZlogUkLJywR3RBJwmhMWooqRrqpIIiHjHTC8VXudx6JkDSJ79UkJT5Hw5hGFCNlpMCu9LkO7up5v67z4CGwq67jzgCXiVeQKijQDOyv/iDBmpNYYYak7HluqvwMCUUxI9NyX0uSIjxGQ9IzNEacSD+bHT6FJ0YZwCgRpmIFZ+rvjQxxKSc8NJMcqZFc9HLxP6+nVXTpZzROtSIxnj8UaQZVAvMU4IAKghWbGIKwoOZWiEdIIKxMVmUTgrf45WXSrjnemVO7Pa82nCKOEjgCx+AUeOACNMANaIIWwECDZ/AK3qwn68V6tz7moytWsXMI/sD6/AEQ6pKj</latexit>

R.B., L. Buonocore, M. Grazzini, S. Kallweit, N. Rana, F. Tramontano, A. Vicini, Phys.Rev.Lett. 128 (2022) 1, 012002

• Below the peak sizeable effect of the 
corrections. Breakdown of the 
factorized hypothesis.


• The Pole Approx. provides an 
excellent description in the resonance 
region


• In the large inv. mass region the Mixed 
corrections are negative O(-1.5%). 

Deviations at O(0.5%) w.r.t. both PA 
and factored hypothesis 
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Exact results are compared with
• Finite part of the 2-loop in Pole Approximation
• Factorized Approximation for QCD and EW
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Differential distributions

The pt distribution

28

Setup:   LHC at 14 TeV
PDFs:    NNPDF31_nnlo_as_0118_luxqed

cuts:   pT,µ± > 25GeV , |yµ± | < 2.5 , mµµ > 50GeV
<latexit sha1_base64="8hoiRyxIfMvBnNl1FwEK5NAH0+U="></latexit>

Massive muons (no photon lepton recombination)
Fixed scales: µR = µF = mZ

<latexit sha1_base64="oC8Nllp1eivU4WwY5Po5shz0CIo=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwFZIq6KZQEMRlFfvANoTJdNIOnUnCPIQa+iVuXCji1k9x5984abPQ1gP3cjjnXubOCVNGpXLdb2tldW19Y7O0Vd7e2d2r2PsHbZlogUkLJywR3RBJwmhMWooqRrqpIIiHjHTC8VXudx6JkDSJ79UkJT5Hw5hGFCNlpMCu9LkO7up5v67z4CGwq67jzgCXiVeQKijQDOyv/iDBmpNYYYak7HluqvwMCUUxI9NyX0uSIjxGQ9IzNEacSD+bHT6FJ0YZwCgRpmIFZ+rvjQxxKSc8NJMcqZFc9HLxP6+nVXTpZzROtSIxnj8UaQZVAvMU4IAKghWbGIKwoOZWiEdIIKxMVmUTgrf45WXSrjnemVO7Pa82nCKOEjgCx+AUeOACNMANaIIWwECDZ/AK3qwn68V6tz7moytWsXMI/sD6/AEQ6pKj</latexit>

R.B., L. Buonocore, M. Grazzini, S. Kallweit, N. Rana, F. Tramontano, A. Vicini, Phys.Rev.Lett. 128 (2022) 1, 012002

• In the peak region both PA and fact.

reproduce quite well the exact result


• Beyond the peak the Mixed 
corrections are large and negative 
O(-60%) of the LO at 500 GeV


• The factored hypothesis overshoots 
the complete result



We presented the calculation of the mixed QCD-EW corrections to the inclusive production of a 
lepton pair in proton proton collisions


We developed SeaSyde for the calculation of the two-loop virtual amplitude using the differential 
equations method with series expansions. SeaSyde can deal with arbitrary complex masses


We combined the virtual corrections with the real radiation. IR subtraction was performed in the Qt 
scheme. The mixed corrections are available in the MATRIX framework


We find that the mixed corrections to the fiducial cross section amount to +0.5% with respect to the 
LO (the other corrections up to NNLO QCD basically vanish, amounting to -0.1% of the LO)


For the anti-muon pt distribution we find that the Pole Approximation is in good agreement with the 
exact result all over the kinematic range


For the di-muon invariant mass distribution we find that the Pole approximation is in good agreement 
with the exact result with small differences in the peak region . However in the high invariant mass 
region the PA undershoots the exact result by about 30%!


OUTLOOKS: a more extended pheno study is ongoing;   CCDY …

Conclusions
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