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Io stimo più il trovar un vero, benché di cosa leggiera,  
che 'l disputar lungamente delle massime questioni  
senza conseguir verità nissuna.
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[A, B] = 0

<latexit sha1_base64="4KmmvaLdZumc1np9Vj8RlXiQ+SY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBQymJlOpFqPbisYL9wDSUzXbTLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrg4HHezPMzPNjzpS27W8rt7a+sbmV3y7s7O7tHxQPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8ceNmd95olKxSDzoSUy9EA8FCxjB2kiP7k25V0YN79ruF0t2xZ4DrRInIyXI0OwXv3qDiCQhFZpwrJTr2LH2Uiw1I5xOC71E0RiTMR5S11CBQ6q8dH7xFJ0ZZYCCSJoSGs3V3xMpDpWahL7pDLEeqWVvJv7nuYkOrryUiTjRVJDFoiDhSEdo9j4aMEmJ5hNDMJHM3IrICEtMtAmpYEJwll9eJe2LilOr1O6rpfptFkceTuAUzsGBS6jDHTShBQQEPMMrvFnKerHerY9Fa87KZo7hD6zPH1Gpj2Y=</latexit>

[A, C] = 0

<latexit sha1_base64="lqlbaOCJ6D6FEeK9Ik4f/WnHxNs=">AAAB7nicdVDLSsNAFJ34rPVVdelmaBEqSkh8VN3VunFZwT6gCWUynbRDJ5MwMxFC6EcI4kIRt36Pu/6Nk0ZBRQ9cOJxzL/fe40WMSmVZU2NufmFxabmwUlxdW9/YLG1tt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8yv3NHhKQhv1VJRNwADTn1KUZKS53qpXMIG/v9UsUyLzIcw5zUMmKd2JZ9Cm3TmqFSLzsHD9N60uyX3p1BiOOAcIUZkrJnW5FyUyQUxYxMik4sSYTwGA1JT1OOAiLddHbuBO5pZQD9UOjiCs7U7xMpCqRMAk93BkiN5G8vE//yerHyz92U8ihWhON8kR8zqEKY/Q4HVBCsWKIJwoLqWyEeIYGw0gkVdQhfn8L/SfvItGtm7Uan0QA5CmAXlEEV2OAM1ME1aIIWwGAM7sETeDYi49F4MV7z1jnjc2YH/IDx9gEIzZG6</latexit>
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<latexit sha1_base64="3sYzmh+EwPKglln2OYD3eUQ/pzc=">AAAB7nicdVDLSsNAFJ34rPVVdelmaBEqSkh8VN1Vu3FZwT6gCWUynbRDJ5MwMxFC6EcI4kIRt36Pu/6Nk0ZBRQ9cOJxzL/fe40WMSmVZU2NufmFxabmwUlxdW9/YLG1tt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjjRuZ37kjQtKQ36okIm6Ahpz6FCOlpU710jmEjf1+qWKZFxmOYU5qGbFObMs+hbZpzVCpl52Dh2k9afZL784gxHFAuMIMSdmzrUi5KRKKYkYmRSeWJEJ4jIakpylHAZFuOjt3Ave0MoB+KHRxBWfq94kUBVImgac7A6RG8reXiX95vVj5525KeRQrwnG+yI8ZVCHMfocDKghWLNEEYUH1rRCPkEBY6YSKOoSvT+H/pH1k2jWzdqPTuAI5CmAXlEEV2OAM1ME1aIIWwGAM7sETeDYi49F4MV7z1jnjc2YH/IDx9gEKUpG7</latexit>

(AC)

Quantum contextuality
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with |A0|
2 + |A→|

2 + |A↑|
2 = 1, and we can take ω0 = 0

because there are only two physical phases. The helic-
ity amplitudes are mapped into the polarization ampli-
tudes used in Eq. (9) by the correspondence w00 = A0,
w11 = (A↑ +A→)/

→
2 and w↓1↓1 = (A↑ ↑A→)/

→
2 with

|w→1→1 |
2 + |w0 0 |

2 + |w1 1 |
2 = 1. The polarization matrix

of the J/ε mesons is obtained from the polarization ma-
trix for the whole process [25] upon a partial trace over
the K↔ meson state as

ϑJ/ω = TrK↑(ϑJ/ωK↑) =

(|w11 |2 0 0
0 |w00 |2 0
0 0 |w→1→1 |2

)
(10)

in the helicity basis of the J/ε.
Adding again the statistical and systematic errors in

quadrature, we find

CNTXT5 = 1.87± 0.01 ,

CNTXT9 = 3.18± 0.01 , (11)

with a violation of the contextuality inequality with a
significance of more than 5ϖ with 9 operators and no
violation with 5.

Since the K↔(892)0 is also produced in the same decay,
we can also find the contextuality for these mesons by
simply taking the partial trace of the polarization matrix
of the final state over the J/ε system. The polarization
matrix of theK↔ is just that of the J/ε with two diagonal
entries exchanged, hence we have the same values for the
contextuality test as in Eq. (11).

Similar results can be found by analyzing data on
the decays B ↓ K↔(892)0K↔(892)0 [26] and B ↓

ϱK↔(892)0 [27, 28].

ϱ mesons in ς0
c ↓ ϱϱ decays.— The scalar state

of the charmonium ς0
c can decay into a pair of spin-1 ϱ

mesons

ς0
c ↓ ϱ+ ϱ , (12)

with a branching fraction of (8.48 ± 0.26 ± 0.27) ↔

10↓4 [29]. The ς0
c are produced in

e+e↓ ↓ ε(3686) ↓ φ ς0 . (13)

The polarization matrix of either ϱ meson is obtained
from the polarization matrix for the whole process [30]
through a partial trace as ϑε = Trε(ϑεε), which yields
a matrix of the same form as that in Eq. (10), with
w11 = ↑w→1→1 because of the conservation of parity, as
well as because the final state contains indistinguishable
particles. There is therefore only one independent ampli-
tude and the polarization matrix depends on one complex
number.

The analysis of the data in [29] selects 2701 ± 84 out
of the φK+K↓K+K↓ final states events. The maximum

likelihood fit yields the absolute value of the ratio of the
moduli of the helicity amplitudes:

∣∣∣∣
w11

w00

∣∣∣∣ = 0.299± 0.003|stat ± 0.019|syst . (14)

No value for the relative phase is provided. Accordingly,
we carry out the analysis in the case of vanishing phase,
finding

CNTXT5 = 2.11± 0.01 ,

CNTXT9 = 3.26± 0.01 , (15)

with a violation of the contextuality inequality with a
significance of better than 5ϖ.

Outlook.— We have established the presence of con-
textuality for spin-1 massive particles by considering the
analyses of the experimental data for several candidates:
the W gauge boson, the vector mesons J/ε, K↔(892)0

and ϱ. These results complement those on entanglement
and Bell locality for events at colliders (see, for instance,
the review [31] and the works cited therein) in the study
of Quantum Mechanics at high energies and in the pres-
ence of strong and electroweak interactions. Quantum
Mechanics is confirmed and non-contextual hidden vari-
able models ruled out with a significance of better than
5ϖ. There seems to be no obvious loopholes in this result
because it is based on the experimental determination
of the polarization matrices by means of quantum state
tomography.
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Bell-Kochen-Specker theorem
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[B, C] →= 0

1

<latexit sha1_base64="xZ5u9SC9BR3GNS9qmxPf3b1Scd8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBQymJlOqx6MWDhwr2A9NQNttNu3SzCbsboQ39F148KOLVf+PNf+O2zUFbHww83pthZp4fc6a0bX9bubX1jc2t/HZhZ3dv/6B4eNRSUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj+6mfntJyoVi8SDHsfUC/FAsIARrI306N71JuVuGU28XrFkV+w50CpxMlKCDI1e8avbj0gSUqEJx0q5jh1rL8VSM8LptNBNFI0xGeEBdQ0VOKTKS+cXT9GZUfooiKQpodFc/T2R4lCpceibzhDroVr2ZuJ/npvo4MpLmYgTTQVZLAoSjnSEZu+jPpOUaD42BBPJzK2IDLHERJuQCiYEZ/nlVdK6qDi1Su2+WqpfZ3Hk4QRO4RwcuIQ63EIDmkBAwDO8wpulrBfr3fpYtOasbOYY/sD6/AFcT5AU</latexit>

[Lz, z]

<latexit sha1_base64="kN2oa+A7wXzD3wD95EsZoU5UsmU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBQymJSPVY9OKxgv3ANJTNdtMu3WzC7kZoQ/+FFw+KePXfePPfuE1z0NYHA4/3ZpiZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj2/nfueJSsUi8aAnMfVCPBQsYARrIz26cX9a7VXR1OuXK3bNzoBWiZOTCuRo9stfvUFEkpAKTThWynXsWHsplpoRTmelXqJojMkYD6lrqMAhVV6aXTxDZ0YZoCCSpoRGmfp7IsWhUpPQN50h1iO17M3F/zw30cG1lzIRJ5oKslgUJBzpCM3fRwMmKdF8YggmkplbERlhiYk2IZVMCM7yy6ukfVFz6rX6/WWlcZPHUYQTOIVzcOAKGnAHTWgBAQHP8ApvlrJerHfrY9FasPKZY/gD6/MHk/+QOA==</latexit>

[pz, z]
<latexit sha1_base64="oQl9IVwcqxQfQp3ISEJgyF+OUGQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBQymJSPVY9OLBQwX7AUkIm+2mXbpJlt2N0Jb+DS8eFPHqn/Hmv3Hb5qCtDwYe780wMy8UnClt299WYW19Y3OruF3a2d3bPygfHrVVmklCWyTlqeyGWFHOEtrSTHPaFZLiOOS0Ew5vZ37niUrF0uRRjwT1Y9xPWMQI1kby3PtgXPWqSARjPyhX7Jo9B1olTk4qkKMZlL+8XkqymCaacKyU69hC+xMsNSOcTktepqjAZIj71DU0wTFV/mR+8xSdGaWHolSaSjSaq78nJjhWahSHpjPGeqCWvZn4n+dmOrr2JywRmaYJWSyKMo50imYBoB6TlGg+MgQTycytiAywxESbmEomBGf55VXSvqg59Vr94bLSuMnjKMIJnMI5OHAFDbiDJrSAgIBneIU3K7NerHfrY9FasPKZY/gD6/MH5r6Q9w==</latexit>

[Lz, pz]
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<latexit sha1_base64="Xwj/mvD7zH1pbre/lpruboa9iEM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRZBEMpMkepGKLpxWal9QDsOmTTThmYyQ5IRx6Hgxl9x40IRt/6EO//GtJ2Fth4I9+Sce0nu8SJGpbKsbyO3sLi0vJJfLaytb2xumds7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w8ux37ojQtKQ36gkIk6A+pz6FCOlJdfcq9+W4XndvdflGOqLm2T1wTWLVsmaAM4TOyNFkKHmml/dXojjgHCFGZKyY1uRclIkFMWMjArdWJII4SHqk46mHAVEOulkhxE81EoP+qHQhys4UX9PpCiQMgk83RkgNZCz3lj8z+vEyj9zUsqjWBGOpw/5MYMqhONAYI8KghVLNEFYUP1XiAdIIKx0bAUdgj278jxplkt2pVS5PilWL7I48mAfHIAjYINTUAVXoAYaAINH8AxewZvxZLwY78bHtDVnZDO74A+Mzx+rFZUB</latexit>

S2 = S2
x + S2

y + S2
z

<latexit sha1_base64="qFEAC7f803aOHIUT23SqwkcPul4=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8ld0i1YtQ9OKxotsW2rVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M432hldW19Y7OwVdze2d3bLx0cNnWcKso8GotYtQOimeCSeYYbwdqJYiQKBGsFo5up33piSvNYPphxwvyIDCQPOSXGSt79Y/Wq2iuVnYozA14mbk7KkKPRK311+zFNIyYNFUTrjuskxs+IMpwKNil2U80SQkdkwDqWShIx7WezYyf41Cp9HMbKljR4pv6eyEik9TgKbGdEzFAvelPxP6+TmvDSz7hMUsMknS8KU4FNjKef4z5XjBoxtoRQxe2tmA6JItTYfIo2BHfx5WXSrFbcWqV2d16uX+dxFOAYTuAMXLiAOtxCAzygwOEZXuENSfSC3tHHvHUF5TNH8Afo8wfK9I4J</latexit>

S2 = 2

<latexit sha1_base64="rZPZ2NhrBO1oSbGcepACaf4AUh4=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwUcpMkepGKLpxWal9wDgdMmmmDc08SDLSduhPuPFX3LhQxK3gzr8xnc5CWw+EnHvOvST3uBGjQhrGt5ZbWV1b38hvFra2d3b39P2DlghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w+uZ334gXNAwuJPjiNg+6gfUoxhJJTl6yWo4o26l1HDG3Yp9aaV3CTacSVZOUnM0qwxHLxplIwVcJmZGiiBD3dG/7nshjn0SSMyQEJZpRNJOEJcUMzIt3MeCRAgPUZ9YigbIJ8JO0q2m8EQpPeiFXJ1AwlT9PZEgX4ix76pOH8mBWPRm4n+eFUvvwk5oEMWSBHj+kBczKEM4iwj2KCdYsrEiCHOq/grxAHGEpQqyoEIwF1deJq1K2ayWq7dnxdpVFkceHIFjcApMcA5q4AbUQRNg8AiewSt40560F+1d+5i35rRs5hD8gfb5A3bpnIM=</latexit>

[S2
x, S

2
y ] = [S2

y , S
2
z ] = [S2

z , S
2
x] = 0

<latexit sha1_base64="ediZs+hxTve05hxXn8bLgNZN1/E=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwUcpMkepGKLpxWal9wDgdMmmmDc08mmSkZehPuPFX3LhQxK3gzr8xnc5CWw+EnHvOvST3uBGjQhrGt5ZbWV1b38hvFra2d3b39P2DlghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w+uZ334gXNAwuJOTiNg+6gfUoxhJJTl6yWo4426l1HCibsW+tNK7BBvOKCtHqTmeVYajF42ykQIuEzMjRZCh7uhf970Qxz4JJGZICMs0ImkniEuKGZkW7mNBIoSHqE8sRQPkE2En6VZTeKKUHvRCrk4gYar+nkiQL8TEd1Wnj+RALHoz8T/PiqV3YSc0iGJJAjx/yIsZlCGcRQR7lBMs2UQRhDlVf4V4gDjCUgVZUCGYiysvk1albFbL1duzYu0qiyMPjsAxOAUmOAc1cAPqoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AT0vnF8=</latexit>

[S2
x, S

2
p ] = [S2

p , S
2
q ] = [S2

q , S
2
x] = 0

<latexit sha1_base64="A8Pu0qiEYuLnwTIkjm+W3zVLDMQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkpSpLosunFZqX1AmobJdNIOnUzizEQIof6KGxeKuPVD3Pk3TtsstPXAhcM593LvPX7MqFSW9W0U1tY3NreK26Wd3b39A/PwqCOjRGDSxhGLRM9HkjDKSVtRxUgvFgSFPiNdf3Iz87uPREga8XuVxsQN0YjTgGKktOSZZaflpYPaecuLBzW3z8kDtDyzYlWtOeAqsXNSATmanvnVH0Y4CQlXmCEpHduKlZshoShmZFrqJ5LECE/QiDiachQS6Wbz46fwVCtDGERCF1dwrv6eyFAoZRr6ujNEaiyXvZn4n+ckKrhyM8rjRBGOF4uChEEVwVkScEgFwYqlmiAsqL4V4jESCCudV0mHYC+/vEo6tapdr9bvLiqN6zyOIjgGJ+AM2OASNMAtaII2wCAFz+AVvBlPxovxbnwsWgtGPlMGf2B8/gD6pJO1</latexit>

[S2
y , S

2
p ] →= 0

<latexit sha1_base64="D8APmDoPoY0hjqs6n/+h9vEAhJU=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmKVJdFNy4rtQ9I0zCZTtqhk0mcmQgx1F9x40IRt36IO//GaZuFth64cDjnXu69x48Zlcqyvo2V1bX1jc3CVnF7Z3dv3zw4bMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH19P/c4DEZJG/E6lMXFDNOQ0oBgpLXlmyWl6j/3qWdMT/arb4+QeWp5ZtirWDHCZ2DkpgxwNz/zqDSKchIQrzJCUjm3Fys2QUBQzMin2EklihMdoSBxNOQqJdLPZ8RN4opUBDCKhiys4U39PZCiUMg193RkiNZKL3lT8z3MSFVy6GeVxogjH80VBwqCK4DQJOKCCYMVSTRAWVN8K8QgJhJXOq6hDsBdfXibtasWuVWq35+X6VR5HARyBY3AKbHAB6uAGNEALYJCCZ/AK3own48V4Nz7mrStGPlMCf2B8/gD/UZO4</latexit>

[S2
z , S

2
r ] →= 0
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with j = 1, 2, 3, 4 and 5. The set of 9 unit vectors is given by [21]

|v1→ = (1, 0, 0)T , |v2→ = (0, 1, 0)T , |v3→ = (0, 0, 1)T ,

|v4→ = 1/
↑
2(0, 1,↓1)T , |v5→ = 1/

↑
3(1, 0,↓

↑
2)T , |v6→ = 1/

↑
3(1,

↑
2, 0)T ,

|v7→ = 1/2(
↑
2, 1, 1)T , |v8→ = 1/2(

↑
2,↓1,↓1)T , |v9→ = 1/2(

↑
2,↓1, 1)T . (2.6)

Finally, the 13 unit vectors are given as [23]

|v1→ = (1, 0, 0)T , |v2→ = 1/
↑
2(0, 1, 1)T , |v3→ = 1/

↑
3(1,↓1, 1)T ,

|v4→ = 1/
↑
2(1, 1, 0)T , |v5→ = (0, 0, 1)T , |v6→ = 1/

↑
2(0, 1,↓1)T ,

|v7→ = 1/
↑
3(1, 1, 1)T , |v8→ = 1

↑
2(1,↓1, 0)T , |v9→ = 1/

↑
2(1, 0,↓1)T ,

|v10→ = 1/
↑
2(1, 0, 1)T , |v11→ = (0, 1, 0)T , |v12→ = 1/

↑
3(↓1, 1, 1)T ,

|v13→ = 1/
↑
3(1, 1,↓1)T . (2.7)

Di!erent choices are discussed in the review articles [15,16]. The projection operators are then defined—like

Figure 2.1: Graphs of five and nine projector operators showing the classical exclusivity conditions. The dark vertices correspond
to the possible values of 1 assigned in a context independent manner. A gray vertex represents the value 0.

in Eq. (2.3)—as
”i ↔ |vi→↗vi| , (2.8)

which can take the values 0 or 1.
Non-contextuality is verified if the sum of the expectation values of the N projection operators satisfies the

following inequality:

CNTXTN ↔

N∑

i=1

↗”i→ =
N∑

i=1

Tr (ω”i) ↘ cN , (2.9)

in which ω is the density matrix representing the spin 1 polarization state and c5 = 2, c9 = 3 and c13 = 4. These
values are found by considering the largest number of possible insertions of projectors with the same outcome 1
in the corresponding graph, without violating the condition that two consecutive vertices can not have assigned
the value 1, [19] as shown, for the case of 5 and 9 operators, in Fig. 2.1. The smallest case corresponding to
a chain of 5 operators is equivalent to the Klyachko-Can-Binicioglu-Shumovsky (KCBS) inequality [20]. The
chain of 9 projectors was intruced [21]. The case with 13 operators was used by S. Yu and C.H. Oh in their
proof of the Bell-Kochen-Specker theorem, which was originally based on 117 unit vectors [8]. The inequalities
in Eq. (2.9) have an upper limit as well: in quantum mechanics is

↑
5 for the KCBS’s, 10/3 for the case of 9

operator and 13/3 for 13 operators.
The non-contextuality inequality in Eq. (2.9) is a ‘Yes’ or ‘No’ condition and as such does not lend itself to

a quantitative estimate. Nevertheless the significance of the answer—the amount of assurance in, say, the ‘No’
answer—does depend on the numerical value of CNTXTN . The 3 ≃ 3 matrix ” ↔

∑
i
”i can be diagonalized

by an unitary transformation, ” = V”DV †; by replacing the initial set of vectors {|vi→} with the new ones
{V †

|vi→}, having among themselves the same inner products as the original ones, the expectation value in (2.9)

5

the limitations of this technique can be found in [28].
The results presented in the paper demonstrate the study and establish the detection of contextuality at

high energies and in the presence of strong and electroweak interactions. Particle physics provides the ideal
setting for these studies and the ultimate testing ground for the predictions of quantum mechanics.

2 Non-contextuality inequalities

I n physics, contextuality describes how, or whether, the details of an observation a!ect what is ob-
served. The result of a measurement could depend on how the measurement was made, as well as on the

specific combination of observables that we chose to measure simultaneously. Based on these ideas, contextuality
implies the impossibility of assigning intrinsic values to observables that transcend the specifics of the exper-
imental protocol. In other words, contextuality states the impossibility of characterizing a physical property
independently of what other properties—the context—are simultaneously measured with it.

Non-contextual hidden variable models then attribute to physical observables set values, which exist inde-
pendently of the context provided by the simultaneous measurement of additional observables. In general, this
requirement does not preserve the mutual algebraic relations among observables predicted by quantum mechan-
ics, thereby allowing for measurable experimental consequences. Contextuality is expected to be present in all
quantum systems described by Hilbert spaces of dimension three [7,8] or larger. Accordingly, in particle physics,
we can investigate this e!ect by using single spin-1 massive particles, which spin state (a qutrit) belongs to an
Hilbert space of dimension three. Next by complexity, we can use composite systems formed by two spin-1/2
particles, a bipartite qubit system described by the tensor product of two dimension-two Hilbert spaces.

2.1 Three-level systems

Testing quantum contextuality with qutrits involves five dichotomic observables Oi, i = 1, 2, 3, 4, 5, each
with output oi taking the values ±1, chosen so that the operator Oi commutes with Oi+1, but in general
not with the remaining ones. These observables are to be measured in pairs, as specified by the grouping
{(1, 2), (2, 3), (3, 4), (4, 5), (5, 1)} and, since in a non-contextual theory the outcomes oi have well-defined
values, the following inequality holds:

o1 o2 + o2 o3 + o3 o4 + o4 o5 + o5 o1 → ↑3 . (2.1)

Equivalently, the corresponding inequality for the expectation values of the observables is given by:

↓O1 O2↔ + ↓O2 O3↔ + ↓O3 O4↔ + ↓O4 O5↔ + ↓O5 O1↔ → ↑3 . (2.2)

A graphical representation of this relation can be obtained by introducing a set of three-dimensional projectors

”i ↗ |vi↔↓vi|, (2.3)

specified here by the vectors |vi↔, i = 1, . . . , 5 , with ↓vi|vi+1↔ = 0 so that the observables Oi = 1↑ 2”i respect
the above assignments. Each vector |vi↔ can then be associated to the vertex of a pentagon, as in Fig.(2.1), and
the inequality (2.2) reduces to

5∑

i=1

↓”i↔ ↘ 2 . (2.4)

As we shall explicitly see, it is possible to choose five binary and pairwise-commuting observables or, equiva-
lently, five pairwise-orthogonal vectors such that the inequality (2.4) is violated when tested on a qutrit state
implemented with a massive spin-1 particle.

This construction can be generalized by using more observables or, equivalently, more vectors organized as
vertices of graphs [29] more elaborated than a simple pentagon. In general, the larger the number of operators
involved in the non-contextuality inequality, the larger is the amount of states that do violate it. It has
been shown that the minimum number of projector operators needed for constructing a non-contextuality test
violated by all spin-1 quantum states is 13. Qutrit states produced at colliders can be tested to determine the
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implies the impossibility of assigning intrinsic values to observables that transcend the specifics of the exper-
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independently of what other properties—the context—are simultaneously measured with it.
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pendently of the context provided by the simultaneous measurement of additional observables. In general, this
requirement does not preserve the mutual algebraic relations among observables predicted by quantum mechan-
ics, thereby allowing for measurable experimental consequences. Contextuality is expected to be present in all
quantum systems described by Hilbert spaces of dimension three [7,8] or larger. Accordingly, in particle physics,
we can investigate this e!ect by using single spin-1 massive particles, which spin state (a qutrit) belongs to an
Hilbert space of dimension three. Next by complexity, we can use composite systems formed by two spin-1/2
particles, a bipartite qubit system described by the tensor product of two dimension-two Hilbert spaces.

2.1 Three-level systems

Testing quantum contextuality with qutrits involves five dichotomic observables Oi, i = 1, 2, 3, 4, 5, each
with output oi taking the values ±1, chosen so that the operator Oi commutes with Oi+1, but in general
not with the remaining ones. These observables are to be measured in pairs, as specified by the grouping
{(1, 2), (2, 3), (3, 4), (4, 5), (5, 1)} and, since in a non-contextual theory the outcomes oi have well-defined
values, the following inequality holds:

o1 o2 + o2 o3 + o3 o4 + o4 o5 + o5 o1 → ↑3 . (2.1)

Equivalently, the corresponding inequality for the expectation values of the observables is given by:

↓O1 O2↔ + ↓O2 O3↔ + ↓O3 O4↔ + ↓O4 O5↔ + ↓O5 O1↔ → ↑3 . (2.2)

A graphical representation of this relation can be obtained by introducing a set of three-dimensional projectors

”i ↗ |vi↔↓vi|, (2.3)

specified here by the vectors |vi↔, i = 1, . . . , 5 , with ↓vi|vi+1↔ = 0 so that the observables Oi = 1↑ 2”i respect
the above assignments. Each vector |vi↔ can then be associated to the vertex of a pentagon, as in Fig.(2.1), and
the inequality (2.2) reduces to

5∑

i=1

↓”i↔ ↘ 2 . (2.4)

As we shall explicitly see, it is possible to choose five binary and pairwise-commuting observables or, equiva-
lently, five pairwise-orthogonal vectors such that the inequality (2.4) is violated when tested on a qutrit state
implemented with a massive spin-1 particle.

This construction can be generalized by using more observables or, equivalently, more vectors organized as
vertices of graphs [29] more elaborated than a simple pentagon. In general, the larger the number of operators
involved in the non-contextuality inequality, the larger is the amount of states that do violate it. It has
been shown that the minimum number of projector operators needed for constructing a non-contextuality test
violated by all spin-1 quantum states is 13. Qutrit states produced at colliders can be tested to determine the
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will involve the diagonal matrices !D. The contextuality condition is then maximized by aligning the largest
eigenvalue of ω with that of !D [21].

The case of CNTXT13 is special since the sum of projection operator is proportional to the identity matrix
and therefore the test becomes independent of the state used to compute the expectation values. In order
to actually test the inequality CNTXT13 < 4, it is necessary to set up an experiment directly measuring the
operator algebra—which is impossible with current collider detectors.

The inequalities in Eq. (2.9) only provide a ‘Yes’ or ‘No’ test of contextuality. Nevertheless, in the applications
we discuss they come to depend on one or more kinematic parameters. The choice of at which values of these
parameters the inequality has to be evaluated is only relevant when we want to asses the significance of the
violation of the inequality—which we do by taking benchmark values.

2.2 Space of dimension four

A space of dimension four is next. It is best exemplified in particle physics by the bipartite system of two
spin-1/2 particles.

Let us consider nine dichotomic observables, organized into a 3 → 3 matrix Oij , i, j = 1, 2, 3, with corre-
sponding outputs oij taking the two values ±1, and form the following combination of outputs:

o11 o12 o13 + o21 o22 o23 + o31 o32 o33 + o11 o21 o31 + o12 o22 o32 ↑ o13 o23 o33 , (2.10)

that involves products of the rows and of the columns of the matrix oij . In a non-contextual theory the nine
outcomes oij have predefined assignements; when all of them are 1, the combination (2.10) reaches its maximum
value of 4, as changing the assignment of just one output oij to ↑1 changes the sign of two of the addenda in
the combination (2.10), reducing the total result to less than 4.

Assuming the observables Oij belonging to the same row or the same column to be jointly measurable, from
the previous considerations one gets the following inequality for the average values [16, 24]:

↓O11 O12 O13↔+ ↓O21 O22 O23↔+ ↓O31 O32 O33↔+ ↓O11 O21 O31↔+ ↓O12 O22 O32↔ ↑ ↓O13 O23 O33↔ ↗ 4 . (2.11)

For a system composed by two spin-1/2 particles, a four-dimensional, two qubit system, a convenient choice of
observables Oij involves Pauli matrices:

O11 = ε3 ↘ 1 O12 = 1 ↘ ε3 O13 = ε3 ↘ ε3

O21 = 1 ↘ ε1 O22 = ε1 ↘ 1 O23 = ε1 ↘ ε1

O31 = ε3 ↘ ε1 O32 = ε1 ↘ ε3 O33 = ε2 ↘ ε2 . (2.12)

Inserting these assignments in the mean values appearing in Eq. (2.11), the inequality is violated independently
of the state on which is to be evaluated. It is known as the Peres-Marmin square [25–27].

The non-contextuality condition in Eq. (2.11) can be reduced to a simpler one which is state dependent [28]
by choosing O33 = 1 ↘ 1 instead. With this choice, Eq. (2.11) becomes

CNTXT→
≃

〈
(ε3 ↘ ε1)(ε1 ↘ ε3)

〉
↑

〈
(ε3 ↘ ε3)(ε1 ↘ ε1)

〉
↗ 0 (2.13)

which is the expectation value of the matrix




0 0 0 ↑2
0 0 2 0
0 2 0 0
↑2 0 0 0



 . (2.14)

The two averages in Eq. (2.13) can take the values ±1 when evaluated between the Bell states eigenvectors of
(2.14). The contextuality condition arises from the necessity of having the expectation values of the operator
(ε3 ↘ ε1)(ε1 ↘ ε3) positive while simultaneously that of the operator (ε3 ↘ ε3)(ε1 ↘ ε1) negative—which is
impossible without context dependence. In quantum mechanics the largest value possible for CNTXT→ (as well
as for CNTXT→→ and CNTXT→→→ below) is 2.
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experimental tests of  contextuality

loopholes: sharpness, detection, compatibility 

operation laser wavelengths, fluorescence wavelengths, and 

The noncontextuality inequality we focus on is the only tight 
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number of measurements that allows for contextuality for sharp 

50). 
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2. The first qubit is encoded in two hyperfine levels of 
 ion. The corresponding states are 
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 ion. The corresponding states are denoted 
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Fig. 2. Experimental setup. (A and B) are the energy level diagrams of 171Yb+ and 
138Ba+ ion, respectively. Only relevant Raman transitions are shown here. (C) Ion 
trap in the octagon chamber and schematic diagram for Raman beams. Two different 
photomultiplier tubes (PMTs) with different spectral responses and filters are used 
to detect two ions fluorescence independently, which are located at the top and 
the bottom of the chamber in the actual experimental system. Solid and dashed 
arrows indicate the directions and the polarizations of 532- and 355-nm laser 
beams, respectively. In the figure, fYb and fBa are the qubit frequencies of 171Yb+ and 
138Ba+, respectively; fz = 1.67 MHz is the frequency of the axial out-of-phase (OOP) 
mode; and d is the detuning of the laser from the OOP mode sideband, when d is 
zero, then the Raman transition is directly red and blue sideband transitions. For 
the M-S gate, d should match to the sideband Rabi frequency and determines the 
duration of the M-S interaction as 1/d. d = 22.0 kHz here. (D) Frequencies of vibra-
tional modes of a single 171Yb+ and a single 138Ba+ ions. Axial OOP mode is used for 
the Mølmer-Sørensen (M-S) interaction. IP, in-phase mode.
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W±

Figure 3.1: The curves plot CNTXT5 and CNTXT9 for the W gauge boson as a function of the cosine of the angle ω defined by
the direction of the top-quark momentum and that of its spin. The horizontal, dashed lines mark, respectively, the maximal value
achievable assuming non-contextuality (lower line) and the upper limit for contextuality within quantum mechanics (upper line).

or muons) and at least two b-tagged jet. The ATLAS Collaboration finds [33] F0 = 0.684±0.005|stat±0.014|syst,
F→ = 0.318± 0.003|stat ± 0.008|syst and F+ = →0.002± 0.002|stat ± 0.014|syst.

The coe!cients m00 , m→→ and m++ (though the latter vanishes in the SM, we set it to its experimental
value) are given in terms of the helicity fractions as

m00

m00 +m→→ +m++

= F0 = 0.684± 0.015 ,

m→→

m00 +m→→ +m++

= F→ = 0.318± 0.009 ,

m++

m00 +m→→ +m++

= F+ = →0.002± 0.014 , (3.8)

with F0 + F→ + F+ = 1. In Eq. (3.9) we have combined statistical and systematic uncertainties in quadrature.
The values given by the helicity fractions are in agreement within 2ω with those from the SM, which are

m00

m00 +m→→ +m++

=
m2

t

m2
t
+ 2m2

W

= 0.698± 0.005 ,

m→→

m00 +m→→ +m++

=
2m2

W

m2
t
+ 2m2

W

= 0.302± 0.005 ,

m++

m00 +m→→ +m++

= 0 . (3.9)

The lack of experimental data on the o”-diagonal terms in Eq. (3.10) makes it impossible to diagonalize the
polarization matrix and maximize the violation of the non-contextuality bound. We use instead the polarization
matrix as it is, diagonalizing only the projector sum so that the unknown o”-diagonal terms do not contribute
to the result of Eq. (2.9). The values we obtain therefore are lower bounds for the non-contextuality of the
involved particles.

The polarization density matrix for the W→ is therefore given by

εW ↑




m++(1 + cos ϑ) 0 0

0 m00(1 + cos ϑ) m0→ sin ϑ e→iω

0 m0→ sin ϑ eiω m→→(1→ cos ϑ)



 (3.10)

with the proper normalization and the values of m00 and m→→ given by Eq. (3.9).
Figure 3.1 shows the values of CNTXT5 and CNTXT9 for a sample of W produced in top quark decays,

computed with the central values in Eq. (3.9), as function of the cosine of the angle ϑ. Whereas the non-
contextuality bound is exceeded only in the forward direction for CNTXT5, it is for all angles in the case of the
less restrictive CNTXT9.
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Taking the angle ω = ε/4 as a benchmark value, we find

CNTXT5 = 2.175± 0.015 and CNTXT9 = 3.311± 0.012 , (3.11)

and a violation of the contextuality inequality with a significance well above 5ϑ for both of the considered
operator chains.

The contextuality test above has been performed by partially using the SM result about the coupling
between the top and the W gauge boson. A test completely independent of the SM will be possible as soon as
the experimental collaborations provide data to reconstruct the complete polarization matrix.

3.2 Z gauge bosons in the process e
+
e
→
→ ZH

Figure 3.2: CNTXT5 and CNTXT9 for the Z gauge boson as a function of the cosine of the angle ω and its energy EZ .

The other fundamental spin-1 particle in the SM is the neutral gauge boson. Unfortunately there are no data
on the polarization of the Z boson. nevertheless we can study these polarizations in the SM in, for instance,
the process e+e→ → ZH, with unpolarized electron and positrons and H the Higgs boson. The polarization
matrix of the Z boson in this process is given in the SM by [34,35]






ϖ00 ↑ 4m0

E2
Z

m2
Z

(c2
V
+ c2

A
) sin2 ω

ϖ++ ↑ m0

[
(cV + cA)2(1↓ cos ω)2 + (cV ↓ cA)2(1 + cos ω)2

]

ϖ→→ ↑ m0

[
(cV + cA)2(1 + cos ω)2 + (cV ↓ cA)2(1↓ cos ω)2

]

ϖ+→ = ϖ→+ ↑ 2m0(c
2
V
+ c2

A
) sin2 ω

ϖ+0 = ϖ0+ ↑
↔
2m0

EZ

mZ

sin ω
[
(cV + cA)2(1↓ cos ω)↓ (cV ↓ cA)2(1 + cos ω)

]

ϖ→0 = ϖ0→ ↑
↔
2m0

EZ

mZ

sin ω
[
(cV + cA)2(1 + cos ω)↓ (cV ↓ cA)2(1↓ cos ω)

]

(3.12)

in which cV = 1/2 (↓1+4 sin2 ωW ), ωW is the Weinberg angle, cA = ↓1/2, mZ and EZ = (s↓m2
Z
↓m2

H
/(2

↔
s)

are, respectively, the mass and energy of the gauge boson and

m0 =
g4m2

Z
s

8 cos4 ωW (s↓m2
Z
)2

. (3.13)

The angle ω is the polar angle between the direction of the Z- boson and the momentum of the electron, which
is taken to be along the z axis.
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t → W+ b
Figure 3.1: The curves plot CNTXT5 and CNTXT9 for the W gauge boson as a function of the cosine of the angle ω defined by
the direction of the top-quark momentum and that of its spin. The horizontal, dashed lines mark, respectively, the maximal value
achievable assuming non-contextuality (lower line) and the upper limit for contextuality within quantum mechanics (upper line).

or muons) and at least two b-tagged jet. The ATLAS Collaboration finds [33] F0 = 0.684±0.005|stat±0.014|syst,
F→ = 0.318± 0.003|stat ± 0.008|syst and F+ = →0.002± 0.002|stat ± 0.014|syst.

The coe!cients m00 , m→→ and m++ (though the latter vanishes in the SM, we set it to its experimental
value) are given in terms of the helicity fractions as

m00

m00 +m→→ +m++

= F0 = 0.684± 0.015 ,

m→→

m00 +m→→ +m++

= F→ = 0.318± 0.009 ,

m++

m00 +m→→ +m++

= F+ = →0.002± 0.014 , (3.8)

with F0 + F→ + F+ = 1. In Eq. (3.9) we have combined statistical and systematic uncertainties in quadrature.
The values given by the helicity fractions are in agreement within 2ω with those from the SM, which are

m00

m00 +m→→ +m++

=
m2

t

m2
t
+ 2m2

W

= 0.698± 0.005 ,

m→→

m00 +m→→ +m++

=
2m2

W

m2
t
+ 2m2

W

= 0.302± 0.005 ,

m++

m00 +m→→ +m++

= 0 . (3.9)

The lack of experimental data on the o”-diagonal terms in Eq. (3.10) makes it impossible to diagonalize the
polarization matrix and maximize the violation of the non-contextuality bound. We use instead the polarization
matrix as it is, diagonalizing only the projector sum so that the unknown o”-diagonal terms do not contribute
to the result of Eq. (2.9). The values we obtain therefore are lower bounds for the non-contextuality of the
involved particles.

The polarization density matrix for the W→ is therefore given by

εW ↑




m++(1 + cos ϑ) 0 0

0 m00(1 + cos ϑ) m0→ sin ϑ e→iω

0 m0→ sin ϑ eiω m→→(1→ cos ϑ)



 (3.10)

with the proper normalization and the values of m00 and m→→ given by Eq. (3.9).
Figure 3.1 shows the values of CNTXT5 and CNTXT9 for a sample of W produced in top quark decays,

computed with the central values in Eq. (3.9), as function of the cosine of the angle ϑ. Whereas the non-
contextuality bound is exceeded only in the forward direction for CNTXT5, it is for all angles in the case of the
less restrictive CNTXT9.
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The polarization of a massive spin-1 particle is therefore given by eight parameters: 3 linear and 5 tensor
polarizations. The polarization density matrix is given explicitly as

ω1 =





1

3
+

s3
2

+
t0
→
6

↑
s1
2

↑
t1
→
2

t2

↑
s→1

2
↑

t→1
→
2

1

3
↑

2 t0
→
6

↑
s1
2

+
t1
→
2

t→2 ↑
s→1

2
+

t→1
→
2

1

3
↑

s3
2

+
t0
→
6




. (3.3)

Since we are interested in assigning a significance to the violation of the non-contextuality inequalities in
Eq. (2.9), we need to propagate the uncertainty in the polarization or helicity density matrices coming from
the experimental analyses. We propagate the errors in these experimental inputs by constructing an ensemble
of spin 1 states—described by properly normalized density matrices—varying their matrix elements within the
given uncertainties.

An abridged version of this Section, containing a selection of the results presented below, appeared in [31].

3.1 W gauge bosons in t ↓ W
+
b decays

The massive gauge bosons are important because they are the only fundamental spin 1 particles according to
the Standard Model. They can be studied in di!erent processes and here we look at the charged W+ originating
from the decay of the top quark.

The 3 ↔ 3 polarization density matrix of the W+ in the t ↓ W+b decay, in the standard helicity basis
{↑1, 0,+1}, is given in the Standard Model (SM) by [32]






ω00 ↗ m00 (1 + cos ε)
ω++ = 0
ω→→ ↗ m→→ (1↑ cos ε)

ω+→ = ω→+ = 0
ω0+ = ω+0 = 0
ω0→ = ω→0 ↗ m0→ sin ε eiω, ,

(3.4)

in which the angles ε and ϑ define the direction of the spin of the top quark with respect of the direction of its
momentum. The same is expected for W→ in the decay t̄ ↓ W→b̄. According to the SM, we have that

m00 =
m2

t
↑m2

W

m2
W

= 3.611± 0.016 ,

m→→ = 2
m2

t
↑m2

W

m2
t

= 1.566± 0.002 , (3.5)

m0→ =
→
2
m2

t
↑m2

W

mWmt

= 2.387± 0.006 ,

whose errors come from those in the determination of the masses of the top quark and the W gauge boson [33].
The polarization matrix ωW turns out to be a projector—that is (ωW )2 = ωW—showing explicitly that the W
gauge boson is in a pure state of polarization. The diagonalization of this polarization matrix gives, accordingly,
a matrix with 1 in one entry and zeros in the other two. The reason behind the purity of the W+ state is that
in the SM the coupling of the top quark to the charged gauge vector is chiral.

The pure state of the polarization of the W+ c be used in the non-contextuality inequalities in Eq. (2.9) to
find that

CNTXT5 = 2.236 , and CNTXT9 = 3.333 , (3.6)

with no uncertaingtes because the dependence on the masses has dropped out. The central values in Eq. (3.6)
are the largest possible allowed by quantum mechanics.
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3

on the basis {+, 0,→} for the one-particle helicity am-
plitudes mnm and with a proportionality factor ensuring
that Tr (ωW ) = 1. The same matrix is found for the W→

produced in the decays of the antitop quarks. The angles
ε and ϑ define the direction of the top quark spin with
respect to the direction of its momentum. In the SM, the
polarization matrix in Eq. (5) is pure, Tr

(
ω2W

)
= 1, be-

cause |m00 ||m→1→1 | = |m0→1 ||m10 |. Hence the optimiza-
tion procedure in the estimate of contextuality gives for
the SM prediction the largest eigenvalue of the projector
sum in Eq. (1).

We use Eq. (5) to guide us in using the partial results
of the experimental analysis. The polarization fractions
of the W gauge boson are defined as

Fi ↑
!i(t ↓ Wb)

!T (t ↓ Wb)
, with i = 0,+,→ (6)

in which !i and !T are the corresponding polarized and
total widths. They can be measured from the decays
of pairs of top quarks produced at the LHC in proton-
proton collisions at a center-of-mass energy of

↔
13 TeV.

The measurement is performed selecting tt̄ events decay-
ing into final states with two charged leptons (electrons
or muons) and at least two b-tagged jet. The ATLAS Col-
laboration finds [22] F0 = 0.684 ± 0.005|stat ± 0.014|syst,
F→ = 0.318 ± 0.003|stat ± 0.008|syst and F+ = →0.002 ±
0.002|stat ± 0.014|syst.

The coe”cientsm00 , m→1→1 andm11 (though the latter
vanishes in the SM, we set it to its experimental value)
are given in terms of the helicity fractions as

|m00 |
2 = F0 = 0.684± 0.015 ,

|m→1→1 |
2 = F→ = 0.318± 0.009 ,

|m11 |
2 = F+ = →0.002± 0.014 , (7)

with F0 + F→ + F+ = 1. In Eq. (7) we have combined
statistical and systematic uncertainties in quadrature.

The lack of experimental data on the o#-diagonal terms
in Eq. (5) makes it impossible to diagonalize the polar-
ization matrix and maximize the violation of the non-
contextuality bound. We then use the matrix as it is,
diagonalizing only the projector sum so that the un-
known o#-diagonal terms do not contribute to the re-
sult of Eq. (1). The values we obtain therefore are lower
bounds for the non-contextuality of the involved parti-
cles.

Figure 1 shows the values of CNTXT5 and CNTXT9 for
a sample of W produced in top quark decays, computed
with the central values in Eq. (7), as function of the cosine
of the angle ε. Whereas the non-contextuality bound is
exceeded only in the forward direction for CNTXT5, it is
for all angles in the case of the less restrictive CNTXT9.

Since the inequalities CNTXTN ↗ cN do not provide
a quantitative estimate of contextuality, we can take the

FIG. 1. The curves plot CNTXT5 and CNTXT9 for the W gauge
boson as a function of the cosine of the angle ω defined by the direc-
tion of the top-quark momentum and that of its spin. The horizon-
tal, dashed lines mark, respectively, the maximal value achievable
assuming non-contextuality (lower line) and the upper limit for
contextuality within Quantum Mechanics (upper line).

angle ε = ϖ/4 as a benchmark value, and find

CNTXT5 = 2.175± 0.015 ,

CNTXT9 = 3.311± 0.012 , (8)

and a violation of the contextuality inequality with a sig-
nificance well above 5ϱ for both of the considered opera-
tor chains.
The contextuality test above has been performed by

partially using the SM result about the coupling between
the top and the W gauge boson. A test completely in-
dependent of the SM will be possible as soon as the ex-
perimental collaborations provide data to reconstruct the
complete polarization matrix.

J/ς and K↑(892)0 mesons in B0
↓ J/ςK↑

decays.— The polarizations of the J/ς and K↑(892)0

mesons directly produced in pp collision are consistent
with vanishing values (see, for instance, [23]). Polarized
particles are instead produced in B-meson decays, hence
we use the available data on the B0

↓ J/ςK↑(892)0

decay [24], collected in pp collisions at 7 TeV (part of
run 1 of the LHC) with the LHCb detector with an inte-
grated luminosity of 1 fb→1. The branching fraction for



kinematic variables yields the values of the parameters defining the helicity amplitudes [50]:

ω = 0.682± 0.030|stat ± 0.011|syst and !” = 0.379± 0.07|stat ± 0.014|syst . (4.10)

Again, we can reinterpret the analysys in terms of quantum contexuality by computing the expectation value
CNTXT on the density matrix ε!!̄. Figure 4.2 shows the value of CNTXT→ for the pair of fermions #↑#̄+ as
function of the cosine of the angle $. At $ = ϑ/2, we have

CNTXT→ = 2.6...±??? . (4.11)

Similar results can be obtained by considering the decay J/ϖ → #↑#̄+ [50].

4.3 Top quark pairs at the LHC

The top quark is the heaviest fermion in the SM. Pairs of top quarks are produced at the LHC in the process

p+ p → t+ t̄ . (4.12)

Their polarization can be estimated by means of the angular dependence of the momenta of decay products
both in the fully leptonic decays and in the semi-leptonic ones.

The unpolarized cross section for the process is given by

dϱ

d% dmtt̄

=
ω2
s
ςt

64ϑ2m2
tt̄

{
Lgg(φ) Ãgg[mtt̄, $] + Lqq(φ) Ãqq[mtt̄, $]

}
(4.13)

where Lgg,qq(φ) are the parton luminosity functions defined below, φ = mtt̄/
↑
s and ωs = g2/4ϑ and Ãqq and

Ãgg are given in [51].
The combination of the two channels g + g → t + t̄ and q + q̄ → t + t̄ in Eq. (4.13) is weighted by the

respective parton luminosity functions

Lgg(φ) =
2φ
↑
s

∫ 1/ω

ω

dz

z
qg(φz)qg

(φ
z

)
and Lqq(φ) =

∑

q=u,d,s

4φ
↑
s

∫ 1/ω

ω

dz

z
qq(φz)qq̄

(φ
z

)
, (4.14)

where the functions qj(x) are the PDFs. Their numerical values are those provided by a recent sets (PDF4LHC21) [52]
for

↑
s = 13 TeV and factorization scale q0 = mtt̄ (we have used for all our results the subset 40).

The correlation coe&cients entering the polarization matrix are given as

Cij [mtt̄, $] =
Lgg(φ) C̃gg

ij
[mtt̄, $] + Lqq(φ) C̃qq

ij
[mtt̄, $]

Lgg(φ) Ãgg[mtt̄, $] + Lqq(φ) Ãqq[mtt̄, $]
, (4.15)

in which the values of the C̃ij coe&cients can be found in [51].
The values for the contextuality operator CNTXT→ in Eq. (2.13) can be evaluated with the density matrix in

Eq. (4.1) reconstructed from these coe&cients and taking B±
i

= 0. Whereas top-quark pair production shows
contextuality by means of CNTXT→ in most of the accessible kinematic space, in the region below the red, dashed
curve in Fig. 4.3 the criterium in Eq. (2.13) fails. Therefore, in that region we must use another operator like,
for instance,

CNTXT→→→→
↓ (U ↔ V )† ·

[
(ϱ2 ↔ ϱ3)(ϱ2 ↔ ϱ1)↗ (ϱ1 ↔ ϱ1)(ϱ2 ↔ ϱ2)

]
· (U ↔ V ) . (4.16)

with

U =





2

9
+

3i

4

5

8
+

i

22

↗
3

5
+

i

6

1

17
↗

7i

9



 and V =




↗

5

11
+

3i

8

3

11
+

3i

4

11

21
+

5i

8
↗
5

9
+

i

5



 . (4.17)

Fig. 4.3 shows, side by side, the values of CNTXT→ and CNTXT→→→→ in the kinematic space of the process.
More in generale, we can use c12 to test the entire kinematic space. Fig. 4.4 shows side by side the concurrence

C [ε] and c12 for the top quark pairs at the LHC.
These features we want to investigate in the actual LHC data.
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More in generale, we can use c12 to test the entire kinematic space. Fig. 4.4 shows side by side the concurrence
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kinematic variables yields the values of the parameters defining the helicity amplitudes [50]:

ω = 0.682± 0.030|stat ± 0.011|syst and !” = 0.379± 0.07|stat ± 0.014|syst . (4.10)

Again, we can reinterpret the analysys in terms of quantum contexuality by computing the expectation value
CNTXT on the density matrix ε!!̄. Figure 4.2 shows the value of CNTXT→ for the pair of fermions #↑#̄+ as
function of the cosine of the angle $. At $ = ϑ/2, we have

CNTXT→ = 2.6...±??? . (4.11)

Similar results can be obtained by considering the decay J/ϖ → #↑#̄+ [50].

4.3 Top quark pairs at the LHC

The top quark is the heaviest fermion in the SM. Pairs of top quarks are produced at the LHC in the process

p+ p → t+ t̄ . (4.12)

Their polarization can be estimated by means of the angular dependence of the momenta of decay products
both in the fully leptonic decays and in the semi-leptonic ones.

The unpolarized cross section for the process is given by
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s
ςt

64ϑ2m2
tt̄

{
Lgg(φ) Ãgg[mtt̄, $] + Lqq(φ) Ãqq[mtt̄, $]

}
(4.13)

where Lgg,qq(φ) are the parton luminosity functions defined below, φ = mtt̄/
↑
s and ωs = g2/4ϑ and Ãqq and

Ãgg are given in [51].
The combination of the two channels g + g → t + t̄ and q + q̄ → t + t̄ in Eq. (4.13) is weighted by the

respective parton luminosity functions
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where the functions qj(x) are the PDFs. Their numerical values are those provided by a recent sets (PDF4LHC21) [52]
for

↑
s = 13 TeV and factorization scale q0 = mtt̄ (we have used for all our results the subset 40).

The correlation coe&cients entering the polarization matrix are given as

Cij [mtt̄, $] =
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, (4.15)

in which the values of the C̃ij coe&cients can be found in [51].
The values for the contextuality operator CNTXT→ in Eq. (2.13) can be evaluated with the density matrix in

Eq. (4.1) reconstructed from these coe&cients and taking B±
i

= 0. Whereas top-quark pair production shows
contextuality by means of CNTXT→ in most of the accessible kinematic space, in the region below the red, dashed
curve in Fig. 4.3 the criterium in Eq. (2.13) fails. Therefore, in that region we must use another operator like,
for instance,
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More in generale, we can use c12 to test the entire kinematic space. Fig. 4.4 shows side by side the concurrence
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Figure 4.3: Concurrence CNTXT→ and CNTXT→→→→ as a function of the invariant mass mtt̄ and the scattering angle ! for the process
p+ p → t+ t̄. The red dashed line marks where the non-contextuality test vanishes.

Figure 4.4: Concurrence C [ω] as a function of the invariant mass mtt̄ and the scattering angle ! for the process p+ p → t+ t̄.

4.3.1 Using CMS data

A recent analysis of the CMS collaboration [53] finds the values of the spin correlation of tt̄ pairs shown in
Table 4.1 for the three bins in which we want to reinterpret the analysis in terms of quantum contextuality.

We can first use the values found in the kinematic region mtt > 800 GeV and | cos!| < 0.4 as a benchmark
to estimate the non-contextuality inequality in Eq. (2.13). We find

CNTXT→ = 1.32± 0.10 , (4.18)

with a violation of the non-contextuality of more than 5ω. This result is in agreement with what found from
the analytic computation.

If all angles are included we find
CNTXT→ = 0.35± 0.04 , (4.19)

again in agreement with the analytic computation.
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Again, we can reinterpret the analysys in terms of quantum contexuality by computing the expectation value
CNTXT on the density matrix ε!!̄. Figure 4.2 shows the value of CNTXT→ for the pair of fermions #↑#̄+ as
function of the cosine of the angle $. At $ = ϑ/2, we have

CNTXT→ = 2.6...±??? . (4.11)

Similar results can be obtained by considering the decay J/ϖ → #↑#̄+ [50].

4.3 Top quark pairs at the LHC

The top quark is the heaviest fermion in the SM. Pairs of top quarks are produced at the LHC in the process
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where the functions qj(x) are the PDFs. Their numerical values are those provided by a recent sets (PDF4LHC21) [52]
for
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s = 13 TeV and factorization scale q0 = mtt̄ (we have used for all our results the subset 40).
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in which the values of the C̃ij coe&cients can be found in [51].
The values for the contextuality operator CNTXT→ in Eq. (2.13) can be evaluated with the density matrix in

Eq. (4.1) reconstructed from these coe&cients and taking B±
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= 0. Whereas top-quark pair production shows
contextuality by means of CNTXT→ in most of the accessible kinematic space, in the region below the red, dashed
curve in Fig. 4.3 the criterium in Eq. (2.13) fails. Therefore, in that region we must use another operator like,
for instance,
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Fig. 4.3 shows, side by side, the values of CNTXT→ and CNTXT→→→→ in the kinematic space of the process.
More in generale, we can use c12 to test the entire kinematic space. Fig. 4.4 shows side by side the concurrence

C [ε] and c12 for the top quark pairs at the LHC.
These features we want to investigate in the actual LHC data.
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4 Testing pairs of spin-1/2 particles

Bipartite systems of two spin-1/2 particles provide the next level in complexity in the testing of non-contextuality
in particle ohysics. We test pairs of ! baryons and top quarks with real data (at BESIII and CMS, respectively)
and pairs of ω -leptons at SuperKEKB and a future lepton collider working around the Z peak with a Monte
Carlo simulation.

The density polarization density matrix for a system of two spin-1/2 particles can be written as

ε
1/2→1/2

=
1

4



1 → 1 +
∑

i

B+
i
(ϑi → 1) +

∑

j

B→
j

(1 → ϑj) +
∑

i,j

Cij (ϑi → ϑj)



, (4.1)

with i, j = r, n, k and ϑi being the Pauli matrices. The decomposition refers to a right-handed orthonormal
basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that ϑk ↑ ϑ3. In the fermion-
pair center of mass frame we have

n =
1

sin”
(p↓ k), r =

1

sin”
(p↔ k cos”) , (4.2)

where k is the direction of the momentum of the positively charged particle and ” is the scattering angle. We
take p · k = cos”, with p being the direction of the incoming e+.

The entanglement content of bipartite system described by density matrix in Eq. (4.1) can be quantified
by means of the concurrence C [ε], taking values between zero (for separable, unentangled states) and 1
(maximally entangled states). In the case of two spin-1/2 sub-systems, a two qubit system, the concurrence can
be analytically computed through the auxiliary matrix

R = ε (ϑy → ϑy) ε
↑ (ϑy → ϑy) , (4.3)

where ε↑ denotes a matrix with complex conjugated entries. Although non-Hermitian, the matrix R possesses
non-negative eigenvalues; denoting ri, i = 1, 2, 3, 4, their square roots and assuming r1 to be the largest, the
concurrence of the state ε can be expressed as [47]

C [ε] = max
(
0, r1 ↔ r2 ↔ r3 ↔ r4

)
. (4.4)

We will use this formula when comparing concurrence and contextuality.
The non-contextuality inequality for systems of two son-1/2 particles is given in Eq. (2.13) of Section 2.2.

4.1 !-!̄ baryon pairs in the decays of the J/ω

I n the process

e+e→ ↗ ϖ ↗ cc̄ ↗ J/ϱ ↗ !!̄ , (4.5)

the J/ϱ is produced polarized. The correlation matrix of the two baryons depends on the scattering angle ”
because the polarization of the J/ϱ does. Ten billion J/ϱ events have been collected at the BESIII detector [48].
The decay J/ϱ ↗ !!̄ has branching fraction (1.89±0.08)↓10→3 [40]. The decay into !!̄ pairs is reconstructed
from their dominant hadron decays: ! ↗ pς→ and !̄ ↗ p̄ς→.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
TODO!!! ↔1 ↗ 1 etc.
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, (4.6)

in which f! ↑ (3 + cos 2”)/4, s! ↑ sin” and c! ↑ cos”, with ” is the scattering angle.
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threshold boosted central boosted

Cnn 0.540± 0.042 0.175± 0.028 0.661± 0.064

Crr 0.269± 0.070 →0.202± 0.044 →0.678± 0.083

Ckk 0.427± 0.074 0.040± 0.050 →0.69± 0.12

Cnr 0.01± 0.08 →0.03± 0.05 0.05± 0.10

Cnk 0.07± 0.12 →0.05± 0.05 →0.12± 0.14

Crn 0.07± 0.08 →0.04± 0.05 0.09± 0.10

Crk →0.01± 0.14 →0.05± 0.07 →0.01± 0.15

Ckn 0.00± 0.12 →0.02± 0.05 →0.06± 0.14

Ckr 0.05± 0.14 →0.06± 0.07 0.01± 0.15

B
+
n 0.015± 0.029 0.007± 0.017 0.004± 0.027

B
+
r 0.004± 0.034 0.006± 0.014 →0.026± 0.029

B
+
k 0.001± 0.022 0.000± 0.011 →0.015± 0.034

B
→
n →0.012± 0.029 →0.003± 0.011 →0.004± 0.027

B
→
r →0.063± 0.033 →0.013± 0.014 →0.010± 0.029

B
→
k 0.003± 0.22 0.026± 0.017 0.002± 0.034

Table 4.1: Input coe!cients for the correlations Cij and polarizations B±
i in the three bins considered inn the main text:

Threshold: 300 < mtt < 400 GeV, Boosted: mtt > 800 GeV and Central boosted: mtt > 800 GeV, | cos”| < 0.4. All data
from [59].

Figure 4.5: Concurrence and CNTXT↑ as a function of the scattering angle and CM energy
→
s = 10.579 GeV for ω -lepton pairs.

because of the vector-like photon coupling.
The expectation value of the operator in Eq. (2.12) can be taken by means of the state in Eq. (4.22) as

CNTXT→ = →!|

[
(ω3 ↑ ω1)(ω1 ↑ ω3)↓ (ω3 ↑ ω3)(ω1 ↑ ω1)

]
|!↔ > 0 (4.23)

for all scattering angles. The results are shown on the right-hand side of Fig. 4.5.
Notice that the same test fails if the Bell state with a relative minus sign is chosen instead of the one on

Eq. (4.22). For the former state the Pauli matrices in CNTXT→ must be rotated, as discussed in Section 2.
In the same Figure the concurrence for the ε -lepton pairs is also shown (left-hand side). The concurrence is
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B
→
n →0.012± 0.029 →0.003± 0.011 →0.004± 0.027

B
→
r →0.063± 0.033 →0.013± 0.014 →0.010± 0.029

B
→
k 0.003± 0.22 0.026± 0.017 0.002± 0.034

Table 4.1: Input coe!cients for the correlations Cij and polarizations B±
i in the three bins considered inn the main text:

Threshold: 300 < mtt < 400 GeV, Boosted: mtt > 800 GeV and Central boosted: mtt > 800 GeV, | cos”| < 0.4. All data
from [53].

The same estimate near the threshold region for values in the bin 300 < mtt < 400 GeV yields

CNTXT→→→→ =???± 0.07 , (4.20)

with a violation of the non-contextuality of more than 5ω.

4.4 ω-lepton pairs at SuperKEKB and future lepton colliders

Figure 4.5: Concurrence and CNTXT↑ as a function of the scattering angle and CM energy
→
s = 10.579 GeV for ω -lepton pairs.

The ε -lepton pairs production in the process

e+ + e↑ → ε+ + ε↑ (4.21)

20

Figure 4.3: Concurrence CNTXT→ and CNTXT→→→→ as a function of the invariant mass mtt̄ and the scattering angle ! for the process
p+ p → t+ t̄. The red dashed line marks where the non-contextuality test vanishes.

Figure 4.4: Concurrence C [ω] as a function of the invariant mass mtt̄ and the scattering angle ! for the process p+ p → t+ t̄.

4.3.1 Using CMS data

A recent analysis of the CMS collaboration [53] finds the values of the spin correlation of tt̄ pairs shown in
Table 4.1 for the three bins in which we want to reinterpret the analysis in terms of quantum contextuality.

We can first use the values found in the kinematic region mtt > 800 GeV and | cos!| < 0.4 as a benchmark
to estimate the non-contextuality inequality in Eq. (2.13). We find

CNTXT→ = 1.32± 0.10 , (4.18)

with a violation of the non-contextuality of more than 5ω. This result is in agreement with what found from
the analytic computation.

If all angles are included we find
CNTXT→ = 0.35± 0.04 , (4.19)

again in agreement with the analytic computation.
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Their polarization can be estimated by means of the angular dependence of the momenta of decay products
both in the fully leptonic decays and in the semi-leptonic ones.

The unpolarized cross section for the process is given by

dω

d! dmtt̄

=
ε2
s
ϑt

64ϖ2m2
tt̄

{
Lgg(ϱ) Ãgg[mtt̄, ”] + Lqq(ϱ) Ãqq[mtt̄, ”]

}
(4.13)

where Lgg,qq(ϱ) are the parton luminosity functions defined below, ϱ = mtt̄/
→
s and εs = g2/4ϖ and Ãqq and

Ãgg are given in [57].
The combination of the two channels g + g ↑ t + t̄ and q + q̄ ↑ t + t̄ in Eq. (4.13) is weighted by the

respective parton luminosity functions

Lgg(ϱ) =
2ϱ
→
s

∫ 1/ω

ω

dz

z
qg(ϱz)qg

(ϱ
z

)
and Lqq(ϱ) =

∑

q=u,d,s

4ϱ
→
s

∫ 1/ω

ω

dz

z
qq(ϱz)qq̄

(ϱ
z

)
, (4.14)

where the functions qj(x) are the PDFs. Their numerical values are those provided by a recent sets (PDF4LHC21) [58]
for

→
s = 13 TeV and factorization scale q0 = mtt̄ (we have used for all our results the subset 40).

The correlation coe#cients entering the polarization matrix are given as

Cij [mtt̄, ”] =
Lgg(ϱ) C̃gg

ij
[mtt̄, ”] + Lqq(ϱ) C̃qq

ij
[mtt̄, ”]

Lgg(ϱ) Ãgg[mtt̄, ”] + Lqq(ϱ) Ãqq[mtt̄, ”]
, (4.15)

in which the values of the C̃ij coe#cients can be found in [57].
The values for the contextuality operator CNTXT→ in Eq. (2.12) can be evaluated with the density matrix in

Eq. (4.1) reconstructed from these coe#cients and taking B±
i

= 0. Whereas top-quark pair production shows
contextuality by means of CNTXT→ in most of the accessible kinematic space, in the region below the red, dashed
curve in Fig. 4.3 the criterium in Eq. (2.12) fails. Therefore, in that region we must use another operator like,
for instance,

CNTXT→→→→
↓ (U ↔ V )† ·

[
(ω2 ↔ ω3)(ω2 ↔ ω1)↗ (ω1 ↔ ω1)(ω2 ↔ ω2)

]
· (U ↔ V ) . (4.16)

with
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8
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Fig. 4.3 shows, side by side, the values of CNTXT→ and CNTXT→→→→ in the kinematic space of the process.
Fig. 4.4 shows the concurrence C [ς] for the top-quark pairs at the LHC.
These features we want to investigate in the actual LHC data.

4.3.1 Using CMS data

A recent analysis of the CMS collaboration [59] finds the values of the spin correlation of tt̄ pairs shown in
Table 4.1 for the three bins in which we want to reinterpret the analysis in terms of quantum contextuality.

We can first use the values found in the kinematic region mtt > 800 GeV and | cos”| < 0.4 as a benchmark
to estimate the non-contextuality inequality in Eq. (2.12). We find

CNTXT→ = 1.35± 0.17 , (4.18)

with a violation of the non-contextuality of more than 5ω. This result is in agreement with what found from
the analytic computation.

If all angles are included we find
CNTXT→ = 0.40± 0.08 , (4.19)

again in agreement with the analytic computation.
The same estimate near the threshold region for values in the bin 300 < mtt < 400 GeV yields

CNTXT→→→→ =???± 0.07 , (4.20)

with a violation of the non-contextuality of more than 5ω.
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curve in Fig. 4.3 the criterium in Eq. (2.12) fails. Therefore, in that region we must use another operator like,
for instance,
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Fig. 4.3 shows, side by side, the values of CNTXT→ and CNTXT→→→→ in the kinematic space of the process.
Fig. 4.4 shows the concurrence C [ς] for the top-quark pairs at the LHC.
These features we want to investigate in the actual LHC data.

4.3.1 Using CMS data

A recent analysis of the CMS collaboration [59] finds the values of the spin correlation of tt̄ pairs shown in
Table 4.1 for the three bins in which we want to reinterpret the analysis in terms of quantum contextuality.

We can first use the values found in the kinematic region mtt > 800 GeV and | cos”| < 0.4 as a benchmark
to estimate the non-contextuality inequality in Eq. (2.12). We find

CNTXT→ = 1.35± 0.17 , (4.18)

with a violation of the non-contextuality of more than 5ω. This result is in agreement with what found from
the analytic computation.

If all angles are included we find
CNTXT→ = 0.40± 0.08 , (4.19)

again in agreement with the analytic computation.
The same estimate near the threshold region for values in the bin 300 < mtt < 400 GeV yields

CNTXT→→→→ =???± 0.07 , (4.20)

with a violation of the non-contextuality of more than 5ω.
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threshold boosted central boosted

Cnn 0.540± 0.042 0.175± 0.028 0.661± 0.064

Crr 0.269± 0.070 →0.202± 0.044 →0.678± 0.083

Ckk 0.427± 0.074 0.040± 0.050 →0.69± 0.12

Cnr 0.01± 0.08 →0.03± 0.05 0.05± 0.10

Cnk 0.07± 0.12 →0.05± 0.05 →0.12± 0.14

Crn 0.07± 0.08 →0.04± 0.05 0.09± 0.10

Crk →0.01± 0.14 →0.05± 0.07 →0.01± 0.15

Ckn 0.00± 0.12 →0.02± 0.05 →0.06± 0.14

Ckr 0.05± 0.14 →0.06± 0.07 0.01± 0.15

B
+
n 0.015± 0.029 0.007± 0.017 0.004± 0.027

B
+
r 0.004± 0.034 0.006± 0.014 →0.026± 0.029

B
+
k 0.001± 0.022 0.000± 0.011 →0.015± 0.034

B
→
n →0.012± 0.029 →0.003± 0.011 →0.004± 0.027

B
→
r →0.063± 0.033 →0.013± 0.014 →0.010± 0.029

B
→
k 0.003± 0.22 0.026± 0.017 0.002± 0.034

Table 4.1: Input coe!cients for the correlations Cij and polarizations B±
i in the three bins considered inn the main text:

Threshold: 300 < mtt < 400 GeV, Boosted: mtt > 800 GeV and Central boosted: mtt > 800 GeV, | cos”| < 0.4. All data
from [63].

with a violation of the non-contextuality of more than 5ω. This result is in agreement with what found from
the analytic computation.

If all angles are included we find
CNTXT→ = 0.40± 0.08 , (4.19)

again in agreement with the analytic computation.
The same estimate near the threshold region for values in the bin 300 < mtt < 400 GeV yields

CNTXT→→→→ = 1.09± 0.09 , (4.20)

with a violation of the non-contextuality of more than 5ω.

4.4 ω-lepton pairs at SuperKEKB and future lepton colliders

The ε -lepton pairs production in the process

e+ + e↑ → ε+ + ε↑ (4.21)

provides the ideal laboratory for a study of quantum mechanics at colliders. The polarizations of the two ε
leptons can be reconstructed from their decays into pions. The momenta of the ε leptons can be reconstructed
because of the their relatively long lifetimes.

Let us first see what to expect by means of analytic results for the amplitudes and the correlation coe!cients.
Analytic results can be obtained by the appropriate changes in the expressions in the Appendix of [61] and thge
polarization matrix ϑωω̄ constructed.

The expectation value of the operator in Eq. (2.12) can be readily taken by means of ϑωω̄ . They turn out to
violate the non-contextuality identities with both CNTXT→ and CNTXT→→. However, when we extend the values
of this polarization matrix to higher CM energies—in order to cover also the region where it is the Z boson
exchange to dominate—we find that only CNTXT→→ remains always positive. Therefore, we take the latter as
our non-contextuality test.
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threshold

boosted

central boosted
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The Angular Correlation of Scattered
Annihilation Radiation~
C. S. WU AND I. SHAKNov

Pnpin Physics Laboratories, Colggmbia University, 1Am York, Vew York
November 21, 1949

A S early as 1946, J. A. Wheeler' proposed an experiment to
verify a prediction of pair theory, that the two quanta

emitted in the annihilation of a positron-electron pair, with zero
relative angular momentum, are polarized at right angles to
each other. This suggestion involves coincidence measurements
of the scattering of both the annihilation photons at various
azimuths. The detailed theoretical investigations were reported
by Pryce and Ward' and by Snyder, Pasternack, and Hornbostel. '
The predicted maximum asymmetry ratio of coincidence counts
when the two counters are at right angles to each other to coin-
cidence counts when the counters are co-planar is as large as 2.85
and occurs at a scattering angle of 8=82'. Bleuler and Bradt4
used two end-window 6-M counters as detectors and observed an
asymmetry ratio not inconsistent with the theory. Nevertheless,
the margin of error associated with their results is so large that a
detailed comparison between the theory and experiments is made
rather dificult. In the meantime, Hanna' performed similar
experiments with more e%cient counter arrangements and found
the asymmetry ratio observed to be consistently smaller than
those predicted. Therefore, it appeared to be highly desirable to
reinvestigate this problem by using more e%cient detectors and
more favorable conditions.
The recently developed scintillation counter has been proved

to be a reliable and highly efhcient gamma-ray detector. With this
improved efficiency, which is around ten times that of G-M
counters, there will be an increase in the coincidence counting
rate of one hundred times. In our experiments, two RCA 5819
photo-multiplier tubes and two anthracene crystals 1X1Xs in.
were used. The efELciency for the annihilation radiation obtained
with these anthracene crystals is seven to eight percent which
compares favorably with the calculated value. The geometrical
arrangement is schematically shown in Fig. 1.
The positron source Cu~ was activated by deuteron bombard-

ment on a copper target in the Columbia cyclotron. The electro-
plating method was employed to separate Cu activity from other

RGA 588
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FIG. 1. Schematic diagram of experiment.
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not hold itself responsible for the opinions expressed by the corre-
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contaminations. The active Cu~ was packed in a small Al capsule of
8-mm diameter and 8-mm length. The annihilation radiation was
collimated by a lead block 6/6)&6 in. with a ~-in. channel drilled
through the center of the block, such that the spread of the beam
was found to be less than 3'. The aluminum scatterers were ~ in.
in diameter and 1-in. long. They were designed to absorb about
40 percent of the annihilation radiation lengthwise and to limit
the multiple scattering of the radiation scattered at 90' to less
than 15 percent. The crystal of the counter subtends an angle of
43' at the point in the scatterer where 20 percent of the incident
radiation has been absorbed —that is, at the absorption midpoint
of the scatterer. The mean scattering angle is very close to 82',
the predicted maximum of anisotropy. Under these conditions, the
scattered radiation taken as the counting difference detected by
the scintillation counter with and without the scatterer in place
is three times the over-all background.
In taking the coincidence measurements, one detector was kept

Gxed in position, and the second detector was oriented to four
different positions with azimuth differences (q) of 0, 90', 180',
and 270' between the detector axis. After that, the second detector
was kept fixed and the first one rotated. The total period of
measurement lasted about 30 continuous hours. On account of the
high coincidence rate observed (the true coincidence rates for the
perpendicular position at the beginning was of the order of four
per minute), the statistical deviations are much improved as
compared to the results from 6-M counters. The asymmetry
ratio from our best run is

Coincidence counting rate (J ) =2.04+0.08,Coincidence counting rate (~~)

where &0.08 is the probable mean error. The calculated asym-
metry ratio for our geometrical arrangement is 2.00. Therefore,
the agreement is very satisfactory. Further work is being planned
to extend the investigations to more ideal geometrical conditions.
We wish to express our appreciation to Professors J. R.

Dunning, W. W. Havens, Jr., and L. J. Rainwater for their con-
stant interest and encouragement. We also wish to thank the
cyclotron group for preparing the Cu" source and the U. S. ABC
which aided materially in the performance of this research.
*Partially supported by the AEC.' J. A. Wheeler, Ann. New York Acad. Sci. 48, 219 (1946).' M. H. L. Pryce and J. C. Ward, Nature 160, 435 (1947).
g Snyder, Pasternack, and Hornbostel, Phys. Rev. 63, 440 (1948).
4 E. Bleuler and H. L. Bradt, Phys. Rev. 73, 1398 (1948).' R. C. Hanna, Nature 162, 332 (1948).

The Optical Detection of Radiofrequency
Resonance
M. H. L. PRYCE

Clarendon Laboratory, Oxford, England
October 31, 1949

'N a recent paper under this title, Bitter' discusses the effect of
& ~ a radiofrequency field on the optical Zeemann effect. He illus-
trates the question by treating an atomic system whose ground
state is 'S, making optical transitions to a 'P state. The atoms are
in a steady magnetic Geld H, on which is superposed a rotating
radiofrequency field Hp, in the xy plane, of angular frequency ~.
According to Bitter, when there is a resonance between co and
cop= gppH, /h, the precession frequency of the spin moment in the
'S ground state, certain observable changes happen to the Zeeman
effect.
Such an effect certainly occurs, but Bitter's discussion is incor-

rect, and it is very doubtful if the effect could be observed in
practice. Bitter calculates the frequencies of the Zeemann lines by
means of a mean energy of the ground level in the presence of the
radiofrequency Geld. This is a fallacious argument. The fre-
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Quantum mechanics and hidden variables: A test of Bell's inequality by the measurement
of the spin correlation in lovv-energy proton-proton scattering
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The inequality of Bell has been tested by the measurement of the spin correlation in proton-proton scattering.
Measurements were made at E„=13.2 and 13.7 MeV using carbon analyzers of 18.6 and 29 mg/cm',
respectively, accumulating a total of 10" coincidences. The experimental analyzing power, geometric
correlation coefficients, and energy spectra are compared to the result of a Monte Carlo simulation of the
apparatus. The results are in good agreement with quantum mechanics and in disagreement with the
inequality of Bell if the same additional assumptions are made. The conditions for comparing the results of
the experiments to the inequality of Bell are discussed.

I. INTRODUCTION

Since the beginning of quantum mechanics (QM)
a number of physicists who contributed the most
to the development of this theory had serious
doubts about its logical foundations. Most of the
problems were illustrated by a number of para-
doxes, such as those of Einstein, Podolsky, and
Rosen' and Schrodinger (namely, the cat paradox). '
These discussions never died down and even today
there is no theory of measurement which satisfies
everybody.
One attempt to overcome these difficulties was to

suppose that there are some supplementary vari-
ables outside the scope of QM ("hidden variables" )
which determine the result of the individual mea-
surement. A theorem derived by J. von Neumann
was taken for a long time as proof that such in-
terpretations are impossible. But Bohm' in 1952
developed a model of the hidden-variables theory
which was in complete agreement with the predic-
tions of QM, and Bell' showed in 1965 why the
theorem of von Neumann was not valid as applied
to physical systems. Bell showeP, too, that all
hidden-variables models which give complete
agreement with Q M must have an undesirable fea-
ture. They do not obey the principle of locality as
stated by Einstein': "If S, and S, are two systems
that have interacted in the past but are now ar-
bitrarily distant, the real, factual situation of
system S, does not depend on what is done with
system S„which is spatially separated from the
former. "
Developments' ' of the argumentation of Bell led
for the first time in a more than 30-year-old dis-
cussion to the possibility of a critical experimental
test which could distinguish among the different in-
terpretations. The consequences of such experi-
mental verifications have more profound implica-
tions than just eliminating special models which

interpret the measuring process. They will test
the validity of a general conception of the founda-
tions of microphysics: the principle of locality or,
as written more precisely in Ref. 7, the validity
of objective local theories.

II. BELL'S INEQUALITY

The first derivation of the inequality, which later
led to an experimental test, was given by Bell. '
It has been generalized by Clauser et al. ' ' In the
meantime various ways of demonstration have been
derived and can be found in Ref. 9 together with a
description of the actual state of hidden-variables
theories. We will follow here a demonstration
given by Bell. '
To be definite we take the example of two spin-

—,
' particles which have been coupled in the past in
a, singlet state and which are now widely separated.
The principle of locality as formulated by Einstein
means that each of these particles has some prop-
erties, which we will denote by A.(A, can be a
whole set of va, riables) which do not depend on
what is happening to the other particle. The re-
sult of the measurement is determined by these
properties X. We denote by A, B the result of the
measurement in the direction a and b of the sign
of the spin of the two particles respectively. For
a, realistic apparatus and/or if the dependence on
A. is not strictly deterministic, but only stochastic,
one will have

l~(~, a) I
=»nd Ill(~, 5) I

= l.
The correlation function P(a, b) is defined to be
the mean value of the product AB and thus

)'(a., b) fA(LK)))(l5)p(z=)dz, , ,

where p(A) denotes the frequency of the properties
A. with the normalization condition fp(A)dh=l. .

Thus,
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because of the vector-like photon coupling.
The angular distribution of the charged pions produced in the decays ω± → εωϑ

± can be used
to reconstruct the polarizations and spin correlation of the tau pairs. The connection is provided
by the conservation of the angular momentum in the rest frame of the decaying lepton.

For a single ω lepton, the polarization density matrix is given by

ϖ[si] =

(
1

2
+ ↑sz↓ ↑sx + isy↓

↑sx ↔ isy↓
1

2
↔ ↑sz↓

)
, (4.3)

in which ↑si↓ are the polarization projections onto a given basis.
As already discussed, the use of the density matrix does not imply that quantum mechanics

is being used. For example, in optics the same density matrix is often used to describe a beam
of light as

ϖlight =
1

2

(
1 + ϱ3 ϱ1 ↔ i ϱ2

ϱ1 + i ϱ2 1↔ ϱ3

)
, (4.4)

in terms of the Stokes parameters ϱi—each of them characterizing linear and circular polarizations
along given directions.

The expectation values of the polarization components in Eq. (4.3) are reconstructed from
the events that give rise to the di!erential cross section

1

ς

dς

d cos φ±i
=

1

2

(
1 + ↑si↓↼i cos φi

)
, (4.5)

with φi the angles described by the momenta of the charged pions in the decay of the ω lepton.
This reconstruction, in which the decaying particle acts as its own polarimeter, is based on the
independent experimental determination of the polarimetric vector, the coe”cient ↼i in Eq. (4.5),
which turns out to be ↼i = 1 for the single-pion ω decay. This determination is mirrored in low-
energy experiments with photons by the measurement of the properties of the polarimeter used in
the experimental setup. Both experiment types require an external input which however comes
from experiments that are independent of those testing the Bell inequality. Equation (4.5), apart
for the polarimetric vector, is nothing but the result of the conservation of angular momentum
in the decay—no quantum mechanics is required.

For the final state with two ω leptons, the di!erential cross section is given by

1

ς

dς

d cos φ+i d cos φ
→
j

=
1

2

(
1 + ↼iB

+

i cos φ+i + ↼iB
→
i cos φ→i + Cij↼i↼j cos φ

+

i cos φ→j

)
, (4.6)

where the angles φ±i give the spatial orientation of the charged pion momenta in the rest frames
of the progenitor ω leptons with respect to some basis with components i and j. The coe”cients
B

±
i and Cij can be included into the polarization density matrix ϖ[Cij , Bi], as in (3.5). The

logical steps leading to the determination of the average of any system observable O is then as
follows:

〈
↼i↼j cos φi cos φj

〉
↗ Cij , B

±
i ↗ ϖ[Cij , B

±
i ] ↗ ↑O↓ = Tr[ϖO] . (4.7)

The measurement provides the angular distributions of interest, in the first term above, averaged
over the overall distribution of the events. From there, one extracts polarization and correlation
coe”cients, Bi, Cij , that can be organized in the density matrix ϖ, then used to determine aver-
ages of physical quantities. The polarization state of the two ω lepton is completely reconstructed:
this is done through quantum state tomography, by a likelihood fit of the angular distribution of
the decay products. Once the state is given, its properties can be obtained by means of averages
of suitable observables,like the concurrence C[ϖ] for quantifying its entanglement content [41–43],
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B±
i

wω1ω2 provided by the experiments [30–32]:

ωω1ω2,ω→
1ω

→
2
→ wω1ω2w

→
ω→
1ω

→
2

∑

k

D(J)→
k,ω1↑ω2

(0,!, 0)D(J)
k,ω→

1↑ω→
2
(0,!, 0) , (2.1)

where D(J)
i,j is the Wigner D-matrix for the spin J of the decaying state and k runs over all the possible

helicity values of the same state. The overall factor in Eq. (2.1) is set by the normalization requirement
that Tr ω = 1. The density matrix in Eq. (2.1) is written in the center-of-mass reference frame where
the momenta of final state particles are equal in magnitude and opposite in direction and, therefore,
the helicity of the two-particle system is ε1 ↑ ε2. The dependence on the angle ϑ drops out in the
products of the Wigner matrices because of the cylindrical symmetry of the problem:

D(J)→
k,ω1↑ω2

(0,!, 0)D(J)
k,ω→

1↑ω→
2
(0,!, 0) = D(J)→

k,ω1↑ω2
(ϑ,!, 0)D(J)

k,ω→
1↑ω→

2
(ϑ,!, 0) . (2.2)

Depending on the symmetries enjoyed by a decay process, the number of independent helicity
amplitudes required for a full description may be reduced: it is zero for decays of scalar states into
fermions, 2 for the same decays into spin 1 states and for the decay of a vector state into two fermions,
four for the case of the decay into two spin 3/2 fermions.

In general, the number of independent amplitudes is reduced by imposing helicity conservation,
that is

|ε1 ↑ ε2| ↓ J (2.3)

for the decay A ↔ 1 + 2, with J the spin of the particle A.
A further reduction in the number of independent helicity amplitudes comes from parity conser-

vation, which implies
wJ
ω1,ω2

= ϖA ϖ1 ϖ2(↑1)J↑s1↑s2 wJ
↑ω1,↑ω2

, (2.4)

in which ϖi are the intrinsic parities and si the spin of the particles in the final state.
For final states including identical particles, helicity amplitudes transform under the interchange

of the particles as
wJ
ω1,ω2

= (↑1)J↑2swJ
ω2,ω1

, (2.5)

with s = s1 = s2. If instead the final state is made of a pair of particle and anti-particle:

wJ
ω1,ω2

= ϖC (↑1)J wJ
ω2,ω1

, (2.6)

in which ϖC is the C parity of the decaying particle A.

2.1 Tools to study entanglement and test the violation of Bell inequality

The determination of the density matrix is the aim of quantum tomography. In the present case we
find the polarization density matrix from the analysis of the experimental data as presented by the
experimental collaborations.

The density matrix makes it possible to compute the entanglement and test Bell inequalities for the
final states of the charmonium decays. The choice of the most appropriate tools depends on whether
the final state is described by qubits (two-level systems) or qutrits (three-level systems) or, more in
general, qudits (d-level systems).
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Figure 5: Concurrence and magic profiles over the entire kinematic space spanned by
→
s and cos! for the process

e+e→ ↑ ω+ω→
. The dashed white horizontal lines mark the center of mass energies of Belle (lower line) and LEP3 (upper

line). The insets show the dependence on the scattering angle at these two energies.

with P = {ωi → ωj} and i, j = 0, 1, 2, 3, having defined ω0 as the identity matrix of dimension two. In
terms of the Fano coe!cients in Eq. (1.1) we then obtain

M2(ε) = ↑ log2

[
1 +

∑3
i=1

(
B+
i

)4
+
∑3

i=1

(
B→

i

)4
+
∑3

i,j=1 (Cij)
4

1 +
∑3

i=1

(
B+
i

)2
+
∑3

i=1

(
B→

i

)2
+
∑3

i,j=1 (Cij)
2

]
. (6.5)

We show how magic, computed for the polarizations of the final leptons, varies in the kinematic space
of the ϑ -pair production in the second panel of Fig. 5. The behavior is remarkably di”erent form
that of the concurrence, shown in the first panel, as the parameters assume their largest values in
complementary regions of the kinematic space. This behavior makes these two observables almost
complementary to each other in regions where there are non-negligible quantum e”ects.

6.1 Magic at the LHC and in charmonium decays

In order to use quantum information observables we must first make sure that they are actually
measurable at colliders. The recent analysis of the CMS Collaboration [12] provides the values and
uncertainties of the correlation coe!cients for the production of top quark pairs:

pp̄ ↓ tt̄ , (6.6)

at the LHC with
↔
s = 13 TeV and an integrated luminosity of 138 fb→1. We take the central values

of the correlation coe!cients for mtt̄ > 800 GeV and | cos#| < 0.8 and construct the corresponding
density matrix (assuming vanishing polarizations). The concurrence is equal to

C = 0.52± 0.08 , (6.7)

and therefore entanglement in the spins of the final state is significantly di”erent from 0—in agreement
with what was found in Ref. [12]. The event bins considered in Ref. [12] are not su!ciently high in
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FIG. 2. (Left) The number of K3 values that violate the LGI bound. The red curve indicates the expected classical distribution,
while the indigo curve indicates the quantum expectation. The arrow indicates the observed number of violations. (Right)
The distribution of K4 versus the sum of the phases

P
a  a as reconstructed from Pµµ at various energies. The data (black

points) show a clear clustering above the LGI bound. Also shown are the expected distributions for the classical (red dots) and
quantum (blue dots) theoretical predictions. Note that K4 can attain multiple values for a given relative phase, because there
are many triplets of phase points that add up to a given relative phase. The shown points have high statistical correlations.
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FIG. 2: DUNE: Maximum of K3 plotted against CP violat-
ing phase � in the presence of matter e↵ects (⇢ = 2.8g/cm3).
Dotted and crossed curves correspond to the positive and neg-
ative signs of �31, respectively. Length L is equal to 1300 km
and the neutrino energy E is varied between 2 GeV to 10 GeV.
The corresponding range of Ẽ is 1 to 5 GeV. The top and the
bottom panels refer to neutrinos (positive mass density +A
and positive CP violating phase �) and anti-neutrinos (�A,
��), respectively.

T2K and NO⌫A

The current accelerator neutrino experiments, T2K
and NO⌫A, both have rather narrow energy bands. For
T2K, the baseline is 295 km and the energy range is
0.5� 2 GeV. For NO⌫A, the corresponding numbers are
810 km and 1� 4 GeV. These experiments were planned
before the mixing angle ✓13 was measured to be moder-
ately large. Their neutrino beams were designed to be
narrow band beams to suppress the backgrounds. Fig. 3
depicts the maximum of K3 for T2K and NO⌫A exper-
iments for the parameters (energy, baseline and matter
density) of the latest neutrino runs. The corresponding
plots for anti-neutrino run can be obtained from Fig. 3
by the maps NH $ IH and � $ 2⇡ � �, as in the case of
DUNE.

We see that the plots for positive and negative values
of �31 are well separated in the case of NO⌫A whereas
the separation is much less for the case of T2K. This is
a consequence of the matter e↵ect for T2K being much
less than that of NO⌫A. It is clear from the above dis-
cussions, that owing to the wide energy band, DUNE
experiment is suitable for studying K3 and its sensitivity
to the neutrino mass-hierarchy and CP symmetry vio-
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FIG. 3: T2K and NO⌫A: Maximum of the parameter K3

plotted vs CP violating phase � for T2K (top panel) and
NO⌫A (bottom panel). Dotted and crossed curves correspond
to the positive and negative signs of �31, respectively. Length
L is 295 km and 810 km for T2K and for NOvA, respectively.
The energy E is varied between 1 GeV to 2 GeV for T2K
with Ẽ between 0.1 GeV to 1 GeV, while for NO⌫A E is
taken between 1.5 GeV to 5 GeV with Ẽ between 0.1 GeV to
3 GeV.

lations. Further, the violation of the LGtI is significant
in ⌫µ ! ⌫e (⌫̄µ ! ⌫̄e) transitions for normal (inverted)
mass-hierarchy.

CONCLUSION

In this work we have evaluated K3, a quantity related
to assumptions about the macroscopic realism of a physi-
cal system, in the context of three-flavor neutrino oscilla-
tions. We found a closed expression for the K3 function
in terms of neutrino oscillation probabilities and, conse-
quently, a direct relation to the experiments.
From the quantum information theoretic perspective

we have found that for initial muon-neutrino states and
a broad energy band available the quantity K3 is vio-
lated in nearly all cases and independent of the CP vi-
olating parameter. However, there are strong di↵erences
if electron-neutrinos or electron-anti-neutrinos are con-
sidered in the final state and if we have the scenario of
normal or inverted hierarchy, Figs. 2 and 3. The violation
is more prominent for ⌫µ ! ⌫e (⌫̄µ ! ⌫̄e) transitions for
normal (inverted) mass-hierarchy. The huge di↵erence in
the behaviour of the function K3 is due to the matter ef-

Minos Dune

J Naikoo et al, Phys. Rev. D 99 (2019) 095001

neutrino  
oscillations

F Benatti and R Floreanini, Phys. Rev. D57 (1998) R1332, Eur. Phys. J. C13 (2000) 267 
A Go, Belle Collaboration, Phys. Phys. Lett. 99 (2007) 131802
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B-meson decays

entanglement Bell inequality 

2
4

E I3

• B0 ! J/ K⇤(892)0 [5] 0.756± 0.009 2.548± 0.015

• B0 ! �K⇤(892)0 [22] 0.707± 0.133⇤ 2.417± 0.368⇤

• B0 ! ⇢K⇤(892)0 [23] 0.450± 0.077⇤ 2.208± 0.151⇤

• Bs ! �� [24] 0.734± 0.037 2.525± 0.064

• Bs ! J/ � [25] 0.731± 0.032 2.462± 0.080

TABLE I. Entanglement and Bell operator I3 for some B-meson decays. An asterisk indicates that the correlations in the
uncertainties of the helicity amplitudes are not given in the corresponding reference and therefore only an upper bound on the
propagated uncertainty can be computed.

changes of basis in the measurement of the polariza-
tions. Correspondingly, the Bell operator undergoes
the change:

B ! (U ⌦ V )† · B · (U ⌦ V ) , (12)

where U and V are independent 3⇥ 3 unitary matri-
ces. In the following we make use of this freedom to
maximize the value of I3.

R
esults.— Our results can now be given in a
very concise form. The polarization amplitudes

in Eq. (1) determine the polarization density matrix
in Eq. (5) for the decay B

0
! J/ K

⇤(892)0. The
density matrix makes it possible to estimate the ob-
servables in which we are interested.

We determine the rotation matrices U and V in the
optimization procedure of Eq. (12) by means of the
central values in Eq. (1).

We propagate the uncertainties in the polarization
amplitudes in Eq. (1), taking into account also their
correlations. We find that the entropy of entangle-
ment among the polarizations of the final mesons for
the decay B

0
! J/ K

⇤(892)0 is given by

E = 0.756± 0.009 . (13)

The result in Eq. (13) represents a detection of the
presence of quantum entanglement with a significance
well above 5� (nominally 84�).

Propagating the uncertainties through the expecta-
tion value of the Bell operator, while keeping the two
matrices U and V fixed, we determine that I3 for the
decay B

0
! J/ K

⇤(892)0 has expectation value

I3 = 2.548± 0.015 , (14)

and therefore the CGLMP inequality I3 < 2 is vi-
olated with a significance well above 5� (nominally
36�).

Other decays of B mesons provide polarization am-
plitudes that can be used in similar fashion to test the
Bell inequality. We list in Table I the values for the
entanglement E and the Bell operator I3 for some of
the decays we have considered. Specifically, I3 < 2
is violated with a significance of more than 5� in the
decays Bs ! �� and Bs ! J/ �.

O
utlook.— We have shown that quantum en-
tanglement is present and the Bell inequality is

violated by the data on the polarization amplitudes
in the decay B

0
! J/ K

⇤(892)0, and other similar
decays. The presence of entanglement and the Bell
inequality violation have very large significances and
establish these property of quantum mechanics at high
energies in a collider setting and in a system in which

all Standard Model interactions are involved. It is the
first time that the violation of the inequality is shown
to take place in a system of two qutrits and between
two different particles.

We are aware that potential loopholes are present in
any test of the Bell inequality. These loopholes have
been closed in low-energy tests with photons [26, 27]
and in atomic physics [28].
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results provide the measurements of the two complex polarization amplitudes A0 and A?,
including the relative phases. The polarization amplitudes are complex mostly because
of the final-state interactions [66], and the remaining amplitude, |Ak|, can be derived by
the condition |A0|2 + |A?|2 + |Ak|2 = 1. In our work, we have set d0 = 0 because there
are only two physical phases entering in the polarizations amplitudes, namely, (d? � d0)
and (dk � d0). The correlations among the amplitude and phase uncertainties, given in the
supplementary material of Ref. [65], are reported in Table 2.

Table 1. Values of the complex polarization amplitudes and relative phases utilized in this work. The
central values and the corresponding statistical and systematic errors are taken from Ref. [65].

Parameter Result

|A0|2 0.384 ± 0.007 ± 0.003
|A?|2 0.310 ± 0.006 ± 0.003

dk [rad] 2.463 ± 0.029 ± 0.009
d? [rad] 2.769 ± 0.105± 0.011

Table 2. Correlation matrix for the measurements utilized in this work, originally presented in the
supplementary material of Ref. [65].

|A0|2 |A?|2 dk d?

|A0|2 1 �0.342 �0.007 0.064
|A?|2 1 0.140 0.088
dk 1 0.179
d? 1

The helicity amplitudes are mapped into the polarization amplitudes typically used in
experimental analysis [63,65,67–69] through the relations

w00
|M| = A0 ,

w++

|M| =
Ak + A?p

2
,

w��
|M| =

Ak � A?p
2

, (21)

which we utilize to reconstruct the density matrix in Equation (12). We then can employ
Equation (15) to quantify the amount of entanglement present in the spin correlations of
the f mesons produced in B0

s ! ff decays, finding [62]

E = 0.734 ± 0.037 . (22)

This result demonstrates that the presence of quantum entanglement in B0
s ! ff is estab-

lished with a significance exceeding the 5s threshold (nominally 19.8s). The computation
of the quoted error was performed by propagating the experimental uncertainties while
taking into account the correlations in Table 2.

It is interesting to see what happens to the entanglement when the strong phases,
sourced by final-state interactions, are neglected. In this case, the corresponding result of
Equation (22) for the entropy of entanglement at vanishing phases, (E0), is

E0 = 0.666 ± 0.0028 , (23)

and shows a decrease in entanglement. We therefore conclude that the effect of the strong
rescattering of the final state particles increases the entanglement of the dimeson system.
The result is interesting as it allows for the isolation of the effect of these strong processes
on quantum entanglement.
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Table 1. Values of the complex polarization amplitudes and relative phases utilized in this work. The
central values and the corresponding statistical and systematic errors are taken from Ref. [65].

Parameter Result

|A0|2 0.384 ± 0.007 ± 0.003
|A?|2 0.310 ± 0.006 ± 0.003

dk [rad] 2.463 ± 0.029 ± 0.009
d? [rad] 2.769 ± 0.105± 0.011

Table 2. Correlation matrix for the measurements utilized in this work, originally presented in the
supplementary material of Ref. [65].

|A0|2 |A?|2 dk d?

|A0|2 1 �0.342 �0.007 0.064
|A?|2 1 0.140 0.088
dk 1 0.179
d? 1

The helicity amplitudes are mapped into the polarization amplitudes typically used in
experimental analysis [63,65,67–69] through the relations

w00
|M| = A0 ,

w++

|M| =
Ak + A?p

2
,

w��
|M| =

Ak � A?p
2

, (21)

which we utilize to reconstruct the density matrix in Equation (12). We then can employ
Equation (15) to quantify the amount of entanglement present in the spin correlations of
the f mesons produced in B0

s ! ff decays, finding [62]

E = 0.734 ± 0.037 . (22)

This result demonstrates that the presence of quantum entanglement in B0
s ! ff is estab-

lished with a significance exceeding the 5s threshold (nominally 19.8s). The computation
of the quoted error was performed by propagating the experimental uncertainties while
taking into account the correlations in Table 2.

It is interesting to see what happens to the entanglement when the strong phases,
sourced by final-state interactions, are neglected. In this case, the corresponding result of
Equation (22) for the entropy of entanglement at vanishing phases, (E0), is

E0 = 0.666 ± 0.0028 , (23)

and shows a decrease in entanglement. We therefore conclude that the effect of the strong
rescattering of the final state particles increases the entanglement of the dimeson system.
The result is interesting as it allows for the isolation of the effect of these strong processes
on quantum entanglement.
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To close the locality loophole—which exploits events
not separated by a space-like interval, as it is the case
of the J/ K

⇤ decays—one must consider decays in
which the produced particles are identical, as in the
Bs ! �� decay, and therefore their life-times are also
the same. The actual decays take place with an expo-
nential spread, with, in the �� case, more than 90%
of the events being separated by a space-like interval.

The presence and relevance of other possible loop-
holes is still an open question in the high-energy set-
ting and beyond the scope of the present Letter.
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Cross-section distributions are calculated for the reaction e+e− → J/ψ → !̄(→ p̄π+)!(→ pπ−), and 
related annihilation reactions mediated by vector mesons. The hyperon-decay distributions depend on a 
number of structure functions that are bilinear in the, possibly complex, psionic form factors Gψ

M and 
Gψ

E of the Lambda hyperon. The relative size and relative phase of these form factors can be uniquely 
determined from the unpolarized joint-decay distributions of the Lambda and anti-Lambda hyperons. 
Also the decay-asymmetry parameters of Lambda and anti-Lambda hyperons can be determined.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Two hadronic form factors, commonly called G M (s) and G E (s), 
are needed for the description of the annihilation process e−e+ →
!!̄, Fig. 1a, and by varying the c.m. energy 

√
s, their numerical 

values can in principle be determined for all s values above !!̄
threshold. For the general case of annihilation via an intermediate 
photon, the joint !(→ pπ−)!̄(→ p̄π+) decay distributions were 
calculated and analyzed in Ref. [1], using methods developed in 
[2,3]. Recently, a first attempt to calculate the hyperon form factors 
G M(s) and G E (s) in the time-like region was reported in Ref. [4].

Previously, the interesting special case of annihilation through 
an intermediate J/ψ or ψ(2S), Fig. 1b, has been investigated in 
several theoretical [5,6] and experimental papers [7–9]. This pro-
cess has also been used for determination of the anti-Lambda 
decay-asymmetry parameter and for CP symmetry tests in the 
hyperon system. A precise knowledge of the Lambda decay-
asymmetry parameter is needed for studies of spin polarization 
in $− , %− , and !+

c decays.
Presently, a collected data sample of 1.31 × 109 J/ψ events 

[10] by the BESIII detector [11] permits high-precision studies of 
spin correlations.

In the experimental work referred to above, the joint-hyperon-
decay distributions considered are not the most general ones pos-
sible, but seem to be curtailed. Incomplete distribution functions 
do not permit a reliable determination of the form factors and we 

* Corresponding author.
E-mail addresses: goran.faldt@physics.uu.se (G. Fäldt), 

andrzej.kupsc@physics.uu.se (A. Kupsc).

Fig. 1. Graph describing the reaction e+e− → !̄!; a) general case, and b) mediated 
by the J/ψ resonance.

therefore suggest to fit the experimental data to the general distri-
bution described in [1], and further elaborated below.

Since the photon and the J/ψ are both vector particles, their 
corresponding annihilation processes will be similar. In fact, by a 
simple substitution, the cross-section distributions in Ref. [1], valid 
in the photon case, are transformed into distributions valid in the 
J/ψ case, but expressed in the corresponding psionic form factors 
Gψ

M and Gψ
E .

http://dx.doi.org/10.1016/j.physletb.2017.06.011
0370-2693/© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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Charmonium spin-1 states

Horodecki condition

Concurrence

4.1 J/ ! ⇤+ ⇤̄ and  (3686) ! ⇤+ ⇤̄

The helicity states of the final system in

J/ ! ⇤+ ⇤̄ (4.1)

fall in the triplet representation of the product 1
2 ⌦

1
2 = 1� 0. It is constrained by the conservation of

the angular momentum to be described by the three states

| "i / w 1
2

1
2
|12

1
2i ⌦ |12

1
2i (4.2)

| #i / w� 1
2 � 1

2
|12 � 1

2i ⌦ |12 � 1
2i (4.3)

| 0i / w 1
2 � 1

2
|12

1
2i ⌦ |12 � 1

2i+ w� 1
2

1
2
|12 � 1

2i ⌦ |12
1
2i , (4.4)

in which the state in the first line of Eq. (4.4) corresponds to the J/ being transversally polarized
with positive helicity (Jz = +1), the second line to the opposite helicity (Jz = �1) and the third line
to the 0 helicity (Jz = 0), that is, the J/ being longitudinally polarized. The states in Eq. (??) are
written along the z-axis and must be rotated to the direction of the final state momentum.

In the process
e+e� ! � ! cc̄ ! J/ ! ⇤⇤̄ , (4.5)

the J/ is produced polarized. The correlation matrix of the two baryons depends on the scattering
angle ⇥ because the polarization of the J/ does.

The elements of the spin density matrix can be written as

⇢�1�2,�0
1�

0
2
= w�1�2w

⇤
�0
1�

0
2

X

k=±1

D(1)⇤
k,�1��2

(0,⇥, 0)D(1)
k,�0

1��0
2
(0,⇥, 0) (4.6)

where D(1)
i,j is the Wigner matrix for the spin 1 representation of SO(3) and the sum is only over the

polarization ±1 because the spin 1 state is produced from unpolarized electrons and positrons with
the electron and positron taken to be massless and, therefore, with only the helicities ±1.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
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in which f⇥ ⌘ (3� cos 2⇥)/4, s⇥ ⌘ sin⇥ and c⇥ ⌘ cos⇥.
The helicity amplitudes can be parametrized as

w 1
2

1
2
= w� 1

2 � 1
2
=

p
1� ↵p
2

and w 1
2 � 1

2
= w� 1

2
1
2
=

p
1 + ↵ exp[�i��] (4.8)

The polarization of the ⇤ baryons is given by

B�
i = �B+

i = Tr ⇢⇤⇤1 ⌦ �i = (0,

p
1� ↵2 sin 2⇥ sin��

C0
, 0) , (4.9)

in which C0 = 2 + ↵+ ↵ cos 2⇥. The polarization in Eq. (4.9) agrees with [15,40].
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The polarization of the ⇤ baryons is given by

B�
i = �B+

i = Tr ⇢⇤⇤1 ⌦ �i = (0,

p
1� ↵2 sin 2⇥ sin��

C0
, 0) , (4.9)

in which C0 = 2 + ↵+ ↵ cos 2⇥. The polarization in Eq. (4.9) agrees with [15,40].
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The decay J/ ! ⇤⇤̄ has branching fraction 1.8⇥ 10�3 [27]. From [15] we can obtain the values
of the two parameters

↵ = 0.4748± 0.0022|stat ± 0.0031|syst and �� = 0.7521± 0.0042|stat ± 0.0066|syst . (4.10)

No correlation in the uncertainties are given.
The correlation matrix can be computed from the density matrix and it is given by
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Figure 4.1: Concurrence (left) and Horodecki condition m12 (right) for J/ ! ⇤⇤. Both quantities are the largest for

⇥ = ⇡/2.

As shown in Fig. 4.1, the concurrence and m12 depend on the scattering angle. The largest values
are found at ⇥ = ⇡/2, for which

C = 0.475± 0.0039 and m12 = 1.225± 0.004 (4.12)

The entanglement is not maximal even for ⇥ = ⇡/2 because the final state is not a pure state and
instead contains a mixture of the states discussed in Eq. (4.4).

The significance of the violation of the Bell inequality is nominally 56.2�. This is a lower bound
that could be improved once the correlation in the uncertainties are included.

The same analysis can be done for the case of the  (3686). The decay  (3686) ! ⇤⇤̄ has branching
fraction 3.81⇥ 10�4 [27]. From [41] we find

↵ = 0.690± 0.07|stat ± 0.02|syst and �� = 0.401+0.154
�0.140|stat ± 0.028|syst , (4.13)

and no correlations between the uncertainties are given.
As shown in Fig. 4.2, the concurrence and m12 are, as before, the largest at ⇥ = ⇡/2, for which

C = 0.690± 0.072 and m12 = 1.476± 0.098 (4.14)
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Bell inequality violation 

fall in the triplet representation of the product 1
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in which the state in the first line of Eq. (4.2) corresponds to the J/ being transversally polarized
with positive helicity (Jz = +1), the second line to the opposite helicity (Jz = �1) and the third line
to the 0 helicity (Jz = 0), that is, the J/ being longitudinally polarized. The states in Eq. (4.2) are
written along the z-axis and must be rotated to the direction of the final state momenta.

In the process
e+e� ! � ! cc̄ ! J/ ! ⇤⇤̄ , (4.3)

the J/ is produced polarized. The correlation matrix of the two baryons depends on the scattering
angle ⇥ because the polarization of the J/ does.

The elements of the density matrix can be written as
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where D(1)
i,j is the Wigner matrix for the spin 1 representation of SO(3) and the sum is only over the

±1 polarizations because the spin 1 state is produced from unpolarized electrons and positrons with
the electron and positron taken to be massless and, therefore, with only the ±1 helicities.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
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in which f⇥ ⌘ (3� cos 2⇥)/4, s⇥ ⌘ sin⇥ and c⇥ ⌘ cos⇥.
The helicity amplitudes can be parametrized as
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1 + ↵ exp[�i��] . (4.6)

The polarization of the ⇤ baryons is given by

B�
i = �B+

i = Tr ⇢⇤⇤1 ⌦ �i = (0,

p
1� ↵2 sin 2⇥ sin��

C0
, 0) , (4.7)

in which C0 = 2 + ↵+ ↵ cos 2⇥. The expression for the polarization in Eq. (4.7) agrees with [15,41].
Ten billion J/ events have been collected at the BESIII detector. The decay J/ ! ⇤⇤̄ has

branching fraction (1.89 ± 0.08) ⇥ 10�3 [28]. The decay into ⇤⇤̄ pairs is reconstructed from their
dominant hadron decays: ⇤ ! p⇡� and ⇤̄ ! p̄⇡�. The maximum likelihood fit yields the values of
the two parameters defining the helicity amplitudes [15]:

↵ = 0.4748± 0.0022|stat ± 0.0031|syst and �� = 0.7521± 0.0042|stat ± 0.0066|syst . (4.8)
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FIG. 2. The behavior of the concurrence, C [ω], and of the

Horodecki parameter m12[C] over the considered kinematic space.

The white, dashed line marks the m12[C] = 1 contour, above which

the condition for Bell nonlocality is satisfied. The hatched areas

denote two of the bins used by the CMS collaboration in their data

analysis [25].

Figure 2 shows the values of C [ω] (top panel) and
m12[C] (bottom panel) over the consider region of the
kinematic space. Only in the central region (colored in
maroon) C [ω] vanishes and the final state of the top-
quark pairs is separable—in the remaining regions the
spin states of the top-antitop quarks are always entan-
gled. The white, dashed line in the bottom plot shows
where the Horodecki condition assumes its threshold
value: below the contour the spin states of the top-quark
pairs are Bell local. The states in the remaining region
are instead Bell nonlocal. The two hatched areas de-
note two of the bins used in the experimental analysis of
Ref. [25], in which the coe!cients of the density matrix
are reconstructed in di”erent kinematic limits. Fig. 3
shows the results of the same analysis in the enlarged

FIG. 3. Enlarged view of concurrence C [ω] and m12[C] parameter

in the threshold bin defined by the invariant mass 340 < mtt̄ <
400. The white, dashed lines mark the Horodecki condition for

Bell nonlocality, in the lower panel, and a vanishing concurrence in

the upper one.

kinematic space corresponding to the threshold bin.
Averaging the analytic results over the indicated bins,

we find

C [ω] = 0.24± 0.01 (D = →0.49± 0.02) ,

m12[C] = 0.70± 0.02 (12)

in the threshold bin 340 < mtt̄ < 400 GeV and 0 ↑
cos# ↑ 1.

In order to obtain m12[C] > 1 at threshold we would
have to cut the invariant mass at about 350 GeV—which
is rather unrealistic if we also want a significant num-
ber of events, let alone the resolution requirement. Yet,
the NLO corrections might here help because of the non-
relativistic corrections enhancing the entanglement [29].

We also find

C [ω] = 0.48± 0.01 (D̃ = 0.66± 0.02) ,

m12[C] = 1.1± 0.03 (13)

in a restriction of the boosted central bin defined by
mtt̄ > 800 GeV and | cos#| < 0.2. The strong cut on
the scattering angle is to ensure the presence of Bell non-
locality.

The quoted uncertainties are theoretical in nature and
are primarily driven by those associated with NLO cor-
rections. Uncertainties stemming from the input value of
the top-quark mass and from the PDFs are at the level
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FIG. 2. The behavior of the concurrence, C [ω], and of the

Horodecki parameter m12[C] over the considered kinematic space.

The white, dashed line marks the m12[C] = 1 contour, above which

the condition for Bell nonlocality is satisfied. The hatched areas

denote two of the bins used by the CMS collaboration in their data

analysis [25].
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kinematic space corresponding to the threshold bin.
Averaging the analytic results over the indicated bins,

we find
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mtt̄ > 800 GeV and | cos#| < 0.2. The strong cut on
the scattering angle is to ensure the presence of Bell non-
locality.

The quoted uncertainties are theoretical in nature and
are primarily driven by those associated with NLO cor-
rections. Uncertainties stemming from the input value of
the top-quark mass and from the PDFs are at the level
of a few per mille.
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experimental studies of the process: as a result of the
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averaging over the respective kinematic regions, the top-
quark pairs falling in the threshold bin are entangled but
in a Bell local state; those in the central boosted bin are
both entangled and in a Bell nonlocal state.

Qualitative features— As shown in Fig. 2, the en-
tanglement content of the of the tt̄-state as described by
the density matrix in Eq. (1) exhibits a rather complex
pattern which depends on the scattering angle !, as well
as on the transferred momentum ωt. Yet, the behavior
simplifies at ! = ε/2, when the top-quark pair is trans-
versely produced. For this configuration, let us choose
the three vectors {r̂, k̂, n̂} to point in the {x̂, ŷ, ẑ} di-
rections. In this frame, let us denote by | →↑ and | ↓↑
the eigenvectors of the Pauli matrix ϑz associated with
the eigenvalues ↔1 and +1, respectively. Similarly, let
|↗↑ = (| ↓↑ ↗ | →↑)/

↘
2 be the eigenvectors of ϑx, and

| ↭,↫↑ = (| ↓↑ ↗ i| →↑)/
↘
2 those of ϑy.

Close to the production threshold, ωt ≃ 0, the tt̄ spin
density matrix can be roughly approximated by [20]

ϖ = p ϖ(→) + (1↔ p) ϖ(1)mix , 0 ⇐ p ⇐ 1 , (14)

where ϖ(→) = |ϱ(→)↑⇒ϱ(→)| is the projector selecting the
maximally entangled pure state

|ϱ(→)↑ = 1↘
2

(
| →↓↑ ↔ | ↓→↑

)
, (15)

while
ω(1)mix =

1
2

(
|++→↑++|+ |↓↓→↑↓↓|

)
, (16)

is a mixed, separable state. The first contribution comes
from gluon-gluon production channel, while the mixed
component is due to the quark-antiquark initial state.
The relative weight p is regulated by the parton lumi-
nosities shown in Fig. 1. Due to the contribution of the
separable mixed state, the entanglement content of the
density matrix (14) is non vanishing only when p > 1/2.
In addition, for 1/2 < p < 1/

↘
2 the entanglement of ϖ is

not enough to cause the violation of the Bell inequality,
thus exhibiting local entanglement.1

Di”erently, at large enough transferred momentum
ω2
t > 0.8, implying mtt̄ > 800 GeV, the tt̄ spin density

matrix can be expressed as

ϖ = ϖ(+) +2(1↔ω2
t )
(
ϖ(1)mix + p ϖ(2)mix ↔ (1+ p)ϖ(+)

)
, (17)

where ϖ(+) = |ϱ(+)↑⇒ϱ(+)|, with

|ϱ(+)↑ = 1↘
2

(
| →↓↑+ | ↓→↑

)
, (18)

while

ϖ(2)mix =
1

2

(
| ↭↫↑⇒↭↫ |+ | ↫↭↑⇒↫↭ |

)
(19)

1
Interestingly, the state does not resemble a Werner state [12].

is a di”erent mixed, separable state. Again, p is the rela-
tive weight determined by the parton luminosities. Close
to the limit ωt ⇑ 1, the tt̄ polarization state ϖ is domi-
nated by the maximally entangled state |ϱ(+)↑, produced
both by gluon-gluon and quark-antiquark initial states.
As a result, in this regime, the Bell inequality is maxi-
mally violated.
In the intermediate kinematical regime, 0 ⇐ ω2

t ⇐ 0.8,
the tt̄ spin state becomes more mixed, leading to the
almost complete loss of any quantum correlation.
These features are only qualitative and hold only in

restricted areas of the kinematic space. It is therefore
necessary to average over the ranges corresponding to
specific bins when comparing the theoretical predictions
with the experimental results.

Reinterpretation of CMS data— The full set of co-
e#cients B±

i and Cij in Eq. (1) that determine the spin
state of an ensemble of top-quark pairs has been recently
published by the CMS experimental collaboration [25].
This work is a treasure trove of useful results. It makes
possible to put to test the analytic estimates presented
in the previous section and, to do so, we reinterpret the
CMS results in terms of the concurrence and Bell nonlo-
cality observables as shown in Table I. The reader should
bear in mind that the di”erent choice of the reference
triad implies a change of sign in the k, r and n direc-
tions.
Experimental uncertainties were propagated via Monte

Carlo simulation to determine those a”ecting the ob-
servables under consideration. We included correlations
among the uncertainties of the Cij parameters [30] but
neglected those with the B±

i and c coe#cients, as well as
those among quantities belonging to di”erent bins which
we we do not use.

Threshold Boosted central

C[ω] 0.133± 0.055 0.52± 0.06

D(D̃) ↓0.382± 0.030 (0.662± 0.052)

m12[C] 0.548± 0.084 1.05± 0.13

TABLE I. Concurrence and Horodecki parameter as com-
puted from the CMS data pertaining to the two bins:
Threshold (300 < mtt < 400 GeV) and Boosted central

(mtt > 800 GeV, | cos!| < 0.4). The value of the coe”cients
D and D̃ are those quoted in [25].

In the threshold region, mtt̄ < 400 the significance of
the presence of entanglement is only 2.4ϑ if the concur-
rence is used as measure. Nevertheless, one can here
make use of the coe#cient D (see Eq. (10)), as recon-
structed from the final lepton relative directions. This
has been employed in Refs. [6, 7], and the condition
D < ↔1/3, which signals entanglement, has been found
to be satisfied with a significance of about 5ϑ. Bell lo-
cality, on the other hand, is verified with a significance
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threshold boosted central boosted

Cnn 0.540± 0.042 0.175± 0.028 0.661± 0.064

Crr 0.269± 0.070 →0.202± 0.044 →0.678± 0.083

Ckk 0.427± 0.074 0.040± 0.050 →0.69± 0.12

Cnr 0.01± 0.08 →0.03± 0.05 0.05± 0.10

Cnk 0.07± 0.12 →0.05± 0.05 →0.12± 0.14

Crn 0.07± 0.08 →0.04± 0.05 0.09± 0.10

Crk →0.01± 0.14 →0.05± 0.07 →0.01± 0.15

Ckn 0.00± 0.12 →0.02± 0.05 →0.06± 0.14

Ckr 0.05± 0.14 →0.06± 0.07 0.01± 0.15

B
+
n 0.015± 0.029 0.007± 0.017 0.004± 0.027

B
+
r 0.004± 0.034 0.006± 0.014 →0.026± 0.029

B
+
k 0.001± 0.022 0.000± 0.011 →0.015± 0.034

B
→
n →0.012± 0.029 →0.003± 0.011 →0.004± 0.027

B
→
r →0.063± 0.033 →0.013± 0.014 →0.010± 0.029

B
→
k 0.003± 0.22 0.026± 0.017 0.002± 0.034

Table 4.1: Input coe!cients for the correlations Cij and polarizations B±
i in the three bins considered inn the main text:

Threshold: 300 < mtt < 400 GeV, Boosted: mtt > 800 GeV and Central boosted: mtt > 800 GeV, | cos”| < 0.4. All data
from [59].

Figure 4.5: Concurrence and CNTXT↑ as a function of the scattering angle and CM energy
→
s = 10.579 GeV for ω -lepton pairs.

because of the vector-like photon coupling.
The expectation value of the operator in Eq. (2.12) can be taken by means of the state in Eq. (4.22) as

CNTXT→ = →!|

[
(ω3 ↑ ω1)(ω1 ↑ ω3)↓ (ω3 ↑ ω3)(ω1 ↑ ω1)

]
|!↔ > 0 (4.23)

for all scattering angles. The results are shown on the right-hand side of Fig. 4.5.
Notice that the same test fails if the Bell state with a relative minus sign is chosen instead of the one on

Eq. (4.22). For the former state the Pauli matrices in CNTXT→ must be rotated, as discussed in Section 2.
In the same Figure the concurrence for the ε -lepton pairs is also shown (left-hand side). The concurrence is
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local vs. nonlocal entanglement
4 Testing pairs of spin-1/2 particles

Bipartite systems of two spin-1/2 particles provide the next level in complexity in the testing of non-contextuality
in particle ohysics. We test pairs of ! baryons and top quarks with real data (at BESIII and CMS, respectively)
and pairs of ω -leptons at SuperKEKB and a future lepton collider working around the Z peak with a Monte
Carlo simulation.

The density polarization density matrix for a system of two spin-1/2 particles can be written as

ε
1/2→1/2

=
1

4



1 → 1 +
∑

i

B+
i
(ϑi → 1) +

∑

j

B→
j

(1 → ϑj) +
∑

i,j

Cij (ϑi → ϑj)



, (4.1)

with i, j = r, n, k and ϑi being the Pauli matrices. The decomposition refers to a right-handed orthonormal
basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that ϑk ↑ ϑ3. In the fermion-
pair center of mass frame we have

n =
1

sin”
(p↓ k), r =

1

sin”
(p↔ k cos”) , (4.2)

where k is the direction of the momentum of the positively charged particle and ” is the scattering angle. We
take p · k = cos”, with p being the direction of the incoming e+.

The entanglement content of bipartite system described by density matrix in Eq. (4.1) can be quantified
by means of the concurrence C [ε], taking values between zero (for separable, unentangled states) and 1
(maximally entangled states). In the case of two spin-1/2 sub-systems, a two qubit system, the concurrence can
be analytically computed through the auxiliary matrix

R = ε (ϑy → ϑy) ε
↑ (ϑy → ϑy) , (4.3)

where ε↑ denotes a matrix with complex conjugated entries. Although non-Hermitian, the matrix R possesses
non-negative eigenvalues; denoting ri, i = 1, 2, 3, 4, their square roots and assuming r1 to be the largest, the
concurrence of the state ε can be expressed as [47]

C [ε] = max
(
0, r1 ↔ r2 ↔ r3 ↔ r4

)
. (4.4)

We will use this formula when comparing concurrence and contextuality.
The non-contextuality inequality for systems of two son-1/2 particles is given in Eq. (2.13) of Section 2.2.

4.1 !-!̄ baryon pairs in the decays of the J/ω

I n the process

e+e→ ↗ ϖ ↗ cc̄ ↗ J/ϱ ↗ !!̄ , (4.5)

the J/ϱ is produced polarized. The correlation matrix of the two baryons depends on the scattering angle ”
because the polarization of the J/ϱ does. Ten billion J/ϱ events have been collected at the BESIII detector [48].
The decay J/ϱ ↗ !!̄ has branching fraction (1.89±0.08)↓10→3 [40]. The decay into !!̄ pairs is reconstructed
from their dominant hadron decays: ! ↗ pς→ and !̄ ↗ p̄ς→.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
TODO!!! ↔1 ↗ 1 etc.

ω!!̄ →





w
↑ 1

2
↑ 1

2

w
→
↑ 1

2
↑ 1

2

s
2
” ↑w

↑ 1
2

↑ 1
2

w
→
↑ 1

2
1
2

c!s!↑
2

w
↑ 1

2
↑ 1

2

w
→
1
2

↑ 1
2

c!s!↑
2

w
↑ 1

2
↑ 1

2

w
→
1
2

1
2

s
2
”

↑w
↑ 1

2
1
2

w
→
↑ 1

2
↑ 1

2

c!s!↑
2

w
↑ 1

2
1
2

w
→
↑ 1

2
1
2

f” w
↑ 1

2
1
2

w
→
1
2

↑ 1
2

s2!
2 ↑w

↑ 1
2

1
2

w
→
1
2

1
2

c!s!↑
2

w 1
2

↑ 1
2

w
→
↑ 1

2
↑ 1

2

c!s!↑
2

w 1
2

↑ 1
2

w
→
↑ 1

2
1
2

s2!
2 w 1

2
↑ 1

2

w
→
1
2

↑ 1
2

f” w 1
2

↑ 1
2

w
→
1
2

1
2

c!s!↑
2

w 1
2

1
2

w
→
↑ 1

2
↑ 1

2

s
2
” ↑w 1

2
1
2

w
→
↑ 1

2
1
2

c!s!↑
2

w 1
2

1
2

w
→
1
2

↑ 1
2

c!s!↑
2

w 1
2

1
2

w
→
1
2

1
2

s
2
”




, (4.6)

in which f! ↑ (3 + cos 2”)/4, s! ↑ sin” and c! ↑ cos”, with ” is the scattering angle.
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rence is used as measure. Nevertheless, one can here
make use of the coe!cient D (see Eq. (11)), as recon-
structed from the final lepton relative directions. This
has been employed in Refs. [6, 7], and the condition
D < →1/3, which signals entanglement, has been found
to be satisfied with a significance of about 5ω. Bell lo-
cality, on the other hand, is verified with a significance
of more than 5ω by means of the Horodecki condition.

The other region considered corresponds to the
boosted central bin, mtt̄ > 800 and | cos”| < 0.4. The
corresponding kinematic configurations show entangle-
ment with a significance above the 5ω threshold, though
Bell nonlocality cannot be yet asserted. As shown by
the analytic results in Eq. (14), the bin should be further
restricted to | cos”| < 0.2 and the cut on the invariant
mass raised in order to reach a better significance.

The CMS analysis also considers a central bin defined
by invariant masses 600 < mtt̄ < 800 GeV. In this bin
the top-quark pairs spin states are separable and entan-
glement vanishes.

Discord and magic of separable states— Discord
represents the least stringent requirement for a quantum
state to be non-classical, as it captures the presence of
correlation of quantum origin that not necessarily lead to
the presence of entanglement. Technically, it matches the
disagreement between two classically equivalent expres-
sions for the mutual information, which generally di#er
if the involved system is quantum. Given a bipartite
qubit system with a density matrix having vanishing co-
e!cients B±

i , the discord can be computed as

D[ε] = 1→ S[ε] + h

(
1 + cmax

2

)
↑ 0, (21)

in which S[ε] = →
∑

i ϑi log2 ϑi is the von Neumann en-
tropy of the top-pairs described by the density matrix ε,
with eigenvalues ϑi. In the equation above, the function

h(x) = →x log2 x→ (1→ x) log2(1→ x) , (22)

depends on cmax: the largest of the eigenvalues of the spin
correlation matrix Cij . The discord of the top-quark pair
system has been studied in [37, 38] and is noteworthy
because it can be used to characterize quantum states
that are separable but not classical.

Another way to characterize a quantum state is
through its magic content. Magic is the resource that
allows for quantum computer to outperform their clas-
sical counterparts, hence magic states are of importance
within quantum information theory because they are bet-
ter suited for quantum computations than maximally en-
tangled ones. While the role of this observable in high-
energy physics is less clear, we include here its treatment
for the sake of completeness. In the case of the top-quark
pairs production at the LHC, this observable can be writ-
ten as a function of the correlation coe!cients Cij as [39]

M [ε] = → log2

[
1 +

∑3
i,j=1 C

4
ij

1 +
∑3

i,j=1 C
2
ij

]
. (23)

FIG. 4. Concurrence C [ω] and discord D[ω] in the intermediate
bin 400 < mtt̄ < 600 GeV. The reddish region between the white
dashed-lines, in the concurrence plot on top, contains separable
states for which the concurrence (and the negativity) vanish. On
the other hand, the plot below shows non-vanishing values of the
discord in the same kinematic region.

In parts of the intermediate kinematic region defined by
the cut 400 < mtt̄ < 600 GeV, the concurrence (and
the negativity as well) vanish, as shown in the first panel
of Fig. 4. This indicates that, in the corresponding kine-
matic configurations, the top-antitop quark pairs are pro-
duced in states that are, by definition, separable. Never-
theless, we still observe the presence of genuine quantum
correlations in the system, as testified by the non-vanish
values of the discord. Although separable, states of the
top-quark pairs produced in this kinematic regions are
not classical. The behavior of discord on the considered
kinematic space is shown in the second panel of Fig. 4,

6

as a function of the top-quark pair invariant mass and
center-of-mass scattering angle. Similarly, the magic con-
tent of the top-quark pair states is shown in Fig. 5 as a
function of the same quantities. Both these plots use
analytic results.

Intermediate

C [ω] 0.0± 0.02

N [ω] 0.0± 0.02

D[ω] 0.097± 0.013

M [ω] 0.292± 0.019

TABLE II. Concurrence, negativity, discord and magic as
computed from the CMS data pertaining to the Interme-

diate bin (400 < mtt < 600 GeV).

FIG. 5. Magic M [ω] of the top-quark pairs produced at the LHC
in the intermediate region 400 < mtt̄ < 600 GeV.

CMS data [25] can be reinterpreted also in this case
to confirm that in the intermediate kinematic region the
states are separable but not purely classical, and to find
the value of their discord and magic as presented in Table
II.

Outlook— The study of quantum entanglement at
particle colliders o!ers the possibility of capturing vari-
ous aspects of quantum correlations in a single setting by
suitably varying the kinematical configuration. In partic-
ular, we have shown that the spin state of top-quark pairs
produced at the LHC give rise to a great variety of bi-
partite qubit states whose properties are determined by
the kinematic variables regulating the production pro-
cess, as well as by the parton luminosities that modulate
the contributions of gluon and quark initial states. Close
to the top-antitop production threshold, the spin state of
the system contains entanglement, although it does not
show any Bell nonlocal correlation. Consequently, the
system could be here described by a local hidden variable
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B
+
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+
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Table 4.1: Input coe!cients for the correlations Cij and polarizations B±
i in the three bins considered inn the main text:

Threshold: 300 < mtt < 400 GeV, Boosted: mtt > 800 GeV and Central boosted: mtt > 800 GeV, | cos”| < 0.4. All data
from [59].

Figure 4.5: Concurrence and CNTXT↑ as a function of the scattering angle and CM energy
→
s = 10.579 GeV for ω -lepton pairs.

because of the vector-like photon coupling.
The expectation value of the operator in Eq. (2.12) can be taken by means of the state in Eq. (4.22) as

CNTXT→ = →!|

[
(ω3 ↑ ω1)(ω1 ↑ ω3)↓ (ω3 ↑ ω3)(ω1 ↑ ω1)

]
|!↔ > 0 (4.23)

for all scattering angles. The results are shown on the right-hand side of Fig. 4.5.
Notice that the same test fails if the Bell state with a relative minus sign is chosen instead of the one on

Eq. (4.22). For the former state the Pauli matrices in CNTXT→ must be rotated, as discussed in Section 2.
In the same Figure the concurrence for the ε -lepton pairs is also shown (left-hand side). The concurrence is
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importance for cryptographic and quantum computing protocols. These phenomena can also be in-
vestigated at collider experiments, in energy ranges and interactions well outside the reach of the
typical quantum information tests [23–25]. Although these observables provide new means to con-
strain physics beyond the SM, it is the density operator that encapsulates most, if not all, of the
available information pertaining to the system under consideration.

In order to fully capitalize on the possibility o!ered by quantum tomography, in this paper we
introduce into high-energy physics two quantities that are routinely used in quantum information to
compare two quantum states: the trace distance and the fidelity. Di!erently from other observables,
trace distance and fidelity utilize the full density matrices of the two target quantum systems and
consequently o!er, once supplemented with the cross section, the means to best constrain parameters
that could source potential discrepancies.

In the following, after introducing these quantities and briefly reviewing their properties, we demon-
strate their use by studying the internal structure of the top quark in QCD by means of recent LHC
data. We then employ them to constrain the anomalous couplings of the ω lepton to gauge bosons, re-
ferring to two benchmark cases tailored to the LEP3 future collider and the ongoing Belle experiment
by means of Monte Carlo simulations. For the latter setup we also sketch the possibilities o!ered by
the spin formalism within quantum tomography. We conclude the paper with a comparison of the
power in constraining new physics of di!erent quantum information observables.

2 Distance and similarity of quantum states

T he trace distance and fidelity are used to quantify the di!erence and the similarity between
two quantum states, in the same way as their classical counterparts quantify the di!erence and

similarity of two probability distributions.
The trace distance between two density matrices ε and ϑ is defined as [26]

DT (ε, ϑ) =
1

2
Tr

√
(ε→ ϑ)†(ε→ ϑ) ↑ 0 , (2.1)

generalizing the Kolmogorov distance used for probabilities distributions. The trace distance is
a metric on the space of density operators and remains invariant under unitary transformations:
DT (ε, ϑ) = DT (U εU

†
, U ϑ U

†), with U a unitary matrix. To see the e!ect of the trace distance
explicitly, consider the simple case in which both ε and ϑ describe, each, a qubit. Then, given

ε =
1

2

[
1 + ϖr · ϖϱ

]
, ϑ =

1

2

[
1 + ϖs · ϖϱ

]
, (2.2)

with ϖϱ being the vector of Pauli matrices, it follows

DT (ε, ϑ) =
↓ϖr → ϖs↓

2
, (2.3)

whereas if [ε,ϱ] = 0, the trace distance recovers the classical expression with probability distributions
given by the eigenvalues of the density matrices.

Contrary to the trace distance, the fidelity

F (ε, ϑ) = Tr
√

↔
ε ϑ

↔
ε , (2.4)

is a similarity measure. Although not manifestly, it holds F (ε, ϑ) = F (ϑ, ε) and the fidelity is bounded
to 0 ↗ F (ε, ϑ) ↗ 1, with the lower bound being saturated if and only if the density matrices have
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Contrary to the trace distance, the fidelity

F (ε, ϑ) = Tr
√

↔
ε ϑ

↔
ε , (2.4)

is a similarity measure. Although not manifestly, it holds F (ε, ϑ) = F (ϑ, ε) and the fidelity is bounded
to 0 ↗ F (ε, ϑ) ↗ 1, with the lower bound being saturated if and only if the density matrices have
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3.1 Limits

The experimental values of the correlation coe!cients Cij and their uncertainties have been recently
published by the CMS Collaboration in an analysis of data taken at the LHC at

→
s = 13 TeV and an

integrated luminosity of 138 fb→1 [13]. We focus on the events characterized by top-quark pairs with
invariant mass mt̄t > 800 GeV and scattering angle ” satisfying | cos”| < 0.4. These cuts define the
highest bin in the energy with a scattering angle closest to ω/2, for which we know [14, 15] that the
e#ect of the new physics is the largest.

The tilded quantities appearing in Eq. (3.5) are then integrated over the scattering angle and
top-pair invariant mass to give analytic correlation coe!cients that account for the extension of the
experimental bin. The results obtained in the SM limit, µt = 0, are in good agreement with the
central values extracted from the experimental data in the same bin. The uncertainties in the Cij

coe!cients are propagated to the trace distance to give εDT in Eq. (3.7), thereby allowing for a test
of the chromomagnetic moment of the top quark based on actual experimental data.

The 95% (68%) CL limits on the coe!cient µt are then obtained by performing a ϑ
2 test which

quantifies, through the trace distance, the discrepancy between the SM density matrix and the density
matrix that includes the contribution of the chromomagnetic dipole moment:

(
DT [ϖNP(µt), ϖSM]

εDT

)2

↑ (1.00) 3.84 . (3.7)

In this first example we use the trace distance without the cross section because we want to gauge
how it fares by itself when compared against the limits given by the cross section. Fig. 1 shows the
ϑ
2 values obtained as the parameter µt varies over the considered range. The corresponding 95%

confidence interval is reported in Table 1 together with a determination based on the cross sections
for top-quark pair production measured at LHC and Tevatron [31] that we take as our benchmark.

-0.02 0.00 0.02 0.040

1

2

3

4

5

Figure 1: ω2
test for the chromomagnetic dipole moment of the top quark µt obtained through the trace distance.

Though the relative uncertainties in the CMS measurement of the top-quark pair spin correlations
are still rather large—as they are more than 10%—the use of the trace distance already provides a
bound on the chromomagnetic dipole moment comparable to that given by a combination of cross
sections whose relative uncertainties are smaller—as they are of order 5% [31]. We expect that future
measurements of the correlation coe!cients will improve the precision of the experimental result and,
accordingly, give even more stringent bounds on µt. Regardless of these future improvements, the
trace distance can already be a valuable addition if included into a global fit like that in Ref. [32].

7

Benchmark This work

→0.046 ↑ µt ↑ 0.040 →0.025 ↑ |µt| ↑ 0.037

Table 1: 95% CL limits for the chromomagnetic dipole moment of the top quark µt. The benchmark value is taken

from Ref. [31], which uses the cross sections for top-quark pair production measured at LHC and Tevatron. The best

current limit, →0.004 ↑ µt ↑ 0.007, is obtained by simultaneously using cross sections of many di!erent processes in a

global fit [32].

4 Anomalous couplings of the ω lepton at Belle

T he second example we propose has to do with the ω lepton. The anomalous couplings of
this particle are defined by means of the most general vertex, allowed by Lorentz and gauge

symmetries, that couples the photon (with momentum q) to the ω lepton. The vertex, !µ
ω , can be

written as

→ie ω̄ !µ(q2) ω Aµ(q) = →ie ω̄

[
ε
µ
F1(q

2) +
iϑ

µε
qε

2mϑ
F2(q

2) +
ϑ
µε
ε5qε

2mϑ
F3(q

2)

]
ω Aµ(q) , (4.1)

yielding the magnetic and electric dipole moments

aϑ = F2(0) and dϑ =
e

2mϑ
F3(0) , (4.2)

as well as the mean squared radius of the ω lepton

↓ϖr
2
↔ = →6

dGE

dϖq 2

∣∣∣∣
q2=0

, with GE(q
2) = F1(q

2) +
q
2

4m2
ϑ
F2(q

2) . (4.3)

In the following analysis we retain only the leading order terms in the expansions of the form factors
F2,3(q2) for q2 ↗ 0, whereas for that of F1(q2) we include also the first order correction in q

2.
Within the e”ective field theory framework, the form factors introduced in Eq. (4.1) yield SU(2)L↘

U(1)Y invariant e”ective operators involving the ω lepton. The largest anomalous contributions are
governed by three higher-dimensional operators:

O1 = e
C1

m2
ϑ
ω̄ ε

µ
ωD

ε
Fµε , O2 = e

C2 ϱ

2m2
ϑ
ω̄ϑ

µε
ωFµε , and O3 = e

C3 ϱ

2m2
ϑ
ω̄ϑ

µε
ε5ωFµε , (4.4)

where D
ε is the covariant derivative, Fµε the electromagnetic field strength tensor, and ϱ = 174

GeV is the rescaled Higgs field vacuum expectation value. Left-handed and right-handed chiral fields
contribute equally to the value of the dimensionless Wilson coe#cients Ci, which are assumed to be
real.

The operator O1 encapsulates the leading q
2 dependence of the form factor F1, while O2,3 give the

zeroth order terms in the q
2
↗ 0 expansion of the form factors F2 and F3:

F1(q
2) = 1 + C1

q
2

m2
ϑ
+ . . . and F2,3(0) = 2C2,3

ϱ

mϑ
. (4.5)

The operators O2,3 include for the sake of convenience an extra factor of ϱ/mϑ , resulting from the
dimension-six SU(2)L≃U(1)Y gauge invariant operators involving the Higgs field after the electroweak
symmetry breaking. Other operators of higher dimensions can in general contribute to the expressions
of the form factors yielding corrections of higher q2 order that, in the considered limit, are negligible.

The photon mediating the process e+e→ ↗ ω
+
ω
→ at Belle is not on shell and the definitions above

only apply if the di”erence between the form factors at q2 ⇐= 0 and their values at q2 = 0 is su#ciently
small. This is expected to be the case unless there is a threshold nearby.
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threshold of tt̄ production, where the relative velocity of the
top quarks is low. In this analysis, we additionally measure
the entanglement at high mðtt̄Þ, where, in most of the
selected events, the top quark and antiquark decays are
spacelike separated because of their high relative velocity.
Using the decay products, the spin correlation is measured
when the top quarks decay. From simulations we know that

for mðtt̄Þ > 800 GeV the fraction of spacelike separated
decays is about 90% [81]. An observation of entanglement
could be explained by an unobserved exchange of classical
information between the decaying top quarks. Therefore, we
introduce a more stringent criterion for entanglement that
cannot be explained by such an exchange of information at
v ≤ c alone (“critical entanglement”). For this, the timelike

1.5 1 0.5 0 0.5

c-1 -0.119 0.051
rP -0.018 0.020
nP 0.030 0.018
kP -0.030 0.023

rP -0.000 0.020

nP 0.047 0.019

kP -0.004 0.023
rrC -0.568 0.054

nnC 0.326 0.038
kkC -0.136 0.074
+
nrC -0.033 0.062
+
rkC -0.274 0.100
+
nkC 0.149 0.093
-
nrC -0.013 0.063
-
rkC -0.040 0.099
-
nkC 0.080 0.090

)| < 0.4) < 800 GeV, |cos(t600 < m(t
 0.097 = 1.030 E

Coefficient value

Data
stat, total unc.
Powheg+P8
Powheg+H7
MG5+P8
MiNNLO+P8

CMS

0.2 0 0.2 0.4 0.6
(data, Powheg+P8)

 (13 TeV)-1138 fb

1.5 1 0.5 0 0.5

c-1 -0.166 0.057
rP -0.026 0.029
nP 0.004 0.027
kP -0.015 0.034

rP -0.010 0.029

nP -0.004 0.027

kP 0.002 0.034
rrC -0.678 0.083

nnC 0.661 0.064
kkC -0.69 0.12
+
nrC 0.14 0.10
+
rkC -0.00 0.15
+
nkC -0.17 0.14
-
nrC -0.04 0.10
-
rkC -0.01 0.15
-
nkC -0.06 0.14

)| < 0.4) > 800 GeV, |cos(tm(t
 0.15 = 2.03 E

Coefficient value

Data
stat, total unc.
Powheg+P8
Powheg+H7
MG5+P8
MiNNLO+P8

CMS

0.2 0 0.2 0.4 0.6
(data, Powheg+P8)

 (13 TeV)-1138 fb

FIG. 26. Results of the full matrix measurement in bins of mðtt̄Þ for jcosðθÞj < 0.4. The measurements (markers) are shown with the
statistical uncertainty (inner error bars) and total uncertainty (outer error bars) and compared to the predictions of POWHEG+PYTHIA,
POWHEG+Herwig, MadGraph5_aMC@NLO+PYTHIA and MiNNLO+PYTHIA. In the right panels, results are presented with the POWHEG+PYTHIA
predictions subtracted. The POWHEG+PYTHIA prediction is displayed with ME scale and PDF uncertainties. The values of ΔE are
displayed for each measurement.
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3.1 Limits

The experimental values of the correlation coe!cients Cij and their uncertainties have been recently
published by the CMS Collaboration in an analysis of data taken at the LHC at

→
s = 13 TeV and an

integrated luminosity of 138 fb→1 [13]. We focus on the events characterized by top-quark pairs with
invariant mass mt̄t > 800 GeV and scattering angle ” satisfying | cos”| < 0.4. These cuts define the
highest bin in the energy with a scattering angle closest to ω/2, for which we know [14, 15] that the
e#ect of the new physics is the largest.

The tilded quantities appearing in Eq. (3.5) are then integrated over the scattering angle and
top-pair invariant mass to give analytic correlation coe!cients that account for the extension of the
experimental bin. The results obtained in the SM limit, µt = 0, are in good agreement with the
central values extracted from the experimental data in the same bin. The uncertainties in the Cij

coe!cients are propagated to the trace distance to give εDT in Eq. (3.7), thereby allowing for a test
of the chromomagnetic moment of the top quark based on actual experimental data.

The 95% (68%) CL limits on the coe!cient µt are then obtained by performing a ϑ
2 test which

quantifies, through the trace distance, the discrepancy between the SM density matrix and the density
matrix that includes the contribution of the chromomagnetic dipole moment:

(
DT [ϖNP(µt), ϖSM]

εDT

)2

↑ (1.00) 3.84 . (3.7)

In this first example we use the trace distance without the cross section because we want to gauge
how it fares by itself when compared against the limits given by the cross section. Fig. 1 shows the
ϑ
2 values obtained as the parameter µt varies over the considered range. The corresponding 95%

confidence interval is reported in Table 1 together with a determination based on the cross sections
for top-quark pair production measured at LHC and Tevatron [31] that we take as our benchmark.

Figure 1: ω2
test for the chromomagnetic dipole moment of the top quark µt obtained through the trace distance.

Though the relative uncertainties in the CMS measurement of the top-quark pair spin correlations
are still rather large—as they are more than 10%—the use of the trace distance already provides a
bound on the chromomagnetic dipole moment comparable to that given by a combination of cross
sections whose relative uncertainties are smaller—as they are of order 5% [31]. We expect that future
measurements of the correlation coe!cients will improve the precision of the experimental result and,
accordingly, give even more stringent bounds on µt. Regardless of these future improvements, the
trace distance can already be a valuable addition if included into a global fit like that in Ref. [32].
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they will have to account for both the low- and the high-energy experiments. We are not aware of any definite model claiming to
be able to achieve this.

7. Probing new particles and fields with entanglement

The sensitivity of entanglement on the specific form of the couplings between the states produced at colliders makes it a promising
observable to be used in gaining sensitivity to new physics – particles, fields and interactions – beyond the SM. The overall advantage
in sensitivity with respect to a more usual observable like the cross section is tempered by the added uncertainty necessarily present
in the determination of the polarizations. Yet the use of entanglement can contribute to better constrain interactions and models
beyond the SM, as the examples reviewed below show. This is a field still in its infancy but we expect quantum state tomography
to become part of the routine tools in the physical analysis of the experimental events.

7.1. Top quark

The SM Effective Field Theory (SMEFT) expansion parametrizes possible new particles and fields, characterized by heavy new
states, in terms of operators that are obtained by integrating out these new states. Modifications of the entanglement of the spins
of top-quark pairs in this framework has been studied in [190]. In this approach the effective Lagrangian is given by

LSMEFT = LSM + 1
𝜔2

⌋

𝜀
𝜗𝜀O𝜀 , (7.1)

in which, at the leading order in QCD, all 𝜛𝜚 -even operators of dimension six are included. There is 1 operator with zero fermions,
2 operators with two fermions and 14 with four fermions (see [190] for their explicit form). In Eq. (7.1), 𝜔 is the scale of the
effective theory (roughly the mass of the heavy states) and 𝜗𝜀 the Wilson coefficients of the corresponding operators.

The concurrence is modified by the presence in the differential cross section of terms linear in 𝜗𝜀ω𝜔 (arising from the interference
between the SM and the dimension six operators) and by terms quadratic in 𝜗𝜀ω𝜔 (arising from the square of the dimension six
operators). The qualitative result of the analysis is that, at threshold, the linear interference terms modify the concurrence very
little while the quadratic terms reduce it. Both classes of terms reduce the concurrence in the high-energy regime by a sizeable
amount.

The impact of higher-order terms in the SMFET expansion have been studied in [191]. While NLO k-factors do not radically
change the predictions, some NLO corrections are shown that are not captured by LO scale variations.

7.1.1. Gluon magnetic-like dipole moment
To show how entanglement can provide constraints on higher-order operators, let us focus on a single one, the gluon

magnetic-like dipole operator, as discussed in [147], which gives rise to the effective Lagrangian

Ldipole =
𝜗 𝜍𝜑
𝜔2

⌈

O𝜍𝜑 +O†
𝜍𝜑
⌉

with O𝜍𝜑 = 𝛻𝜕
⌈ ℵℶℷ ℸ⊳⊲ 0 1 𝜍2

⌉ 34𝜑1
⊳⊲ . (7.2)

In Eq. (7.2) above, ℶℷ and 𝜍2 stands for the 56 (2)ℷ left-handed doublet of top-bottom quarks and right-handed top quark fields
respectively, while 34 is as usual the dual of the 56 (2)ℷ doublet Higgs field, with SM vacuum expectation value 7 given by
{0} 34}0⦃ = (7ω

⦄

2, 0).
The magnetic-like dipole moment is given by

⊳ = ε
⦄

28𝜍7
𝜔2 𝜗 𝜍𝜑 . (7.3)

The addition of an effective magnetic dipole moment term to the SM Lagrangian, gives rise in general to further mixture
contributions, thus weakening the entanglement of the 𝜍ℵ𝜍 spin state produced by the SM interaction. It is this loss of entanglement
both in the 9 ℵ9 and 𝛻𝛻 production channels that allows the bound on the magnitude of the extra, effective parameter ⊳, to be obtained.

By running a simple Monte Carlo, the authors of [147] find that—in the kinematic region 8𝜍ℵ𝜍 > 900 GeV and 2.ω, > 0.85, where
the relative difference between the SM and the new physics is largest and equal to about 3%—a separation of 2.3ℸ is possible down
to the value of ⊳ = 0.003 with the data of run 2 at the LHC. This result is in agreement with what found in [190] (with 𝜗𝜍𝜑 = ε0.1
for 𝜔 = 1TeV) and compares favorably with current determinations [192,193] which find a bound around ⊳ = 0.02.

7.2. < Lepton

Quantum state tomography has been used in the study of the properties of the < lepton and its coupling to quarks and the Higgs
boson.

In terms of the conventions used within the SM e!ective field theory, in which the chromomagnetic
Lagrangian for the top quark is expressed in terms of SU(2)L→U(1)Y invariants, the vertex in Eq. (3.1)
sources the operator

ctG

”2

(
OtG +O

†

tG

)
with OtG = gs

(
Q̄L ω

µω
T
a
tR
)
H̃G

a
µω , (3.2)

and establishes the correspondence

µt = ↑

↓
2mt v

”2
ctG , (3.3)

so that ctG/”2 = 0.1/[1TeV]2 yields µt = ↑0.006. Notice the change of sign. In the equation above,
QL and tR stand for the SU(2)L doublet formed by left-handed top and bottom quark fields and for the
right-handed top quark field, respectively. The symbol H̃ indicates, as usual, the dual of the SU(2)L
Higgs doublet with a SM vacuum expectation value given by ↔0|H̃|0↗ = (v/

↓
2, 0)T and v ↘ 246 GeV.

The one-loop QCD corrections give rise to a dipole operator with coe#cient

↑
εs

ϑ

m
2
t

m
2
tt̄

log
m

2
tt̄

m
2
t

, (3.4)

which, in the top-pair invariant mass, mtt̄, range relevant for the LHC, is subdominant to new physics
e!ects as long as |µt| ≃ 0.1. Therefore, the QCD contribution to the dipole operator can be neglected
in first approximation, with the understanding that a full QCD NLO estimate, though computationally
challenging, will be necessary if the limit is to be strengthened.

The density matrix describing the spin state of tt̄ pairs can be reconstructed from the spin correla-
tion coe#cients only, as the B± coe#cients vanish due to C and P symmetries which QCD respects.
The C coe#cients are given as

Cij [mtt̄, $, µt] =
L
gg(ϖ) C̃

gg
ij [mtt̄, $, µt] + L

qq(ϖ) C̃
qq
ij [mtt̄, $, µt]

Lgg(ϖ) Ãgg[mtt̄, $, µt] + Lqq(ϖ) Ãqq[mtt̄, $, µt]
, (3.5)

in terms of the coe#cients C̃
gg
ij , C̃

qq
ij , Ã

gg, and Ã
qq collected in the Appendix of Ref. [15] both for

the SM and for the new physics e!ects encoded in Eq. (3.1). The combination of the two production
channels in Eq. (3.5), g+ g ⇐ t+ t̄ and q+ q̄ ⇐ t+ t̄, is weighted by the respective parton luminosity
functions

L
gg(ϖ) =

2ϖ
↓
s

∫ 1/ε

ε

dz

z
qg(ϖz)qg

(
ϖ

z

)
and L

qq(ϖ) =
∑

q=u,d,s

4ϖ
↓
s

∫ 1/ε

ε

dz

z
qq(ϖz)qq̄

(
ϖ

z

)
, (3.6)

in which the functions qj(x) are the PDFs for species j. For their evaluation we utilize the PDF4LHC21 [30]
set with

↓
s = 13 TeV and factorization scale q0 = mtt̄.

The expression in Eq. (3.5) must be expanded in the case of new physics to retain only terms linear
in the new physics parameter. The linear approximation in the inclusion of the new physics e!ects
used in Ref. [15] is justified as long as the dipole operator, which scales with the energy of the process,
is much smaller than the SM contribution. Quadratic corrections are expected to be very small. This
is confirmed by the analysis in Ref. [14], which shows that the e!ect of terms quadratic in the dipole
operator are negligible in the kinematic region we are considering.
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Figure 2: Limits on the electromagnetic anomalous couplings of the ω lepton at Belle obtained with the test in Eq. (4.9).

4.1 Limits

The present experimental limit on the magnetic moment of the ω lepton is

→0.052 < aω < 0.013 (95%) CL [33] , (4.6)

which remains one order of magnitude above the SM prediction for this parameter

a
SM
ω = 1.17721(5)↑ 10→3 [34]. (4.7)

The best current bounds on the electric dipole moment come instead from the Belle experiment,
finding

→0.185↑ 10→16
< dω < 0.061↑ 10→16 e cm (95%) CL [35] (4.8)

with an integrated luminosity of 833 fb→1 under the assumption that the parameter is real. Non-
vanishing values would imply the presence of CP violation.

The possibility of improving these limits has been discussed in the literature [36–40], in particular
a recent proposal used a combination of the entanglement, the cross section, and a CP -odd triple
product of momenta and polarizations to constrain the parameters [21].

In the present analysis we probe the anomalous couplings in Eq. (4.1) by using a ε
2 test involving

the trace distance between the SM density matrix and that inclusive of the anomalous couplings C1,
dω , and aω . The cross section is included as well for the reason explained in Sec. 2. We set the ε

2

test to indicate the joint (68%) 95% CL for two degrees of freedom as we vary the parameters in pairs
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PDG (2022) This work

→1.9↑ 10→17
↓ dω ↓ 6.1↑ 10→18 e cm |dω | ↓ 1.5↑ 10→17 e cm

→5.2↑ 10→2
↓ aω ↓ 1.3↑ 10→2

|aω | ↓ 1.0↑ 10→3

|C1| ↓ 1.0↑ 10→5
|C1| ↓ 1.0↑ 10→4

Table 2: Current experimental limits for the anomalous parameters in Eq. (4.1) [41] and corresponding bounds

obtained after marginalization of the 95% joint confidence intervals shown in Fig. 2. The values in the second column

are derived for a luminosity of 1 ab
→1

in the setup of the Belle experiment.

away from the vanishing SM values:

(
DT [ωNP(aω , dω , C1), ωSM]

εDT

)2

+

[
εNP(aω , dω , C1)→ εSM

εε

]2
↓ (2.33) 5.99 . (4.9)

The value of the trace distance is obtained by computing the density matrix encoding the ϑ -pair spin
correlation for the SM and in the presence of the anomalous couplings. In the calculation we retain
only the diagram mediated by a photon, as justified for a center of mass (CM) energy of

↔
s = 10.58

GeV that mimics the Belle experiment setup. The uncertainties in the entries of the density matrix
are taken from the Monte Carlo simulation in Ref. [8] and propagated into the uncertainty εDT of the
trace distance. The uncertainty εε in the cross section is obtained by rescaling the relative uncertainty
of 0.3% on the integrated luminosity quoted in Ref. [42] for 833 fb→1. All these uncertainties are at
the 1ε CL and contain (to di!erent extents) also systematic errors.

The results of the ϖ
2 tests are shown in Fig. 2; the limits on the single parameters obtained via

marginalization of the joint confidence intervals are quoted in the second column of Table 2. The PDG
value for C1 reported in the same table is derived from that on the contact interaction scale ”C.I. [41]
via the following relation:

C1 =
6ϱ

e2

(
mω

”C.I.

)2

. (4.10)

In comparing the results for the coe#cient C1, we must bear in mind that ”C.I. in Eq. (4.10) is taken
at energies of about 200 GeV, whereas in our case the scale is e!ectively one order of magnitude
smaller—about 10 GeV. Depending on the origin of the relevant contact interaction, the scaling of the
related operator is at least linear in the energy, implying that our result should be compared with the
approximated rescaled value |C1| ↓ 1.0↑ 10→3 when assessing the power of the method.

4.2 Spin formalism and quantum tomography

The experimental reconstruction of the spin density matrix is typically performed via the determi-
nation of the involved Fano coe#cients. These are given by the averages of angular distributions
of final state particles that reveal the orientation of the spin vectors of interest. The obtained av-
erages, necessarily weighted by the angular distributions of the collected events, are taken over the
ranges of the kinematic variables defined by the binning used in the reconstruction. Measuring, for
instance, the spin state characterizing an ensemble of top-pairs emitted with a scattering angle close
to $ = ϱ/2—where new physics e!ects and quantum observables are often maximized—then requires
the implementation of an angular cut which lowers the number of events used in the analysis and,
consequently, its precision. As we show below, this problem can be circumvented by using the spin
formalism of helicity amplitudes.
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2.1 Using the new tools

The trace and fidelity distances can be used to analyze possible deviations from the SM result caused
by new-physics parameters. For the simplest case of a single operator controlled by the parameter ω,
the statistical ε2 test

ε
2(ω) =

(
DT [ϑNP(ω), ϑSM ]

ϖDT

)2

→ (1.00) 3.84 , (2.11)

written here for the trace distance, provides the bound on the parameter at the (68%) 95% confidence
level (CL). The uncertainty ϖDT encodes both experimental and theoretical errors that are relevant
to the reconstruction of the SM density matrix ϑSM = ϑNP(ω = 0). A likelihood test can be defined
in a similar manner, but the ε

2 test is su!cient for the purpose of demonstrating the use of the new
tools.

Since any density matrix ϑ is normalized to Tr ϑ = 1, information on the total number of events
is not included in the ε

2 test in Eq. (2.11). The test can then be extended to include a term that
accounts for the cross section ϖ, obtaining

ε
2(ω) =

(
DT [ϑNP(ω), ϑSM ]

ϖDT

)2

+

(
ϖNP(ω)↑ ϖSM

ϖω

)2

→ (1.00) 3.84 , (2.12)

in which ϖω is the overall uncertainty of the corresponding cross section and ϖSM = ϖNP(ω = 0).
Instead of the cross section, in Eq. (2.12), we could use an asymmetry based on the cross section
data, for instance the forward-backward asymmetry, should this be more e”ective in constraining new
physics e”ects.

In the examples above, and in the rest of the paper, we only use the trace distance because we
find that it performs the best of all the distance measures we study. While by Eq. (2.6) the fidelity
distance is numerically larger than the trace distance, the performance depends on the propagation of
uncertainties on Fano coe!cients to the distance itself.

An alternative to using distances is doing a ε
2 test directly on the set of Fano coe!cients. In

general, the relative performance between the trace distance and the direct ε2 test varies depending
on the physics process and relative measurement uncertainties. In the cases we study they perform
similarly. The trace distance is still preferable, however, because it has well-defined quantum infor-
mational properties. For example, the trace distance is directly related to the probability that given a
measurement of a state, that could be either ϑ or ϱ, the state is correctly identified [29]. Additionally,
the trace distance allows us to disregard possible correlations among the Fano coe!cients.

In the following sections we apply these quantum information operators to the study of the anoma-
lous couplings of the top quark and the ς lepton.

3 Top-quark chromomagnetic dipole moment

A s a first application of the trace distance to a particle physics problem, we consider the
presence of a chromomagnetic dipole term in the interaction Lagrangian of the top quark and

the gluon:

L ↓ ↑i µt
gs

2mt
t̄ϖ

µε
qε T

a
tG

a
µ , (3.1)

in which ϖ
µε = i/2 [ϖµ

, ϖ
ε ], ϖµ = (1,φϖ), T a are the Gell-Mann matrices divided by a factor of two,

and qε is the momentum of the gluon. The Lagrangian in Eq. (3.1) gives rise to the e”ective vertices
of one gluon or two gluons attached to the quark line.

5

events characterized by a lower CM energy up to
→
s = 89 GeV, corresponding to the last three bins

of Fig. 2.4 which comprise 99% of the events.
The angular distributions of the pion momenta in the rest frame of the ω -lepton pairs give, as

the desired, the coe!cients of the polarization density matrix. In the following we compare the
results obtained from analytical computations to the values indicated by the Monte Carlo simulations
performed with and without the ISR and detector resolution e”ects.

3 Results

Q uantum tomography gives us the means to study entanglement and Bell inequality violation
in the process

e
+
e
→ ↑ Z, ε ↑ ω

+
ω
→ ↑ ϑ

+
ϑ
→
ϖω ϖ̄ω (3.1)

as it will be available at the FCC-ee.

3.1 Theoretical quantum tomography: analytic results

Let us first look at the analytic results for the parton level process e+e→ ↑ ω
+
ω
→. This study already

provides most of the information about the actual physical process, that is, the one inclusive of the
hadronic decays of the ω leptons.

Figure 3.1: Analytic solutions for the concurrence (left) and the Bell inequality violation (right) in the parton level

process e+e→ → ω+ω→
. The presence of entanglement is signaled by C > 0 and the violation of Bell inequalities by

m12 > 1.

The values of the concurrence C and the Horodecki’s condition m12 for energies that range from the
production threshold up to 350 GeV are shown in Fig. 3.1. The plot shows the presence of three distinct
regimes as we vary the CM energy. At low energy the process is dominated by the photon exchange,
yielding the maximal value of the concurrence and of the Bell inequality violation for # = ϑ/2. At
energies close to the Z boson resonance the process is instead dominated by this particle. In Fig. 3.1
this region corresponds to the thin slice centered around

→
s ↓ 90 GeV. At higher energies both the

particles equally contribute to the process and the maximal concurrence and Bell inequality violation
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with F
V
1 (0) = gV = →1/2 + 2 sin2 ωW , FA

1 (0) = →gA = 1/2, and with F2(0) and F3(0) being the
magnetic and the electric dipole moments, respectively. We parametrize the expansions in q

2
↑ 0 of

the first two form factors as

F
V,A
1 (q2) = F

V,A
1 (0) +

q
2

m
2
Z

C
V,A
1 , (5.2)

and give limits on the coe!cients CV,A
1 at q2 = m

2
Z , which induce the anomalous couplings.
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Figure 4: Limits on the four form factors entering the coupling of the ω lepton to the Z boson obtained from the

e+e→ → Z → ω+ω→
process at the Z peak via quantum tomography. The shown joint confidence intervals use the test

in Eq. (5.6).

As before, the form factors introduced in Eq. (5.1) yield SU(2)L ↓U(1)Y invariant e”ective oper-
ators for the ε lepton in the language of e”ective field theory. The leading contributions are given by
four higher-dimensional operators:

O1 = e
C

V
1

m2
ω
ε̄ ϑ

µ
εD

ε
Zµε , O

→

1 = e
C

A
1

m2
ω
ε̄ ϑ

µ
ϑ
5
εD

ε
Zµε , (5.3)

O2 = e
C2 ϖ

2m2
ω
ε̄ϱ

µε
εZµε , and O3 = e

C3 ϖ

2m2
ω
ε̄ϱ

µε
ϑ5εZµε , (5.4)
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where Dω is the covariant derivative, Zµω the field strength tensor of the Z field and ω = 174 GeV the
rescaled Higgs field vacuum expectation value. The dimensionless Wilson coe!cients Ci in Eq. (5.3)
are assumed to be real.

The operators O1 and O
→
1 give the leading q

2 dependence of the form factors F
V,A
1 , while O2,3

produce the q
2 = m

2
Z terms in the q

2 expansion of the F2,3 form factors:

F
V,A
1 (q2) = 1 + C

V,E
1

q
2

m2
ε
+ . . . and F2,3(m

2
Z) = 2C2,3

ω

mε
. (5.5)

The operators O2,3 include again the extra factor ω/mε , sourced by the dimension-six operators
involving the Higgs field after the electroweak symmetry breaking. Operators of higher dimensions
yield higher order terms in the expansion of the form factors that are negligible in the present context.

LEP3 is a possible future e
+
e
↑ collider that could be built inside the existing LHC tunnel by

installing new EM cavities and magnets [46], thereby achieving a CM energy of about
→
s = 240 GeV

and a luminosity of 1034 cm↑2 s↑1. It would make it possible to study in detail the Higgs boson
couplings and other processes at the energy of the Z boson mass by copiously producing the gauge
boson.

5.1 Limits

Benchmark This work

↑0.002 ↓ F2(m2
Z) ↓ 0.003 |F2(m2

Z)| ↓ 0.001

|F3(m2
Z)| ↓ 0.001 |F3(m2

Z)| ↓ 0.001

↑0.009 ↓ C
V
1 ↓ 0.010 |C

V
1 | ↓ 0.003

|C
A
1 | ↓ 0.001 |C

A
1 | ↓ 0.001

Table 4: Bounds obtained at the 95% CL for the form factors through the marginalization of the joint confidence

intervals shown in Fig. 4. The benchmark values are taken from Ref. [22].

Currently there are no experimental limits on the form factors in Eq. (5.1). A recent estimate [22]
uses a combination of the entanglement, the total cross section and a triple product correlation to
give an estimate that we use as benchmark to gauge the improvement obtained by using the trace
distance.

For the analysis we compute analytically both the density matrix for the SM and that inclusive of
the new physics e”ects, starting with the amplitudes of the e

+
e
↑
↔ ε, Z ↔ ϑ

+
ϑ
↑ process, in which

we retain both the intermediate contributions and set
→
s = mZ with mZ being the Z boson mass.

The results are then used in the ϖ
2 test:

(
DT [ϱNP(CV

1 , C
A
1 , F2(m2

Z), F3(m2
Z)), ϱSM]

ςDT

)2

+

[
ςNP(CV

1 , C
A
1 , F2(m2

Z), F3(m2
Z))↑ ςSM

ςϑ

]2
↓ (2.33) 5.99 , (5.6)

with the uncertainties a”ecting the Fano coe!cients, yielding ςDT , and the cross section set according
to the results of the Monte Carlo simulation in Ref. [22]. Fig. 4 shows the limits obtained at a (68%)
95% CL by varying at a single time two of the new physics parameters CV

1 , CA
1 , F2(m2

Z), and F3(m2
Z).

The bounds reported in Table 4 for the each parameter are obtained through marginalization.
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2.1 Using the new tools

The trace and fidelity distances can be used to analyze possible deviations from the SM result caused
by new-physics parameters. For the simplest case of a single operator controlled by the parameter ω,
the statistical ε2 test

ε
2(ω) =

(
DT [ϑNP(ω), ϑSM ]

ϖDT

)2

→ (1.00) 3.84 , (2.11)

written here for the trace distance, provides the bound on the parameter at the (68%) 95% confidence
level (CL). The uncertainty ϖDT encodes both experimental and theoretical errors that are relevant
to the reconstruction of the SM density matrix ϑSM = ϑNP(ω = 0). A likelihood test can be defined
in a similar manner, but the ε

2 test is su!cient for the purpose of demonstrating the use of the new
tools.

Since any density matrix ϑ is normalized to Tr ϑ = 1, information on the total number of events
is not included in the ε

2 test in Eq. (2.11). The test can then be extended to include a term that
accounts for the cross section ϖ, obtaining

ε
2(ω) =

(
DT [ϑNP(ω), ϑSM ]

ϖDT

)2

+

(
ϖNP(ω)↑ ϖSM

ϖω

)2

→ (1.00) 3.84 , (2.12)

in which ϖω is the overall uncertainty of the corresponding cross section and ϖSM = ϖNP(ω = 0).
Instead of the cross section, in Eq. (2.12), we could use an asymmetry based on the cross section
data, for instance the forward-backward asymmetry, should this be more e”ective in constraining new
physics e”ects.

In the examples above, and in the rest of the paper, we only use the trace distance because we
find that it performs the best of all the distance measures we study. While by Eq. (2.6) the fidelity
distance is numerically larger than the trace distance, the performance depends on the propagation of
uncertainties on Fano coe!cients to the distance itself.

An alternative to using distances is doing a ε
2 test directly on the set of Fano coe!cients. In

general, the relative performance between the trace distance and the direct ε2 test varies depending
on the physics process and relative measurement uncertainties. In the cases we study they perform
similarly. The trace distance is still preferable, however, because it has well-defined quantum infor-
mational properties. For example, the trace distance is directly related to the probability that given a
measurement of a state, that could be either ϑ or ϱ, the state is correctly identified [29]. Additionally,
the trace distance allows us to disregard possible correlations among the Fano coe!cients.

In the following sections we apply these quantum information operators to the study of the anoma-
lous couplings of the top quark and the ς lepton.

3 Top-quark chromomagnetic dipole moment

A s a first application of the trace distance to a particle physics problem, we consider the
presence of a chromomagnetic dipole term in the interaction Lagrangian of the top quark and

the gluon:

L ↓ ↑i µt
gs

2mt
t̄ϖ

µε
qε T

a
tG

a
µ , (3.1)

in which ϖ
µε = i/2 [ϖµ

, ϖ
ε ], ϖµ = (1,φϖ), T a are the Gell-Mann matrices divided by a factor of two,

and qε is the momentum of the gluon. The Lagrangian in Eq. (3.1) gives rise to the e”ective vertices
of one gluon or two gluons attached to the quark line.

5

events characterized by a lower CM energy up to
→
s = 89 GeV, corresponding to the last three bins

of Fig. 2.4 which comprise 99% of the events.
The angular distributions of the pion momenta in the rest frame of the ω -lepton pairs give, as

the desired, the coe!cients of the polarization density matrix. In the following we compare the
results obtained from analytical computations to the values indicated by the Monte Carlo simulations
performed with and without the ISR and detector resolution e”ects.

3 Results

Q uantum tomography gives us the means to study entanglement and Bell inequality violation
in the process

e
+
e
→ ↑ Z, ε ↑ ω

+
ω
→ ↑ ϑ

+
ϑ
→
ϖω ϖ̄ω (3.1)

as it will be available at the FCC-ee.

3.1 Theoretical quantum tomography: analytic results

Let us first look at the analytic results for the parton level process e+e→ ↑ ω
+
ω
→. This study already

provides most of the information about the actual physical process, that is, the one inclusive of the
hadronic decays of the ω leptons.

Figure 3.1: Analytic solutions for the concurrence (left) and the Bell inequality violation (right) in the parton level

process e+e→ → ω+ω→
. The presence of entanglement is signaled by C > 0 and the violation of Bell inequalities by

m12 > 1.

The values of the concurrence C and the Horodecki’s condition m12 for energies that range from the
production threshold up to 350 GeV are shown in Fig. 3.1. The plot shows the presence of three distinct
regimes as we vary the CM energy. At low energy the process is dominated by the photon exchange,
yielding the maximal value of the concurrence and of the Bell inequality violation for # = ϑ/2. At
energies close to the Z boson resonance the process is instead dominated by this particle. In Fig. 3.1
this region corresponds to the thin slice centered around

→
s ↓ 90 GeV. At higher energies both the

particles equally contribute to the process and the maximal concurrence and Bell inequality violation

10

FCC-ee



-0.004 -0.002 0.000 0.002 0.0040

1

2

3

4

5

-0.004 -0.002 0.000 0.002 0.0040

1

2

3

4

5

Figure 8: Comparison of ω2
tests obtained for C , M2, DT

, and DF
as we vary individually the F2 and F3 form factors

of the ε lepton in the setup of the LEP3 experiment.

CM energies used at the Belle and LEP3 experiments, as well as for the remaining anomalous couplings
not shown here. The result lends support to our proposal to use the trace distance to highlight new
physics e!ects in the spin correlation reconstructed via quantum tomography.

The relative e!ectiveness of the other quantum information observables depends on the anomalous
coupling and on the energy at which the limit is computed. Though the concurrence is better than
magic for the limit on the anomalous magnetic moment testable at the Belle experiment, in general,
it is less e!ective than magic in constraining the remaining anomalous couplings.
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Similarly, the spin correlation matrix is determined as:

C =
1

C0




→2ω sin2! 0 0

0 2 sin2!
↑
1→ ω2 cos”# sin 2!

0
↑
1→ ω2 cos”# sin 2! 1 + 2ω+ cos 2!



 , (6.13)

in which C0 = 2 + ω+ ω cos 2!.
As shown in Fig. 6, the concurrence and magic depend on the scattering angle. The largest values

of magic are found at | cos!| = 0.53, for which

M2 = 0.658± 0.002 , (6.14)

and the presence of magic is established with a significance well above the 5ε level.

6.2 A comparison

We compare the e$ectiveness of concurrence, magic, trace distance, and fidelity distance in constraining
new physics by taking the case of the two anomalous couplings of the ϑ lepton, F2 and F3, at Belle
and LEP3.

We use for the comparison a ϖ
2 test given by

ϖ
2(ϱ) =

(
O[ςNP(ϱ)]→O(ςSM)

εO

)2

↓ (1), 3.84 (6.15)

set to highlight the (68%) 95% CL as we vary the new physics parameters ϱ = F2, F3 one at time.
The uncertainty εO of each operator O = C , M2, DT , and DF is computed by propagating a common
set of uncertainties given for the Fano coe%cients of the SM density matrix ςSM = ςNP(ϱ = 0). The
involved density matrices are computed analytically for the center of mass energy of the considered
experiments and averaged over the full range covered by the scattering angle. For the trace and fidelity
distances it holds DT (ςSM) = DF (ςSM) = 0.

The ϖ2 curves obtained for the di$erent observables as we vary individually the sizes of the F2 and
F3 form factors are shown in Fig. 7 and Fig. 8, respectively, for the Belle and LEP3 case.

-0.10 -0.05 0.00 0.05 0.100

1

2

3

4

5

-0.04 -0.02 0.00 0.02 0.040

1

2

3

4

5

Figure 7: Comparison of ω2
tests obtained for C , M2, DT

, and DF
as we vary individually the F2 and F3 form factors

of the ε lepton in the setup of the Belle experiment.

We can see by inspection that the trace distance provides the most stringent limits, closely followed
by the fidelity distance. This result holds for the two anomalous couplings here considered and for the
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LEP3

Belle

importance for cryptographic and quantum computing protocols. These phenomena can also be in-
vestigated at collider experiments, in energy ranges and interactions well outside the reach of the
typical quantum information tests [23–25]. Although these observables provide new means to con-
strain physics beyond the SM, it is the density operator that encapsulates most, if not all, of the
available information pertaining to the system under consideration.

In order to fully capitalize on the possibility o!ered by quantum tomography, in this paper we
introduce into high-energy physics two quantities that are routinely used in quantum information to
compare two quantum states: the trace distance and the fidelity. Di!erently from other observables,
trace distance and fidelity utilize the full density matrices of the two target quantum systems and
consequently o!er, once supplemented with the cross section, the means to best constrain parameters
that could source potential discrepancies.

In the following, after introducing these quantities and briefly reviewing their properties, we demon-
strate their use by studying the internal structure of the top quark in QCD by means of recent LHC
data. We then employ them to constrain the anomalous couplings of the ω lepton to gauge bosons, re-
ferring to two benchmark cases tailored to the LEP3 future collider and the ongoing Belle experiment
by means of Monte Carlo simulations. For the latter setup we also sketch the possibilities o!ered by
the spin formalism within quantum tomography. We conclude the paper with a comparison of the
power in constraining new physics of di!erent quantum information observables.

2 Distance and similarity of quantum states

T he trace distance and fidelity are used to quantify the di!erence and the similarity between
two quantum states, in the same way as their classical counterparts quantify the di!erence and

similarity of two probability distributions.
The trace distance between two density matrices ε and ϑ is defined as [26]

DT (ε, ϑ) =
1

2
Tr

√
(ε→ ϑ)†(ε→ ϑ) ↑ 0 , (2.1)

generalizing the Kolmogorov distance used for probabilities distributions. The trace distance is
a metric on the space of density operators and remains invariant under unitary transformations:
DT (ε, ϑ) = DT (U εU

†
, U ϑ U

†), with U a unitary matrix. To see the e!ect of the trace distance
explicitly, consider the simple case in which both ε and ϑ describe, each, a qubit. Then, given

ε =
1

2

[
1 + ϖr · ϖϱ

]
, ϑ =

1

2

[
1 + ϖs · ϖϱ

]
, (2.2)

with ϖϱ being the vector of Pauli matrices, it follows

DT (ε, ϑ) =
↓ϖr → ϖs↓

2
, (2.3)

whereas if [ε,ϱ] = 0, the trace distance recovers the classical expression with probability distributions
given by the eigenvalues of the density matrices.

Contrary to the trace distance, the fidelity

F (ε, ϑ) = Tr
√

↔
ε ϑ

↔
ε , (2.4)

is a similarity measure. Although not manifestly, it holds F (ε, ϑ) = F (ϑ, ε) and the fidelity is bounded
to 0 ↗ F (ε, ϑ) ↗ 1, with the lower bound being saturated if and only if the density matrices have

3

orthogonal supports, and the upper bound if and only if ω = ε. Analogously to the trace distance,
the fidelity is invariant under unitary transformations and recovers its classical counterpart when the
density matrices commute. That the fidelity is a measure of similarity can be seen from Uhlmann’s
theorem [27]

F (ω, ε) = max
|r→,|s→

|→r|s↑| , (2.5)

in which |r↑ and |s↑ are purifications1 of ω and ε, respectively. The fidelity reduces to the overlap
F (|r↑→r| , |s↑→s|) = |→r|s↑| if the two systems being compared are described by pure states |r↑ and |s↑.

Fidelity and trace distance are related via the Fuchs–van de Graaf inequalities [28]

1↓ F (ω, ε) ↔ DT (ω, ε) ↔ DF (ω, ε) , (2.6)

where we introduced the fidelity distance [29]

DF =
√
1↓ F 2 . (2.7)

The fidelity distance is also a metric on the space of density operators [29].2 For pure states, we have
DT (|r↑→r| , |s↑→s|) = DF (|r↑→r| , |s↑→s|). Other fidelity-based metrics are the Bures metric,

↗
2↓ 2F , and

the angle metric, arccosF . A detailed comparison of these metrics is left for future work.
If we take for ω the density matrix for a Standard Model process and for ε the one obtained by

including new physics e!ects, the trace distance and the fidelity can be used to constrain the latter.
The distance measures in Eqs. (2.1)–(2.7) can be written explicitly for Bell-diagonal states in a

simple form. In terms of the Fano coe”cients of Eq. (1.1) Bell-diagonal states have the property that
B

↑ = B
+ = (0, 0, 0). Consequently, the spin correlation matrix can be diagonalized and the state

can be fully characterized by the three diagonal entries of the spin correlation matrix. Consider the
following two states:

ωBD =
1

4

[
1 +

3∑

i=1

Rii(ϑi ↘ ϑi)

]
, εBD =

1

4

[
1 +

3∑

i=1

Sii(ϑi ↘ ϑi)

]
. (2.8)

The trace distance between these states is

DT (ωBD, εBD) =
1

8

(
|(R11 ↓ S11) + (R22 ↓ S22) + (R33 ↓ S33)|

+ |(R11 ↓ S11) + (R22 ↓ S22)↓ (R33 ↓ S33)|

+ |(R11 ↓ S11)↓ (R22 ↓ S22) + (R33 ↓ S33)|

+ |(R11 ↓ S11)↓ (R22 ↓ S22)↓ (R33 ↓ S33)|

)
.

(2.9)

The fidelity distance between these states is

DF (ωBD, εBD) =

[
1↓

1

16

(√
(1↓R11 ↓R22 ↓R33)(1↓ S11 ↓ S22 ↓ S33)

+
√
(1↓R11 +R22 +R33)(1↓ S11 + S22 + S33)

+
√
(1 +R11 ↓R22 +R33)(1 + S11 ↓ S22 + S33)

+
√
(1 +R11 +R22 ↓R33)(1 + S11 + S22 ↓ S33)

)2]1/2
.

(2.10)

1
Given a density operator ω defined over the Hilbert space H, we define its purification as a bipartite pure state

|!→ ↑ H ↓HR built with a fictitious reference system whose possible states span the Hilbert space HR. Then it holds

ω = TrR(|!→↔!|), where the partial trace is taken over the fictitious system.
2
The fidelity distance corresponds to the C(·, ·) metric of Ref. [29].
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Figure 3.4: on the left-hand side: Contextuality of the on-shell gauge boson Z as a function of MZ→ ; on the right-hand side:
Entanglement of the bipartite system.

If the bipartite state of interest is a pure state—like that in Eq. (3.15)—it is possible to quantify its entan-
glement by computing the entropy of entanglement:

E [ω] = →Tr [ωA log ωA] = →Tr [ωB log ωB ] , (3.21)

given by the von Neumann entropy [2] of either of the two component subsystems A or B with reduced density
matrix ωA and ωB , respectively.

It is possible to study the entanglement of the bipartite system as a function of the o!-shell masses MW→

and MZ→ , as shown on the plots on the right-hand side of Fig. 3.3 and 3.5. At the same time, we can plot
the contextuality of the on-shell gauge bosons (left-hand side of the same figures). Fig. 3.3 and 3.5 nicely
show how the increasing entanglement makes the polarization of the on-sell gauge boson more and more of
an incoherent mixture and accordingly, for a certain value of the o!-shell mass, the contextuality test fails
for CNTXT5. As the entanglement increases, the single particle polarization matrix becomes more and more
a mixture. Accordingly, establishing contextuality requires a larger and larger number of projector operators,
first 5 then 9 and eventually 13, the latter in the case of a fully incoherent mixture and no polarization at all
when the bipartite state becomes a Bell state.

3.4 J/ω and K
→(892)0 mesons in B ↑ J/ωK

→ decays

The polarizations of the J/ε andK→(892)0 mesons directly produced in pp collision are very small and consistent
with 0 (see, for instance, [39]). They are larger when produced through B-meson decays. The analysis of the
decay B0

↑ J/εK→(892)0 in [40] is based on the data sample collected in pp collisions at 7 TeV (part of run
1 of the LHC) with the LHCb detector and corresponds to an integrated luminosity of 1 fb↑1. The branching
fraction for this decay is (1.27± 0.05)↓ 10↑3 [33].

The selection of B0
↑ J/εK→(892)0 events, as explained in [40], is based upon the combined decays of the

J/ε ↑ µ+µ↑ and the K→(892)0 ↑ K+ϑ↑ final states. The polarizations of the spin-1 massive particles J/ε
and K→(892)0 can be reconstructed using the momenta of the final charged mesons and leptons in which they
decay. The analysis in [40] gives the two complex polarization amplitudes A↓ and A↔ as well as the non-resonant
amplitude As. We need only the former two and take the following values for the squared moduli and phases
of these polarization amplitudes:

|A↓|
2 = 0.227± 0.004|stat ± 0.011|sys |A↔|

2 = 0.201± 0.004|stat ± 0.008|sys

ϖ↓ [rad] = →2.94± 0.02|stat ± 0.03|sys ϖ↔ [rad] = 2.94± 0.02|stat ± 0.02|sys , (3.22)

with |A0|
2 + |A↔|

2 + |A↓|
2 = 1, and we can take ϖ0 = 0 because there are only two physical phases. The

correlations among the amplitude and phase uncertainties are also provided in [40]. The helicity amplitudes are
mapped into the polarization amplitudes used in Eq. (3.22) by the correspondence

w00 = A0 , w11 =
A↓ +A↔

↔
2

, w1↑1 =
A↓ →A↔

↔
2

. (3.23)
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leading order in the SM, as

h16 =
fM2

V
(→m2

H
+ (1 + f2)M2

V
)

m4
H
→ 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

,

h33 =
1

4

(m2
H
→ (1 + f2)M2

V
)2

m4
H
→ 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

,

h44 =
2f2M4

V

m4
H
→ 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

, (3.16)

The unpolarized squared amplitude |MH |
2 of the process instead reads

|MH |
2 =

g2ω2
V

4f2M2
V

[
m4

H
→ 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

]
. (3.17)

The density matrix in Eq. (3.15) is idempotent due to the identity among the correlation coe!cients h44 =
2
(
h2
16 + 2h2

44

)
signaling that the final V V → state is a pure state [38].

The polarization matrices for the single gauge bosons are obtained by tracing out one of the two states to
obtain

εW,Z = TrW,ZεH = 2




h44 0 0
0 2h33 0
0 0 h44



 . (3.18)

The polarization matrices εW,Z depend on fMV , the fraction of mass assigned to the o”-shell gauge boson.
By taking the benchmark value of f = 0.1 (which correspond to the o”-shell masses MW→ ↑ 8.0 GeV and
MZ→ ↑ 9.2 GeV, respectively, we find

CNTXT5 = 2.2033± 0.0002 and CNTXT9 = 3.3142± 0.0001 , (3.19)

for the W boson and

CNTXT5 = 2.1553± 0.0006 and CNTXT9 = 3.2860± 0.0003 , (3.20)

for the Z boson. The uncertainties are theoretical and come from the values of the Higgs and gauge boson
masses. In all cases, the significance of the non-contextuality condition is more than 5ϑ ????.

3.3.1 The interplay between entanglement and contextuality in polarizations

Figure 3.3: on the left-hand side: Contextuality of the on-shell gauge boson W as a function of MW→ ; on the right-hand side:
Entanglement of the bipartite system.
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matrix of the Z boson in this process is given in the SM by [35,36]






ω00 → 4m0

E2
Z

m2
Z

(c2
V
+ c2

A
) sin2 ε

ω++ → m0

[
(cV + cA)2(1↑ cos ε)2 + (cV ↑ cA)2(1 + cos ε)2

]

ω→→ → m0

[
(cV + cA)2(1 + cos ε)2 + (cV ↑ cA)2(1↑ cos ε)2

]

ω+→ = ω→+ → 2m0(c
2
V
+ c2

A
) sin2 ε

ω+0 = ω0+ →
↓
2m0

EZ

mZ

sin ε
[
(cV + cA)2(1↑ cos ε)↑ (cV ↑ cA)2(1 + cos ε)

]

ω→0 = ω0→ →
↓
2m0

EZ

mZ

sin ε
[
(cV + cA)2(1 + cos ε)↑ (cV ↑ cA)2(1↑ cos ε)

]

(3.12)

in which cV = 1/2 (↑1+4 sin2 εW ), εW is the Weinberg angle, cA = ↑1/2, mZ and EZ = (s↑m2
Z
↑m2

H
/(2

↓
s)

are, respectively, the mass and energy of the gauge boson and

m0 =
g4m2

Z
s

8 cos4 εW (s↑m2
Z
)2

. (3.13)

The angle ε is the polar angle between the direction of the Z- boson and the momentum of the electron, which
is taken to be along the z axis.

The coe!cient m0 simplifies once the density matrix is normalized and the only uncertainty comes from the
Weinberg angle, which enters in the definition of cV , and the mass and energy of the Z-boson.

Figure 3.2 shows the values of CNTXT5 and CNTXT9 as we vary the the energy EZ of the Z boson and the
angle ε.

Let us take as a benchmark the Z boson at rest (EZ ↔ mZ) . The polarization matrix does not depend on
the angle ε (see Fig. 3.2). We compute the context observables in Eq. (2.9) and find.

CNTXT5 = 1.8726± 0.0001 and CNTXT9 = 3.19147± 0.00005 . (3.14)

Non-contextuality is violated with a significance of 5ϑ with nine projectors while it is not violated with five.
The (theoretical) uncertainties are negligible because they only come from those of the Weinberg angle.

3.3 W and Z gauge bosons in Higgs boson decays

The polarization of the massive gauge bosons can also been studied in the decays of the Higg boson. These
decays provide a beautiful example of the interplay between bipartite entanglement and the polarizations of the
individual particles in the system.

The polarization matrix ωH for the two vector bosons emitted in the decay of the Higgs boson is given by [37]

ωH = 2





0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 h44 0 h16 0 h44 0 0
0 0 0 0 0 0 0 0 0
0 0 h16 0 2h33 0 h16 0 0
0 0 0 0 0 0 0 0 0
0 0 h44 0 h16 0 h44 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0





, (3.15)

with the condition Tr [ωH ] = 1 following from the relation 4(h33 + h44) = 1. The coe!cients are given, at the
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The unpolarized squared amplitude |MH |
2 of the process instead reads
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The density matrix in Eq. (3.15) is idempotent due to the identity among the correlation coe!cients h44 =
2
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h2
16 + 2h2

44

)
signaling that the final V V → state is a pure state [38].

The polarization matrices for the single gauge bosons are obtained by tracing out one of the two states to
obtain

εW,Z = TrW,ZεH = 2




h44 0 0
0 2h33 0
0 0 h44



 . (3.18)

The polarization matrices εW,Z depend on fMV , the fraction of mass assigned to the o”-shell gauge boson.
By taking the benchmark value of f = 0.1 (which correspond to the o”-shell masses MW→ ↑ 8.0 GeV and
MZ→ ↑ 9.2 GeV, respectively, we find

CNTXT5 = 2.2033± 0.0002 and CNTXT9 = 3.3142± 0.0001 , (3.19)

for the W boson and

CNTXT5 = 2.1553± 0.0006 and CNTXT9 = 3.2860± 0.0003 , (3.20)

for the Z boson. The uncertainties are theoretical and come from the values of the Higgs and gauge boson
masses. In all cases, the significance of the non-contextuality condition is more than 5ϑ ????.

3.3.1 The interplay between entanglement and contextuality in polarizations

Figure 3.3: on the left-hand side: Contextuality of the on-shell gauge boson W as a function of MW→ ; on the right-hand side:
Entanglement of the bipartite system.
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leading order in the SM, as

h16 =
fM2

V
(→m2

H
+ (1 + f2)M2

V
)

m4
H
→ 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

,

h33 =
1

4

(m2
H
→ (1 + f2)M2

V
)2

m4
H
→ 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

,

h44 =
2f2M4

V

m4
H
→ 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

, (3.16)

The unpolarized squared amplitude |MH |
2 of the process instead reads

|MH |
2 =

g2ω2
V

4f2M2
V

[
m4

H
→ 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

]
. (3.17)

The density matrix in Eq. (3.15) is idempotent due to the identity among the correlation coe!cients h44 =
2
(
h2
16 + 2h2

44

)
signaling that the final V V → state is a pure state [38].

The polarization matrices for the single gauge bosons are obtained by tracing out one of the two states to
obtain

εW,Z = TrW,ZεH = 2




h44 0 0
0 2h33 0
0 0 h44



 . (3.18)

The polarization matrices εW,Z depend on fMV , the fraction of mass assigned to the o”-shell gauge boson.
By taking the benchmark value of f = 0.1 (which correspond to the o”-shell masses MW→ ↑ 8.0 GeV and
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CNTXT5 = 2.1553± 0.0006 and CNTXT9 = 3.2860± 0.0003 , (3.20)

for the Z boson. The uncertainties are theoretical and come from the values of the Higgs and gauge boson
masses. In all cases, the significance of the non-contextuality condition is more than 5ϑ ????.
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Entanglement of the bipartite system.
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Figure 3.4: on the left-hand side: Contextuality of the on-shell gauge boson Z as a function of MZ→ ; on the right-hand side:
Entanglement of the bipartite system.

If the bipartite state of interest is a pure state—like that in Eq. (3.15)—it is possible to quantify its entan-
glement by computing the entropy of entanglement:

E [ω] = →Tr [ωA log ωA] = →Tr [ωB log ωB ] , (3.21)

given by the von Neumann entropy [2] of either of the two component subsystems A or B with reduced density
matrix ωA and ωB , respectively.

It is possible to study the entanglement of the bipartite system as a function of the o!-shell masses MW→

and MZ→ , as shown on the plots on the right-hand side of Fig. 3.3 and 3.5. At the same time, we can plot
the contextuality of the on-shell gauge bosons (left-hand side of the same figures). Fig. 3.3 and 3.5 nicely
show how the increasing entanglement makes the polarization of the on-sell gauge boson more and more of
an incoherent mixture and accordingly, for a certain value of the o!-shell mass, the contextuality test fails
for CNTXT5. As the entanglement increases, the single particle polarization matrix becomes more and more
a mixture. Accordingly, establishing contextuality requires a larger and larger number of projector operators,
first 5 then 9 and eventually 13, the latter in the case of a fully incoherent mixture and no polarization at all
when the bipartite state becomes a Bell state.

3.4 J/ω and K
→(892)0 mesons in B ↑ J/ωK

→ decays

The polarizations of the J/ε andK→(892)0 mesons directly produced in pp collision are very small and consistent
with 0 (see, for instance, [39]). They are larger when produced through B-meson decays. The analysis of the
decay B0

↑ J/εK→(892)0 in [40] is based on the data sample collected in pp collisions at 7 TeV (part of run
1 of the LHC) with the LHCb detector and corresponds to an integrated luminosity of 1 fb↑1. The branching
fraction for this decay is (1.27± 0.05)↓ 10↑3 [33].

The selection of B0
↑ J/εK→(892)0 events, as explained in [40], is based upon the combined decays of the

J/ε ↑ µ+µ↑ and the K→(892)0 ↑ K+ϑ↑ final states. The polarizations of the spin-1 massive particles J/ε
and K→(892)0 can be reconstructed using the momenta of the final charged mesons and leptons in which they
decay. The analysis in [40] gives the two complex polarization amplitudes A↓ and A↔ as well as the non-resonant
amplitude As. We need only the former two and take the following values for the squared moduli and phases
of these polarization amplitudes:

|A↓|
2 = 0.227± 0.004|stat ± 0.011|sys |A↔|

2 = 0.201± 0.004|stat ± 0.008|sys

ϖ↓ [rad] = →2.94± 0.02|stat ± 0.03|sys ϖ↔ [rad] = 2.94± 0.02|stat ± 0.02|sys , (3.22)

with |A0|
2 + |A↔|

2 + |A↓|
2 = 1, and we can take ϖ0 = 0 because there are only two physical phases. The

correlations among the amplitude and phase uncertainties are also provided in [40]. The helicity amplitudes are
mapped into the polarization amplitudes used in Eq. (3.22) by the correspondence

w00 = A0 , w11 =
A↓ +A↔

↔
2

, w1↑1 =
A↓ →A↔

↔
2

. (3.23)
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2 Contextuality inequalities

C ontextuality in physics describes how or whether the details of an observation a!ect what is observed.
We mean that the results of measurements can depend on how we made the measurement, or what

combination of measurements we chose to do. It implies the impossibility of assigning a value to the result
of the measurement of a physical property independently of the measurement context, namely, on what other
properties are simultaneously measured with it.

Non-contextual hidden variable models attribute fixed values to physical observables, independently to the
contextual measurement of additional observables. This is not in general possible while maintaining the mutual
algebraic relations among these observables as predicted by quantum mechanics. Contextuality is expected to
show up in all quantum systems starting with Hilbert spaces of dimension three [7,8]. Accordingly, we can look
for it in particle physics in single spin-1 massive particles (qutrits, that is spaces of dimension three) and, next
for complexity, bipartite systems of two spin-1/2 particles (2 quibits, that is spaces of dimension four).

2.1 Space of dimension three

The simplest instance showing the contradiction between classical and quantum attributes is realized in a
single spin-1 system, and it involves five dichotomic observables Oi, i = 1, 2, 3, 4, 5, with output oi taking the
values ±1. These observables are assumed to be measured together in pairs according to the five grouping
{(1, 2), (2, 3), (3, 4), (4, 5), (5, 1)}, so that the in quantum mechanics the operator Oi commutes with Oi+1,
but in general not with the remaining ones. Since in a non-contextual theory the outcomes oi have well-defined
values, the following inequality holds:

o1 o2 + o2 o3 + o3 o4 + o4 o5 + o5 o1 → ↑3 . (2.1)

This leads to the corresponding inequality for the average values of the observables:

↓O1 O2↔ + ↓O2 O3↔ + ↓O3 O4↔ + ↓O4 O5↔ + ↓O5 O1↔ → ↑3 . (2.2)

A graphical representation of this relation can be given by introducing five three-dimensional projectors

”i ↗ |vi↔↓vi| , i = 1, . . . 5 , (2.3)

in terms of five vectors |vi↔, with ↓vi|vi+1↔ = 0 so that the observables Oi = 1 ↑ 2”i respect the above
assignements. One can then associate to each vector |vi↔ the vertex of a pentagon, as in Fig.(2.1), while the
inequality (2.2) reduces to

5∑

i=1

↓”i↔ ↘ 2 . (2.4)

As we shall explicitly see, there exist choices of five binary, pairwise commuting observables, or equivalently five
pairwise orthogonal vectors, such that the inequality (2.4) is violated for some quantum spin-1 states.

This construction can be generalized using more observables, or equivalently more vectors organized as
vertices of more elaborated graphs [19] than a simple pentagon (see, Fig.(2.1)); in general, the more operators
are involved in the non-contextuality inequality, the more states violate it. It has been shown that the minimum
number of projectors operators needed for constructing a non-contextuality test violated by all spin-1 quantum
states is 13. States at colliders can be tested to determine the minimum number of operators necessary to make
contextuality apparent. While a pure state is generically expected to violate a non-contextual inequality based
on a graph of just 5 vertices [20], all but fully mixed states show contextuality using a graph of 9 vertices [21],
the fully mixed one will only show contextuality with a graph containing 13 vertices.

The projection operators in Eq. (2.3) can be given explicitly by starting with unit vectors satisfying orthog-
onality conditions when taken two by two. We are interested in graphs of operators with 5, 9 and 13 elements.
The set of 5 unit vectors can be taken to be [22]

|vj↔ =
(
cosω, sinω cos

4εj

5
, sinω sin

4εj

5

)T

with cos2 ω =
cosε/5

1 + cosε/5
, (2.5)
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with j = 1, 2, 3, 4 and 5. The set of 9 unit vectors is given by [21]

|v1→ = (1, 0, 0)T , |v2→ = (0, 1, 0)T , |v3→ = (0, 0, 1)T ,

|v4→ = 1/
↑
2(0, 1,↓1)T , |v5→ = 1/

↑
3(1, 0,↓

↑
2)T , |v6→ = 1/

↑
3(1,

↑
2, 0)T ,

|v7→ = 1/2(
↑
2, 1, 1)T , |v8→ = 1/2(

↑
2,↓1,↓1)T , |v9→ = 1/2(

↑
2,↓1, 1)T . (2.6)

Finally, the 13 unit vectors are given as [23]

|v1→ = (1, 0, 0)T , |v2→ = 1/
↑
2(0, 1, 1)T , |v3→ = 1/

↑
3(1,↓1, 1)T ,

|v4→ = 1/
↑
2(1, 1, 0)T , |v5→ = (0, 0, 1)T , |v6→ = 1/

↑
2(0, 1,↓1)T ,

|v7→ = 1/
↑
3(1, 1, 1)T , |v8→ = 1

↑
2(1,↓1, 0)T , |v9→ = 1/

↑
2(1, 0,↓1)T ,

|v10→ = 1/
↑
2(1, 0, 1)T , |v11→ = (0, 1, 0)T , |v12→ = 1/

↑
3(↓1, 1, 1)T ,

|v13→ = 1/
↑
3(1, 1,↓1)T . (2.7)

Di!erent choices are discussed in the review articles [15,16]. The projection operators are then defined—like

Figure 2.1: Graphs of five and nine projector operators showing the classical exclusivity conditions. The dark vertices correspond
to the possible values of 1 assigned in a context independent manner. A gray vertex represents the value 0.

in Eq. (2.3)—as
”i ↔ |vi→↗vi| , (2.8)

which can take the values 0 or 1.
Non-contextuality is verified if the sum of the expectation values of the N projection operators satisfies the

following inequality:

CNTXTN ↔

N∑

i=1

↗”i→ =
N∑

i=1

Tr (ω”i) ↘ cN , (2.9)

in which ω is the density matrix representing the spin 1 polarization state and c5 = 2, c9 = 3 and c13 = 4. These
values are found by considering the largest number of possible insertions of projectors with the same outcome 1
in the corresponding graph, without violating the condition that two consecutive vertices can not have assigned
the value 1, [19] as shown, for the case of 5 and 9 operators, in Fig. 2.1. The smallest case corresponding to
a chain of 5 operators is equivalent to the Klyachko-Can-Binicioglu-Shumovsky (KCBS) inequality [20]. The
chain of 9 projectors was intruced [21]. The case with 13 operators was used by S. Yu and C.H. Oh in their
proof of the Bell-Kochen-Specker theorem, which was originally based on 117 unit vectors [8]. The inequalities
in Eq. (2.9) have an upper limit as well: in quantum mechanics is

↑
5 for the KCBS’s, 10/3 for the case of 9

operator and 13/3 for 13 operators.
The non-contextuality inequality in Eq. (2.9) is a ‘Yes’ or ‘No’ condition and as such does not lend itself to

a quantitative estimate. Nevertheless the significance of the answer—the amount of assurance in, say, the ‘No’
answer—does depend on the numerical value of CNTXTN . The 3 ≃ 3 matrix ” ↔

∑
i
”i can be diagonalized

by an unitary transformation, ” = V”DV †; by replacing the initial set of vectors {|vi→} with the new ones
{V †

|vi→}, having among themselves the same inner products as the original ones, the expectation value in (2.9)

5

with j = 1, 2, 3, 4 and 5. The set of 9 unit vectors is given by [21]

|v1→ = (1, 0, 0)T , |v2→ = (0, 1, 0)T , |v3→ = (0, 0, 1)T ,

|v4→ = 1/
↑
2(0, 1,↓1)T , |v5→ = 1/

↑
3(1, 0,↓

↑
2)T , |v6→ = 1/

↑
3(1,

↑
2, 0)T ,

|v7→ = 1/2(
↑
2, 1, 1)T , |v8→ = 1/2(

↑
2,↓1,↓1)T , |v9→ = 1/2(

↑
2,↓1, 1)T . (2.6)

Finally, the 13 unit vectors are given as [23]

|v1→ = (1, 0, 0)T , |v2→ = 1/
↑
2(0, 1, 1)T , |v3→ = 1/

↑
3(1,↓1, 1)T ,

|v4→ = 1/
↑
2(1, 1, 0)T , |v5→ = (0, 0, 1)T , |v6→ = 1/

↑
2(0, 1,↓1)T ,

|v7→ = 1/
↑
3(1, 1, 1)T , |v8→ = 1

↑
2(1,↓1, 0)T , |v9→ = 1/

↑
2(1, 0,↓1)T ,

|v10→ = 1/
↑
2(1, 0, 1)T , |v11→ = (0, 1, 0)T , |v12→ = 1/

↑
3(↓1, 1, 1)T ,

|v13→ = 1/
↑
3(1, 1,↓1)T . (2.7)

Di!erent choices are discussed in the review articles [15,16]. The projection operators are then defined—like

Figure 2.1: Graphs of five and nine projector operators showing the classical exclusivity conditions. The dark vertices correspond
to the possible values of 1 assigned in a context independent manner. A gray vertex represents the value 0.

in Eq. (2.3)—as
”i ↔ |vi→↗vi| , (2.8)

which can take the values 0 or 1.
Non-contextuality is verified if the sum of the expectation values of the N projection operators satisfies the

following inequality:

CNTXTN ↔

N∑

i=1

↗”i→ =
N∑

i=1

Tr (ω”i) ↘ cN , (2.9)

in which ω is the density matrix representing the spin 1 polarization state and c5 = 2, c9 = 3 and c13 = 4. These
values are found by considering the largest number of possible insertions of projectors with the same outcome 1
in the corresponding graph, without violating the condition that two consecutive vertices can not have assigned
the value 1, [19] as shown, for the case of 5 and 9 operators, in Fig. 2.1. The smallest case corresponding to
a chain of 5 operators is equivalent to the Klyachko-Can-Binicioglu-Shumovsky (KCBS) inequality [20]. The
chain of 9 projectors was intruced [21]. The case with 13 operators was used by S. Yu and C.H. Oh in their
proof of the Bell-Kochen-Specker theorem, which was originally based on 117 unit vectors [8]. The inequalities
in Eq. (2.9) have an upper limit as well: in quantum mechanics is

↑
5 for the KCBS’s, 10/3 for the case of 9

operator and 13/3 for 13 operators.
The non-contextuality inequality in Eq. (2.9) is a ‘Yes’ or ‘No’ condition and as such does not lend itself to

a quantitative estimate. Nevertheless the significance of the answer—the amount of assurance in, say, the ‘No’
answer—does depend on the numerical value of CNTXTN . The 3 ≃ 3 matrix ” ↔

∑
i
”i can be diagonalized

by an unitary transformation, ” = V”DV †; by replacing the initial set of vectors {|vi→} with the new ones
{V †

|vi→}, having among themselves the same inner products as the original ones, the expectation value in (2.9)

5

with j = 1, 2, 3, 4 and 5. The set of 9 unit vectors is given by [21]

|v1→ = (1, 0, 0)T , |v2→ = (0, 1, 0)T , |v3→ = (0, 0, 1)T ,

|v4→ = 1/
↑
2(0, 1,↓1)T , |v5→ = 1/

↑
3(1, 0,↓

↑
2)T , |v6→ = 1/

↑
3(1,

↑
2, 0)T ,

|v7→ = 1/2(
↑
2, 1, 1)T , |v8→ = 1/2(

↑
2,↓1,↓1)T , |v9→ = 1/2(

↑
2,↓1, 1)T . (2.6)

Finally, the 13 unit vectors are given as [23]

|v1→ = (1, 0, 0)T , |v2→ = 1/
↑
2(0, 1, 1)T , |v3→ = 1/

↑
3(1,↓1, 1)T ,

|v4→ = 1/
↑
2(1, 1, 0)T , |v5→ = (0, 0, 1)T , |v6→ = 1/

↑
2(0, 1,↓1)T ,

|v7→ = 1/
↑
3(1, 1, 1)T , |v8→ = 1

↑
2(1,↓1, 0)T , |v9→ = 1/

↑
2(1, 0,↓1)T ,

|v10→ = 1/
↑
2(1, 0, 1)T , |v11→ = (0, 1, 0)T , |v12→ = 1/

↑
3(↓1, 1, 1)T ,

|v13→ = 1/
↑
3(1, 1,↓1)T . (2.7)

Di!erent choices are discussed in the review articles [15,16]. The projection operators are then defined—like

Figure 2.1: Graphs of five and nine projector operators showing the classical exclusivity conditions. The dark vertices correspond
to the possible values of 1 assigned in a context independent manner. A gray vertex represents the value 0.

in Eq. (2.3)—as
”i ↔ |vi→↗vi| , (2.8)

which can take the values 0 or 1.
Non-contextuality is verified if the sum of the expectation values of the N projection operators satisfies the

following inequality:

CNTXTN ↔

N∑

i=1

↗”i→ =
N∑

i=1

Tr (ω”i) ↘ cN , (2.9)

in which ω is the density matrix representing the spin 1 polarization state and c5 = 2, c9 = 3 and c13 = 4. These
values are found by considering the largest number of possible insertions of projectors with the same outcome 1
in the corresponding graph, without violating the condition that two consecutive vertices can not have assigned
the value 1, [19] as shown, for the case of 5 and 9 operators, in Fig. 2.1. The smallest case corresponding to
a chain of 5 operators is equivalent to the Klyachko-Can-Binicioglu-Shumovsky (KCBS) inequality [20]. The
chain of 9 projectors was intruced [21]. The case with 13 operators was used by S. Yu and C.H. Oh in their
proof of the Bell-Kochen-Specker theorem, which was originally based on 117 unit vectors [8]. The inequalities
in Eq. (2.9) have an upper limit as well: in quantum mechanics is

↑
5 for the KCBS’s, 10/3 for the case of 9

operator and 13/3 for 13 operators.
The non-contextuality inequality in Eq. (2.9) is a ‘Yes’ or ‘No’ condition and as such does not lend itself to

a quantitative estimate. Nevertheless the significance of the answer—the amount of assurance in, say, the ‘No’
answer—does depend on the numerical value of CNTXTN . The 3 ≃ 3 matrix ” ↔

∑
i
”i can be diagonalized

by an unitary transformation, ” = V”DV †; by replacing the initial set of vectors {|vi→} with the new ones
{V †

|vi→}, having among themselves the same inner products as the original ones, the expectation value in (2.9)

5

with j = 1, 2, 3, 4 and 5. The set of 9 unit vectors is given by [21]

|v1→ = (1, 0, 0)T , |v2→ = (0, 1, 0)T , |v3→ = (0, 0, 1)T ,

|v4→ = 1/
↑
2(0, 1,↓1)T , |v5→ = 1/

↑
3(1, 0,↓

↑
2)T , |v6→ = 1/

↑
3(1,

↑
2, 0)T ,

|v7→ = 1/2(
↑
2, 1, 1)T , |v8→ = 1/2(

↑
2,↓1,↓1)T , |v9→ = 1/2(

↑
2,↓1, 1)T . (2.6)

Finally, the 13 unit vectors are given as [23]

|v1→ = (1, 0, 0)T , |v2→ = 1/
↑
2(0, 1, 1)T , |v3→ = 1/

↑
3(1,↓1, 1)T ,

|v4→ = 1/
↑
2(1, 1, 0)T , |v5→ = (0, 0, 1)T , |v6→ = 1/

↑
2(0, 1,↓1)T ,

|v7→ = 1/
↑
3(1, 1, 1)T , |v8→ = 1

↑
2(1,↓1, 0)T , |v9→ = 1/

↑
2(1, 0,↓1)T ,

|v10→ = 1/
↑
2(1, 0, 1)T , |v11→ = (0, 1, 0)T , |v12→ = 1/

↑
3(↓1, 1, 1)T ,

|v13→ = 1/
↑
3(1, 1,↓1)T . (2.7)

Di!erent choices are discussed in the review articles [15,16]. The projection operators are then defined—like

Figure 2.1: Graphs of five and nine projector operators showing the classical exclusivity conditions. The dark vertices correspond
to the possible values of 1 assigned in a context independent manner. A gray vertex represents the value 0.

in Eq. (2.3)—as
”i ↔ |vi→↗vi| , (2.8)

which can take the values 0 or 1.
Non-contextuality is verified if the sum of the expectation values of the N projection operators satisfies the

following inequality:

CNTXTN ↔

N∑

i=1

↗”i→ =
N∑

i=1

Tr (ω”i) ↘ cN , (2.9)

in which ω is the density matrix representing the spin 1 polarization state and c5 = 2, c9 = 3 and c13 = 4. These
values are found by considering the largest number of possible insertions of projectors with the same outcome 1
in the corresponding graph, without violating the condition that two consecutive vertices can not have assigned
the value 1, [19] as shown, for the case of 5 and 9 operators, in Fig. 2.1. The smallest case corresponding to
a chain of 5 operators is equivalent to the Klyachko-Can-Binicioglu-Shumovsky (KCBS) inequality [20]. The
chain of 9 projectors was intruced [21]. The case with 13 operators was used by S. Yu and C.H. Oh in their
proof of the Bell-Kochen-Specker theorem, which was originally based on 117 unit vectors [8]. The inequalities
in Eq. (2.9) have an upper limit as well: in quantum mechanics is

↑
5 for the KCBS’s, 10/3 for the case of 9

operator and 13/3 for 13 operators.
The non-contextuality inequality in Eq. (2.9) is a ‘Yes’ or ‘No’ condition and as such does not lend itself to

a quantitative estimate. Nevertheless the significance of the answer—the amount of assurance in, say, the ‘No’
answer—does depend on the numerical value of CNTXTN . The 3 ≃ 3 matrix ” ↔

∑
i
”i can be diagonalized

by an unitary transformation, ” = V”DV †; by replacing the initial set of vectors {|vi→} with the new ones
{V †

|vi→}, having among themselves the same inner products as the original ones, the expectation value in (2.9)

5

with j = 1, 2, 3, 4 and 5. The set of 9 unit vectors is given by [21]

|v1→ = (1, 0, 0)T , |v2→ = (0, 1, 0)T , |v3→ = (0, 0, 1)T ,

|v4→ = 1/
↑
2(0, 1,↓1)T , |v5→ = 1/

↑
3(1, 0,↓

↑
2)T , |v6→ = 1/

↑
3(1,

↑
2, 0)T ,

|v7→ = 1/2(
↑
2, 1, 1)T , |v8→ = 1/2(

↑
2,↓1,↓1)T , |v9→ = 1/2(

↑
2,↓1, 1)T . (2.6)

Finally, the 13 unit vectors are given as [23]

|v1→ = (1, 0, 0)T , |v2→ = 1/
↑
2(0, 1, 1)T , |v3→ = 1/

↑
3(1,↓1, 1)T ,

|v4→ = 1/
↑
2(1, 1, 0)T , |v5→ = (0, 0, 1)T , |v6→ = 1/

↑
2(0, 1,↓1)T ,

|v7→ = 1/
↑
3(1, 1, 1)T , |v8→ = 1

↑
2(1,↓1, 0)T , |v9→ = 1/

↑
2(1, 0,↓1)T ,

|v10→ = 1/
↑
2(1, 0, 1)T , |v11→ = (0, 1, 0)T , |v12→ = 1/

↑
3(↓1, 1, 1)T ,

|v13→ = 1/
↑
3(1, 1,↓1)T . (2.7)

Di!erent choices are discussed in the review articles [15,16]. The projection operators are then defined—like

Figure 2.1: Graphs of five and nine projector operators showing the classical exclusivity conditions. The dark vertices correspond
to the possible values of 1 assigned in a context independent manner. A gray vertex represents the value 0.

in Eq. (2.3)—as
”i ↔ |vi→↗vi| , (2.8)

which can take the values 0 or 1.
Non-contextuality is verified if the sum of the expectation values of the N projection operators satisfies the

following inequality:

CNTXTN ↔

N∑

i=1

↗”i→ =
N∑

i=1

Tr (ω”i) ↘ cN , (2.9)

in which ω is the density matrix representing the spin 1 polarization state and c5 = 2, c9 = 3 and c13 = 4. These
values are found by considering the largest number of possible insertions of projectors with the same outcome 1
in the corresponding graph, without violating the condition that two consecutive vertices can not have assigned
the value 1, [19] as shown, for the case of 5 and 9 operators, in Fig. 2.1. The smallest case corresponding to
a chain of 5 operators is equivalent to the Klyachko-Can-Binicioglu-Shumovsky (KCBS) inequality [20]. The
chain of 9 projectors was intruced [21]. The case with 13 operators was used by S. Yu and C.H. Oh in their
proof of the Bell-Kochen-Specker theorem, which was originally based on 117 unit vectors [8]. The inequalities
in Eq. (2.9) have an upper limit as well: in quantum mechanics is

↑
5 for the KCBS’s, 10/3 for the case of 9

operator and 13/3 for 13 operators.
The non-contextuality inequality in Eq. (2.9) is a ‘Yes’ or ‘No’ condition and as such does not lend itself to

a quantitative estimate. Nevertheless the significance of the answer—the amount of assurance in, say, the ‘No’
answer—does depend on the numerical value of CNTXTN . The 3 ≃ 3 matrix ” ↔

∑
i
”i can be diagonalized

by an unitary transformation, ” = V”DV †; by replacing the initial set of vectors {|vi→} with the new ones
{V †

|vi→}, having among themselves the same inner products as the original ones, the expectation value in (2.9)
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c5 = 2 c9 = 3 c13 = 4

the limitations of this technique can be found in [28].
The results presented in the paper demonstrate the study and establish the detection of contextuality at

high energies and in the presence of strong and electroweak interactions. Particle physics provides the ideal
setting for these studies and the ultimate testing ground for the predictions of quantum mechanics.

2 Non-contextuality inequalities

I n physics, contextuality describes how, or whether, the details of an observation a!ect what is ob-
served. The result of a measurement could depend on how the measurement was made, as well as on the

specific combination of observables that we chose to measure simultaneously. Based on these ideas, contextuality
implies the impossibility of assigning intrinsic values to observables that transcend the specifics of the exper-
imental protocol. In other words, contextuality states the impossibility of characterizing a physical property
independently of what other properties—the context—are simultaneously measured with it.

Non-contextual hidden variable models then attribute to physical observables set values, which exist inde-
pendently of the context provided by the simultaneous measurement of additional observables. In general, this
requirement does not preserve the mutual algebraic relations among observables predicted by quantum mechan-
ics, thereby allowing for measurable experimental consequences. Contextuality is expected to be present in all
quantum systems described by Hilbert spaces of dimension three [7,8] or larger. Accordingly, in particle physics,
we can investigate this e!ect by using single spin-1 massive particles, which spin state (a qutrit) belongs to an
Hilbert space of dimension three. Next by complexity, we can use composite systems formed by two spin-1/2
particles, a bipartite qubit system described by the tensor product of two dimension-two Hilbert spaces.

2.1 Three-level systems

Testing quantum contextuality with qutrits involves five dichotomic observables Oi, i = 1, 2, 3, 4, 5, each
with output oi taking the values ±1, chosen so that the operator Oi commutes with Oi+1, but in general
not with the remaining ones. These observables are to be measured in pairs, as specified by the grouping
{(1, 2), (2, 3), (3, 4), (4, 5), (5, 1)} and, since in a non-contextual theory the outcomes oi have well-defined
values, the following inequality holds:

o1 o2 + o2 o3 + o3 o4 + o4 o5 + o5 o1 → ↑3 . (2.1)

Equivalently, the corresponding inequality for the expectation values of the observables is given by:

↓O1 O2↔ + ↓O2 O3↔ + ↓O3 O4↔ + ↓O4 O5↔ + ↓O5 O1↔ → ↑3 . (2.2)

A graphical representation of this relation can be obtained by introducing a set of three-dimensional projectors

”i ↗ |vi↔↓vi|, (2.3)

specified here by the vectors |vi↔, i = 1, . . . , 5 , with ↓vi|vi+1↔ = 0 so that the observables Oi = 1↑ 2”i respect
the above assignments. Each vector |vi↔ can then be associated to the vertex of a pentagon, as in Fig.(2.1), and
the inequality (2.2) reduces to

5∑

i=1

↓”i↔ ↘ 2 . (2.4)

As we shall explicitly see, it is possible to choose five binary and pairwise-commuting observables or, equiva-
lently, five pairwise-orthogonal vectors such that the inequality (2.4) is violated when tested on a qutrit state
implemented with a massive spin-1 particle.

This construction can be generalized by using more observables or, equivalently, more vectors organized as
vertices of graphs [29] more elaborated than a simple pentagon. In general, the larger the number of operators
involved in the non-contextuality inequality, the larger is the amount of states that do violate it. It has
been shown that the minimum number of projector operators needed for constructing a non-contextuality test
violated by all spin-1 quantum states is 13. Qutrit states produced at colliders can be tested to determine the
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will involve the diagonal matrices !D. The contextuality condition is then maximized by aligning the largest
eigenvalue of ω with that of !D [21].

The case of CNTXT13 is special since the sum of projection operator is proportional to the identity matrix
and therefore the test becomes independent of the state used to compute the expectation values. In order
to actually test the inequality CNTXT13 < 4, it is necessary to set up an experiment directly measuring the
operator algebra—which is impossible with current collider detectors.

The inequalities in Eq. (2.9) only provide a ‘Yes’ or ‘No’ test of contextuality. Nevertheless, in the applications
we discuss they come to depend on one or more kinematic parameters. The choice of at which values of these
parameters the inequality has to be evaluated is only relevant when we want to asses the significance of the
violation of the inequality—which we do by taking benchmark values.

2.2 Space of dimension four

A space of dimension four is next. It is best exemplified in particle physics by the bipartite system of two
spin-1/2 particles.

Let us consider nine dichotomic observables, organized into a 3 → 3 matrix Oij , i, j = 1, 2, 3, with corre-
sponding outputs oij taking the two values ±1, and form the following combination of outputs:

o11 o12 o13 + o21 o22 o23 + o31 o32 o33 + o11 o21 o31 + o12 o22 o32 ↑ o13 o23 o33 , (2.10)

that involves products of the rows and of the columns of the matrix oij . In a non-contextual theory the nine
outcomes oij have predefined assignements; when all of them are 1, the combination (2.10) reaches its maximum
value of 4, as changing the assignment of just one output oij to ↑1 changes the sign of two of the addenda in
the combination (2.10), reducing the total result to less than 4.

Assuming the observables Oij belonging to the same row or the same column to be jointly measurable, from
the previous considerations one gets the following inequality for the average values [16, 24]:

↓O11 O12 O13↔+ ↓O21 O22 O23↔+ ↓O31 O32 O33↔+ ↓O11 O21 O31↔+ ↓O12 O22 O32↔ ↑ ↓O13 O23 O33↔ ↗ 4 . (2.11)

For a system composed by two spin-1/2 particles, a four-dimensional, two qubit system, a convenient choice of
observables Oij involves Pauli matrices:

O11 = ε3 ↘ 1 O12 = 1 ↘ ε3 O13 = ε3 ↘ ε3

O21 = 1 ↘ ε1 O22 = ε1 ↘ 1 O23 = ε1 ↘ ε1

O31 = ε3 ↘ ε1 O32 = ε1 ↘ ε3 O33 = ε2 ↘ ε2 . (2.12)

Inserting these assignments in the mean values appearing in Eq. (2.11), the inequality is violated independently
of the state on which is to be evaluated. It is known as the Peres-Marmin square [25–27].

The non-contextuality condition in Eq. (2.11) can be reduced to a simpler one which is state dependent [28]
by choosing O33 = 1 ↘ 1 instead. With this choice, Eq. (2.11) becomes

CNTXT→
≃

〈
(ε3 ↘ ε1)(ε1 ↘ ε3)

〉
↑

〈
(ε3 ↘ ε3)(ε1 ↘ ε1)

〉
↗ 0 (2.13)

which is the expectation value of the matrix




0 0 0 ↑2
0 0 2 0
0 2 0 0
↑2 0 0 0



 . (2.14)

The two averages in Eq. (2.13) can take the values ±1 when evaluated between the Bell states eigenvectors of
(2.14). The contextuality condition arises from the necessity of having the expectation values of the operator
(ε3 ↘ ε1)(ε1 ↘ ε3) positive while simultaneously that of the operator (ε3 ↘ ε3)(ε1 ↘ ε1) negative—which is
impossible without context dependence. In quantum mechanics the largest value possible for CNTXT→ (as well
as for CNTXT→→ and CNTXT→→→ below) is 2.
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Interestingly, if one instead chooses for the observables O12, O22, O31, O32 and O33 the same assignment
1 → 1 instead of those in (2.12), the non-contextual inequality (2.11) reduces to

↑O11 O13↓+ ↑O21 O23↓+ ↑O11 O21↓ ↔ ↑O13 O23↓ ↗ 2 , (2.15)

which is equivalent to the Clauser-Horn-Shimony-Holt Bell inequality, showing in this particular case the strict
connection between contextuality and Bell non-locality in quantum theory [29].1

The inequality Eq. (2.13), being state-dependent, is violated by a certain class of two-qubit states, but not
all. Other, complementary, non-contextaulity tests can be obtained by changing the reference Cartesian axis.
For instance, the two simplest rotations corresponding to the cyclic permutations of the Pauli matrices gives
rise to the following inequalities:

CNTXT→→
↘

〈
(ω1 → ω2)(ω2 → ω1)

〉
↔
〈
(ω1 → ω1)(ω2 → ω2)

〉
↗ 0 (2.16)

and
CNTXT→→→

↘
〈
(ω2 → ω3)(ω3 → ω2)

〉
↔

〈
(ω2 → ω2)(ω3 → ω3)

〉
↗ 0 . (2.17)

The inequality derived by means of these combinations can be used with the original one in Eq. (2.13) in testing
by means of di!erent states at di!erent points in the kinematic space. These three combinations su”ce in
testing for non-contextuality in all the examples we shall discuss but for the top quark pairs at threshold at
the LHC. The latter is described by a density matrix that is in general a complicated mixture and we need
maximize at each point in the kinematic space by rotating the Pauli matrices by means of two unitary matrices
U and V :

(U → V )† ·
[
(ω3 → ω1)(ω1 → ω3)↔ (ω3 → ω3)(ω1 → ω1)

]
· (U → V ) . (2.18)

In the examples we shall discuss, the non-contextuality inequalities depend on one or more kinematic pa-
rameters, whose values we take at some benchmark choice so as to maximize the significance of the violation.

3 Testing spin-1 massive particles

S pin 1 massive particles are the simplest physical system on which to test for the presence of contextuality.
According to the Standard Model, the only spin 1 massive elementary particles are the vector gauge bosons.

There exist also composite massive states with spin 1 among the mesons. Experimental data are available on
W gauge bosons and the spin 1 mesons J/ε, K↑(892)0 and ϑ. The data analyses provide the polarization or
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⇒
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⇒
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polarizations. The polarization density matrix is given explicitly as
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will involve the diagonal matrices !D. The contextuality condition is then maximized by aligning the largest
eigenvalue of ω with that of !D [21].

The case of CNTXT13 is special since the sum of projection operator is proportional to the identity matrix
and therefore the test becomes independent of the state used to compute the expectation values. In order
to actually test the inequality CNTXT13 < 4, it is necessary to set up an experiment directly measuring the
operator algebra—which is impossible with current collider detectors.

The inequalities in Eq. (2.9) only provide a ‘Yes’ or ‘No’ test of contextuality. Nevertheless, in the applications
we discuss they come to depend on one or more kinematic parameters. The choice of at which values of these
parameters the inequality has to be evaluated is only relevant when we want to asses the significance of the
violation of the inequality—which we do by taking benchmark values.

2.2 Space of dimension four

A space of dimension four is next. It is best exemplified in particle physics by the bipartite system of two
spin-1/2 particles.

Let us consider nine dichotomic observables, organized into a 3 → 3 matrix Oij , i, j = 1, 2, 3, with corre-
sponding outputs oij taking the two values ±1, and form the following combination of outputs:

o11 o12 o13 + o21 o22 o23 + o31 o32 o33 + o11 o21 o31 + o12 o22 o32 ↑ o13 o23 o33 , (2.10)

that involves products of the rows and of the columns of the matrix oij . In a non-contextual theory the nine
outcomes oij have predefined assignements; when all of them are 1, the combination (2.10) reaches its maximum
value of 4, as changing the assignment of just one output oij to ↑1 changes the sign of two of the addenda in
the combination (2.10), reducing the total result to less than 4.

Assuming the observables Oij belonging to the same row or the same column to be jointly measurable, from
the previous considerations one gets the following inequality for the average values [16, 24]:

↓O11 O12 O13↔+ ↓O21 O22 O23↔+ ↓O31 O32 O33↔+ ↓O11 O21 O31↔+ ↓O12 O22 O32↔ ↑ ↓O13 O23 O33↔ ↗ 4 . (2.11)

For a system composed by two spin-1/2 particles, a four-dimensional, two qubit system, a convenient choice of
observables Oij involves Pauli matrices:

O11 = ε3 ↘ 1 O12 = 1 ↘ ε3 O13 = ε3 ↘ ε3

O21 = 1 ↘ ε1 O22 = ε1 ↘ 1 O23 = ε1 ↘ ε1

O31 = ε3 ↘ ε1 O32 = ε1 ↘ ε3 O33 = ε2 ↘ ε2 . (2.12)

Inserting these assignments in the mean values appearing in Eq. (2.11), the inequality is violated independently
of the state on which is to be evaluated. It is known as the Peres-Marmin square [25–27].

The non-contextuality condition in Eq. (2.11) can be reduced to a simpler one which is state dependent [28]
by choosing O33 = 1 ↘ 1 instead. With this choice, Eq. (2.11) becomes

CNTXT→
≃

〈
(ε3 ↘ ε1)(ε1 ↘ ε3)

〉
↑

〈
(ε3 ↘ ε3)(ε1 ↘ ε1)

〉
↗ 0 (2.13)

which is the expectation value of the matrix




0 0 0 ↑2
0 0 2 0
0 2 0 0
↑2 0 0 0



 . (2.14)

The two averages in Eq. (2.13) can take the values ±1 when evaluated between the Bell states eigenvectors of
(2.14). The contextuality condition arises from the necessity of having the expectation values of the operator
(ε3 ↘ ε1)(ε1 ↘ ε3) positive while simultaneously that of the operator (ε3 ↘ ε3)(ε1 ↘ ε1) negative—which is
impossible without context dependence. In quantum mechanics the largest value possible for CNTXT→ (as well
as for CNTXT→→ and CNTXT→→→ below) is 2.
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[15] J. Thompson, P. Kurzyński, S.-Y. Lee, A. Soeda, and
D. Kaszlikowski, Recent advances in contextuality
tests, Open Systems & Information Dynamics 23
(2016), no. 02 1650009.

[16] C. Budroni, A. Cabello, O. Gühne, M. Kleinmann,
and J.-r. Larsson, Kochen-Specker contextuality, Rev.
Mod. Phys. 94 (2022), no. 4 045007,
[arXiv:2102.13036].

[17] M. Genovese, Research on hidden variable theories: A
review of recent progresses, Phys. Rept. 413 (2005)
319–396, [quant-ph/0701071].

[18] M. Fabbrichesi, R. Floreanini, and L. Marzola, About
testing Bell locality at colliders, arXiv:2503.18535.

[19] A. Cabello, S. Severini, and A. Winter,
Graph-theoretic approach to quantum correlations,
Phys. Rev. Lett. 112 (Jan, 2014) 040401.

[20] A. A. Klyachko, M. A. Can, S. Binicioglu, and A. S.
Shumovsky, Simple Test for Hidden Variables in
Spin-1 Systems, Phys. Rev. Lett. 101 (2008) 020403,
[arXiv:0706.0126].
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S. Ramelow, M. Wieśniak, and A. Zeilinger,
Experimental non-classicality of an indivisible
quantum system, Nature 474 (2011), no. 7352
490–493.
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where D(J)
i,j is the Wigner D-matrix for the spin J of the decaying state and k runs over all the possible

helicity of the same state. The overall factor in Eq. (2.1) is set by the normalization requirement that
Tr ⇢ = 1. The density matrix in Eq. (2.1) is written in the center of mass reference frame where the
momenta of final state particles are equal and opposite in direction and, therefore, the total helicity
of the two-particle system is �1��2. The dependence on the angle � drops out in the products of the
Wigner matrices because

D(J)⇤
k,�1��2

(0,⇥, 0)D(J)
k,�0

1��0
2
(0,⇥, 0) = D(J)⇤

k,�1��2
(�,⇥, 0)D(J)

k,�0
1��0

2
(�,⇥, 0) . (2.2)

Depending on the symmetries of the decay process, the number of independent helicity amplitudes
can be reduced: it is zero for decays of scalar states into fermions, 2 for the same decays into spin 1
states and for the decay of a vector state into two fermions, four for the case of the decay into two
spin 3/2 fermions.

In general, the number of independent amplitudes is reduced by imposing helicity conservation,
that is

|�1 � �2|  J (2.3)

for the decay A ! 1 + 2, with J the spin of the particle A.
A further reduction in the number of independent helicity amplitudes comes from parity conser-

vation, which implies
wJ
�1,�2

= ⌘A ⌘1 ⌘2(�1)J�s1�s2 wJ
��1,��2

, (2.4)

in which ⌘i are the intrinsic parities.
For final states including identical particles, helicity amplitudes transform as

wJ
�1,�2

= (�1)J�2swJ
�2,�1

, (2.5)

with s = s1 = s2 under the interchange of the particles. If instead the final state is made of a pair of
particle and anti-particle:

wJ
�1,�2

= ⌘C (�1)J wJ
�2,�1

, (2.6)

in which ⌘C is the C parity of the decaying particle A.

2.1 Tools to study entanglement and test the violation of Bell inequality

The determination of the density matrix is the final aim of quantum tomography. In the present case
we find the polarization density matrix from the analysis of the experimental data as presented by the
experimental collaborations.

The density matrix makes it possible to compute the entanglement and test Bell inequalities for
the final state of the decays. The choice of the most appropriate tools depends on whether the final
state is described by qubits (two-level systems) or qutrits (three-level systems) or more general qudits
(d-level systems).

2.1.1 Qubits

Consider a bipartite system composed by a spin-1/2 pair, one controlled by an observer, Alice, and
the other by a second observer, Bob. The corresponding quantum state can be described by a 4 ⇥ 4
density matrix of the form:

⇢ =
1

4

h
12 ⌦ 12 +

3X

i=1

B+
i (�i ⌦ 12) +

3X

i=1

B�
j (12 ⌦ �j) +

3X

i,j=1

Cij(�i ⌦ �j)
i
, (2.7)
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where �i are the Pauli matrices, 12 is the unit 2⇥ 2 matrix and the indices i and j running over 1, 2,
3, represent any three orthogonal spatial directions.

The real coe�cients B+
i and B�

j represent the polarization of the two spin-1/2 fermions, while the
real matrix Cij gives their spin correlations. The density matrix in (2.7) is normalized, Tr[⇢] = 1, while
extra constraints on B+

i , B
�
i and Cij need to be enforced to guarantee its positivity, as all eigenvalues

of a density matrix are necessarily non-negative.
The entanglement content of any bipartite system described with the density matrix ⇢, that is,

a measure of the amount of quantum correlations among the two composing sub-systems, can be
quantified with the concurrence C [⇢], taking values between zero (for separable, unentangled states)
and 1 (maximally entangled states). In the case of two spin-1/2 system, a two qubit system, the
concurrence can be analytically computed through the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.8)

where ⇢⇤ denotes a matrix with complex conjugated entries. Although non-Hermitian, the matrix R
possesses non-negative eigenvalues ri, i = 1, 2, 3, 4, their square roots and denoting r1 the largest, the
concurrence of the state ⇢ can be expressed as [32]

C [⇢] = max
�
0, r1 � r2 � r3 � r4

�
. (2.9)

In quantum mechanics a statistical language is adopted for the description of the the behavior
of physical phenomena. Interestingly, this compelling tool is amenable to experimental verification
against alternative, fully deterministic, local description of natural phenomena through Bell locality
tests.

In the case of a two spin-1/2 system, Alice and Bob are assumed to measure two spin-observable
each, (Â1, Â2), and (B̂1, B̂2), typically spin projections along four di↵erent unit vectors, ~n1, ~n3 for
Alice, and ~n2, ~n4 for Bob, so that Â1 = ~n1 · ~� and similarly for the remaining three observables. The
Bell test consists in determining the following combination of joint expectation values

I2 = hÂ1B̂1i+ hÂ1B̂2i+ hÂ2B̂1i � hÂ2B̂2i , (2.10)

that in any, local, deterministic model cannot exceed a value of 2. In quantum mechanics, I2 can be
conveniently expressed as an expectation of a Bell operator B2, I2 = Tr[⇢B2], where

B2 = ~n1 · ~� ⌦ (~n2 � ~n4) · ~� + ~n3 · ~� ⌦ (~n2 + ~n4) · ~� . (2.11)

If in an actual experiment one finds I2 > 2, one has to deduce that some sort of nonlocal resource had
been shared between the two parties, and this is precisely what is predicted by quantum mechanics.

In practice, given an experimentally collected correlation data, one thus needs to maximize I2
in (2.10) by choosing suitable four independent spatial directions. Fortunately, this optimization
process can be performed in full generality for a generic spin correlation matrix [33]. Indeed, consider
the matrix C and its transpose CT and form the symmetric, positive, 3⇥3 matrix M = CCT ; its three
eigenvalues m1, m2, m3 can be ordered in increasing order: m1 � m2 � m3. Then the two-spin state
⇢ in (2.7) violates the Bell inequality I2  2 if and only if the sum of the two greatest eigenvalues of
M is strictly larger than 1, that is (Horodecki condition)

m12 ⌘ m1 +m2 > 1 . (2.12)
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2.1.2 Qutrits

The density operator representing the state of a bipartite system made of two qutrits is a 9⇥9 matrix
that can be written as

⇢ =
1

9
[13 ⌦ 13] +

8X

a=1

fa [T
a ⌦ 13] +

8X

a=1

ga [13 ⌦ T a] +
8X

a,b=1

hab
h
T a ⌦ T b

i
, (2.13)

where T a are the standard Gell-Mann matrices, while 13 is the unit 3⇥ 3 matrix.
Although an analytic expression for the concurrence of a generic two-qutrit state is lacking, a lower

bound on its value can be given in terms of the single spin polarizations coe�cients, fa and ga, and
the correlation matrix hab appearing in the decomposition (2.13):

C2 = 2max
h
� 2

9
� 12

X

a

f2
a + 6

X

a

g2a + 4
X

ab

h2ab ;

� 2

9
� 12

X

a

g2a + 6
X

a

f2
a + 4

X

ab

h2ab, 0
i
. (2.14)

As in the case of qubits, a Bell test for a system of two qutrits results in the determination of a
combination I3 of joint expectations values involving four spin observables, (Â1, Â2) for Alice, and
(B̂1, B̂2) for Bob. In quantum mechanics, it can be again expressed as an expectation value on the
state (2.14) of a suitable Bell operator B3:

I3 = Tr
⇥
⇢B3

⇤
. (2.15)

The explicit form of B3 depends on the choice of the four measured operators Â1, Â2, B̂1, B̂2. For the
case of the maximally correlated qutrit state, the problem of finding an optimal choice of measurements
has been solved [34], and the Bell operator takes a particular simple form [35]:

B3 =

0

BBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0

0 0 0 � 2p
3

0 0 0 0 0

0 0 0 0 � 2p
3

0 2 0 0

0 � 2p
3

0 0 0 0 0 0 0

0 0 � 2p
3

0 0 0 � 2p
3

0 0

0 0 0 0 0 0 0 � 2p
3

0

0 0 2 0 � 2p
3

0 0 0 0

0 0 0 0 0 � 2p
3

0 0 0

0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCA

. (2.16)

Within the choice of measurements leading to the Bell operator (2.16), there is still the freedom
of modifying the measured observables through local unitary transformations, which e↵ectively cor-
responds to local changes of basis, separately at Alice’s and Bob’s sites. Correspondingly, the Bell
operator undergoes the change:

B3 ! (U ⌦ V )† · B3 · (U ⌦ V ) , (2.17)

where U and V are independent 3⇥ 3 unitary matrices. One can use this additional freedom in order
to maximize the value of I3 for any given qutrit state ⇢.
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2.1.3 Additional observables

Given a density matrix ⇢ describing the state of a generic bipartite system, SA + SB, the reduced
density matrix describing the state of SA alone is given by ⇢A = TrB[⇢], where the trace is performed
on all SB degrees of freedom; similarly, ⇢B = TrA[⇢] is the reduced density matrix describing the state
of SB.

For pure states, ⇢ = | ih |, or equivalently ⇢2 = ⇢, the quantity

E [⇢] ⌘ �Tr[⇢A ln ⇢A] = �Tr[⇢B ln ⇢B] , (2.18)

giving the von Neumann entropy of the reduced density matrices and often called in the literature
entropy of entanglement, is a good entanglement quantifier. Indeed, a pure state ⇢ is entangled if
and only if its reduced density matrices have non-zero entropy. Assuming for the two systems SA and
SB have the same dimension d, one finds 0  E [⇢]  ln d; the first equality holds if and only if the
bipartite pure state is separable, while the upper bound is reached by a maximally entangled state

Given a generic density matrix ⇢ of the bipartite state SA + SB, deciding whether the state is
entangled or not, or quantifying its entanglement content is in general a hard problem [36, 37], and,
thus, it is often better to rely on quantities that give only su�cient conditions for the presence of
entanglement.

One such quantity involves the operation of partial transposition. Given a basis of orthonormal
vectors {|iji = |ii ⌦ |ji} for the system SA +SB, any density matrix can be represented by its matrix
elements hi1j1|⇢|i2j2i; then, the partially transpose matrix ⇢TB with respect to SB is represented by
matrix elements hi1j2|⇢|i2j1i; a similar expression holds for ⇢TA . Interestingly, if ⇢TB , or equivalently
⇢TA possesses negative eigenvalues, than the original density matrix ⇢ is entangled. In addition, the
absolute sum of the negative eigenvalues of ⇢TB , called negativity,

N (⇢) =
X

k

|�k|� �k
2

, (2.19)

�k being the eigenvalues of ⇢TB , can be used to quantify its entanglement content [38].

3 Charmonium spin 0 states

T he decays of the spin 0 states of the charmonium are the simplest to analyze because the
helicity density matrix only depends on one or, at most, two helicity amplitudes. Moreover, the

density matrix is independent of the scattering angle.

3.1 ⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄

The scalar and pseuodoscalar states of the charmonium can decay into a pair of strange ⇤ baryon and
anti-baryon

⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄ , (3.1)

with branching fraction (1.10± 0.28)⇥ 10�3 and (1.27± 0.09)⇥ 10�4, respectively.
The final states are constrained—by the conservation of the helicity—to be described by the state

| 0i / w 1
2 � 1

2
|12 ,

1
2i ⌦ |12 ,�

1
2i+ w� 1

2
1
2
|12 ,�

1
2i ⌦ |12 ,

1
2i (3.2)

in which wij are the helicity amplitudes and |J, mi the spin states. Parity fixes the relative sign
between the two amplitudes: it is �1 for the pseudo-scalar ⌘c and 1 for the scalar �0

c . Accordingly,
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SB have the same dimension d, one finds 0  E [⇢]  ln d; the first equality holds if and only if the
bipartite pure state is separable, while the upper bound is reached by a maximally entangled state

Given a generic density matrix ⇢ of the bipartite state SA + SB, deciding whether the state is
entangled or not, or quantifying its entanglement content is in general a hard problem [36, 37], and,
thus, it is often better to rely on quantities that give only su�cient conditions for the presence of
entanglement.

One such quantity involves the operation of partial transposition. Given a basis of orthonormal
vectors {|iji = |ii ⌦ |ji} for the system SA +SB, any density matrix can be represented by its matrix
elements hi1j1|⇢|i2j2i; then, the partially transpose matrix ⇢TB with respect to SB is represented by
matrix elements hi1j2|⇢|i2j1i; a similar expression holds for ⇢TA . Interestingly, if ⇢TB , or equivalently
⇢TA possesses negative eigenvalues, than the original density matrix ⇢ is entangled. In addition, the
absolute sum of the negative eigenvalues of ⇢TB , called negativity,

N (⇢) =
X

k

|�k|� �k
2

, (2.19)

�k being the eigenvalues of ⇢TB , can be used to quantify its entanglement content [38].

3 Charmonium spin 0 states

T he decays of the spin 0 states of the charmonium are the simplest to analyze because the
helicity density matrix only depends on one or, at most, two helicity amplitudes. Moreover, the

density matrix is independent of the scattering angle.

3.1 ⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄

The scalar and pseuodoscalar states of the charmonium can decay into a pair of strange ⇤ baryon and
anti-baryon

⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄ , (3.1)

with branching fraction (1.10± 0.28)⇥ 10�3 and (1.27± 0.09)⇥ 10�4, respectively.
The final states are constrained—by the conservation of the helicity—to be described by the state

| 0i / w 1
2 � 1

2
|12 ,

1
2i ⌦ |12 ,�

1
2i+ w� 1

2
1
2
|12 ,�

1
2i ⌦ |12 ,

1
2i (3.2)

in which wij are the helicity amplitudes and |J, mi the spin states. Parity fixes the relative sign
between the two amplitudes: it is �1 for the pseudo-scalar ⌘c and 1 for the scalar �0

c . Accordingly,

8

<latexit sha1_base64="cMQuGiGKxZc7xyYRdR13K52SQsk=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewav45ELh4xYYEEVtItXWjotpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7H9ZnffqJKMymaZpLQIMZDwSJGsLGSX0f1x2a/XHGr7hxolXg5qUCORr/81RtIksZUGMKx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5sdO0ZlVBiiSypYwaK7+nshwrPUkDm1njM1IL3sz8T+vm5roNsiYSFJDBVksilKOjESzz9GAKUoMn1iCiWL2VkRGWGFibD4lG4K3/PIqaV1Uvevq1cNlpXaXx1GEEziFc/DgBmpwDw3wgQCDZ3iFN0c4L86787FoLTj5zDH8gfP5A9MDjg4=</latexit>

CCT <latexit sha1_base64="ziYj4pVOmWoVW3y3Y99eKekAHTw=">AAAB/HicbVC7TsMwFHV4lvIKdGSxqJAYqiopz7GChbFI9CGlUeS4TmvVdiLbQYqi8issDCDEyoew8Te4bQZoOdLVPTrnXvn6hAmjSjvOt7Wyura+sVnaKm/v7O7t2weHHRWnEpM2jlkseyFShFFB2ppqRnqJJIiHjHTD8e3U7z4SqWgsHnSWEJ+joaARxUgbKbArHg/cWr8GedCYtzM/sKtO3ZkBLhO3IFVQoBXYX/1BjFNOhMYMKeW5TqL9HElNMSOTcj9VJEF4jIbEM1QgTpSfz46fwBOjDGAUS1NCw5n6eyNHXKmMh2aSIz1Si95U/M/zUh1d+zkVSaqJwPOHopRBHcNpEnBAJcGaZYYgLKm5FeIRkghrk1fZhOAufnmZdBp197J+cX9ebd4UcZTAETgGp8AFV6AJ7kALtAEGGXgGr+DNerJerHfrYz66YhU7FfAH1ucPkyCSzQ==</latexit>

[m1, m2, m3]

<latexit sha1_base64="3XoFWCpnJlzgv7iZ40dPV6qtDtA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJLiayVFNy4r2Ac0IUymk3boTBJnJoUS8gNu/BU3LhRx696df+OkzUJbD8xwOOde7r3HjxmVyrK+jYXFpeWV1dJaeX1jc2vb3NltySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3uR+e0SEpFF4r8YxcTnqhzSgGCkteeahw5EaBAINU555qV3LHPKQ0BHkng1P9F+DV7ZnVqyqNQGcJ3ZBKqBAwzO/nF6EE05ChRmSsmtbsXJTJBTFjGRlJ5EkRniI+qSraYg4kW46uSaDR1rpwSAS+oUKTtTfHSniUo65ryvz3eWsl4v/ed1EBZduSsM4USTE00FBwqCKYB4N7FFBsGJjTRAWVO8K8QAJhJUOsKxDsGdPnietWtU+r57dnVbq10UcJbAPDsAxsMEFqINb0ABNgMEjeAav4M14Ml6Md+NjWrpgFD174A+Mzx95VpqB</latexit>

m12 ⌘ m1 +m2 > 1Horodecki condition

Concurrence

2.1.2 Qutrits

The density operator representing the state of a bipartite system made of two qutrits is a 9⇥9 matrix
that can be written as

⇢ =
1

9
[13 ⌦ 13] +

8X

a=1

fa [T
a ⌦ 13] +

8X

a=1

ga [13 ⌦ T a] +
8X

a,b=1

hab
h
T a ⌦ T b

i
, (2.13)

where T a are the standard Gell-Mann matrices, while 13 is the unit 3⇥ 3 matrix.
Although an analytic expression for the concurrence of a generic two-qutrit state is lacking, a lower

bound on its value can be given in terms of the single spin polarizations coe�cients, fa and ga, and
the correlation matrix hab appearing in the decomposition (2.13):

C2 = 2max
h
� 2

9
� 12

X

a

f2
a + 6

X

a

g2a + 4
X

ab

h2ab ;

� 2

9
� 12

X

a

g2a + 6
X

a

f2
a + 4

X

ab

h2ab, 0
i
. (2.14)

As in the case of qubits, a Bell test for a system of two qutrits results in the determination of a
combination I3 of joint expectations values involving four spin observables, (Â1, Â2) for Alice, and
(B̂1, B̂2) for Bob. In quantum mechanics, it can be again expressed as an expectation value on the
state (2.14) of a suitable Bell operator B3:

I3 = Tr
⇥
⇢B3

⇤
. (2.15)

The explicit form of B3 depends on the choice of the four measured operators Â1, Â2, B̂1, B̂2. For the
case of the maximally correlated qutrit state, the problem of finding an optimal choice of measurements
has been solved [34], and the Bell operator takes a particular simple form [35]:

B3 =

0

BBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0

0 0 0 � 2p
3

0 0 0 0 0

0 0 0 0 � 2p
3

0 2 0 0

0 � 2p
3

0 0 0 0 0 0 0

0 0 � 2p
3

0 0 0 � 2p
3

0 0

0 0 0 0 0 0 0 � 2p
3

0

0 0 2 0 � 2p
3

0 0 0 0

0 0 0 0 0 � 2p
3

0 0 0

0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCA

. (2.16)

Within the choice of measurements leading to the Bell operator (2.16), there is still the freedom
of modifying the measured observables through local unitary transformations, which e↵ectively cor-
responds to local changes of basis, separately at Alice’s and Bob’s sites. Correspondingly, the Bell
operator undergoes the change:

B3 ! (U ⌦ V )† · B3 · (U ⌦ V ) , (2.17)

where U and V are independent 3⇥ 3 unitary matrices. One can use this additional freedom in order
to maximize the value of I3 for any given qutrit state ⇢.
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for the tracks proper and

�b = 3µm� 15µm

sin2/3⇥

GeV

pT
(2.16)

for the impact parameters and for the reconstruction of the vector of closest approach. These values are
taken from the envisaged IDEA tracking detector [1]; a constant smearing originates in imperfections
in the detector or anomalies in signal collection, whereas the term scaling with the momentum is
a noise that comes from the imperfection of the readouts. In the simulation we retain the leading
contributions in the quoted uncertainties and account for the related detector e↵ects by performing
a Gaussian smearing of the Monte Carlo truth pion momenta and closest approach vector taking the
nominal resolutions above as standard deviations.

Notice that the uncertainties are small if typical pion momenta of the order of 10 GeV and ⌧ -
lepton times of flight of the order of 0.1 mm are considered. Furthermore, the decay of the ⌧ pairs
will generally occur inside the beam pipe (of order 1 cm), thereby ensuring the absence of further
interactions with the detector material that could quench the spin correlation under study.

Figure 2.4: Distribution of the ⌧ -lepton pair events in invariant mass after including the initial state radiation of the

electrons. The last four bins, from 89 to 91 GeV, contain 99% of the events. The count in each bin is normalized to the

total number of events.

We also include in our Monte Carlo simulation the e↵ect of Initial state radiation (ISR), which
shifts the beam—and the actual center of mass (CM)—energy as shown in Fig. 2.4. The plot is
obtained by using Pythia 8 [16] and following the indicated statistics we pollute our dataset with
events characterized by a lower CM energy up to

p
s = 89 GeV, corresponding to the last three bins

of Fig. 2.4 which comprise 99% of the events.
The angular distributions of the pion momenta in the rest frame of the ⌧ -lepton pairs give, as

the desired, the coe�cients of the polarization density matrix. In the following we compare the
results obtained from analytical computations to the values indicated by the Monte Carlo simulations
performed with and without the ISR and detector resolution e↵ects.

3 Results

Q uantum tomography gives us the means to study entanglement and Bell inequality violation

9

2.3.1 Neutrino momenta reconstruction

The eight unknown components of the neutrino momenta can be reconstructed by means of eight
equations: four from the sum of the ⌧ -lepton momenta, which is constrained to satisfy

p
µ
⌧+ + p

µ
⌧� = p

µ
e+e� , (2.9)

and four from the mass-shell conditions

(p⌧+ � p⇡+)2 = m
2
⌫ = 0 and (p⌧� � p⇡�)2 = m

2
⌫ = 0 (2.10)

p
2
⌧+ = m

2
⌧ and p

2
⌧� = m

2
⌧ . (2.11)

The system of equations is second order and a two-fold degeneracy arises (see the Appendix in [14]).
As opposed to other processes, like top quark and W -boson decays, the reconstruction of the

neutrino momenta and, therefore, of the ⌧ momenta is almost perfect. The reason is that the ⌧

lepton lives long enough to give a decay vertex that can be distinguished from the collision point.
Consequently, the vector of closest approach, identified from the continuation of the trajectories of the
pions emitted in the decay, can be measured and used as to resolve the two-fold degeneracy arising
from the momenta reconstruction. Following [15], we then define the directions of the two charged
pions as

n� =
p�
|p�|

and n+ =
p+

|p+|
, (2.12)

in which p± are their momenta. The distance between the two decay vertices v± of the ⌧
± leptons is

d = v+ � v� . (2.13)

The vector of closest approach connecting the backward continuations of the two charged pion tracks
is then given by

dmin = d+
[(d · n+)(n� · n+)� d · n�]n� + [(d · n�)(n� · n+)� d · n+]n+

1� (n� · n+)2
. (2.14)

The correct kinematic reconstruction of the ⌧ momenta is then selected by computing dmin for the
two solutions and comparing the results with the measured value.

2.3.2 Detector response and initial state radiation

The performance of what will be the actual detectors of FCC-ee can only be presumed from the
specifications detailed in the current experimental proposal.

The pairs of ⌧ leptons must be identified from the charged pions appearing in the final state. Even
though the e�ciency is high but not 100%, this is not really a problem given the very large number
of events available.

We model the detector resolution with the following uncertainties:

�pT

pT
= 3⇥ 10�5 � 0.6⇥ 10�3 pT

GeV
and �✓,� = 0.1⇥ 10�3 rad (2.15)

for the tracks proper and

�b = 3µm� 15µm

sin2/3⇥

GeV

pT
(2.16)
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2.1 Quantum tomography at work

The density matrix describing the polarization state of a quantum system composed by two fermions
can be written as

⇢ =
1

4

2

41 ⌦ 1 +
X

i

B+
i (�i ⌦ 1) +

X

j

B�
j (1 ⌦ �j) +

X

i,j

Cij (�i ⌦ �j)

3

5, (2.1)

with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
�k ⌘ �3. In the fermion-pair center of mass frame we have

n =
1

sin⇥
(p⇥ k), r =

1

sin⇥
(p� k cos⇥) , (2.2)

where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.

The coe�cients B±
i in Eq. (2.1) give the polarizations of the individual fermions, whereas the

coe�cients Cij encode the spin correlations. By using Tr (�i�j) = 2�ij and Tr (�i) = 0, we have:

B+
i = Tr [⇢(�i ⌦ 1)] , B�

i = Tr [⇢(1 ⌦ �i)] , Cij = Tr [⇢(�i ⌦ �j)] . (2.3)

More details on these definitions and quantum tomography in general can be found in [5].
The quantum tomography of the polarization density matrix is completed once the coe�cients

Bi and Cij have been found. Given a Lagrangian for a theory, these quantities can be computed
from the scattering amplitudes describing the underlying process. Experimentally, or in Monte Carlo
simulations, they can instead be reconstructed by tracking the angular distribution of suitable ⌧ -pair
decay products. In particular, for events where each ⌧ lepton decays to a single pion and a neutrino,
we have

1

�

d�

d cos ✓±i
=

1

2

�
1⌥ B±

i cos ✓±i
�
, (2.4)

1

�

d�

d cos ✓+i d cos ✓�j
=

1

4

⇣
1 + Cij cos ✓+i cos ✓�j

⌘
, (2.5)

in which cos ✓±i are the projections of the ⇡± momentum direction on the {n, r,k} basis, as computed
in the rest frame of the decaying ⌧

±. Figures 2.1 and 2.2 show the relative frequencies of the values
obtained for the Bi and Cij coe�cients from the actual Monte Carlo simulation we have used in
this work. All the histograms are normalized to the total number, 107, of simulated events. The
average values of these coe�cients encode the tomographic information and do not vanish provided
the corresponding histograms are not symmetric with respect to the zero value.

Whenever the average of the product of two cosine (in the Cij coe�cients) di↵er from the product
of the averages of the single cosines (in the Bi coe�cients) we have non vanishing correlation and,
possibly, quantum entanglement.

2.2 Entanglement and Bell inequality violation

Given a two-qubit, 4⇥ 4 density matrix ⇢ as in (2.1), its concurrence can be explicitly constructed by
using the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.6)
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2.1 Quantum tomography at work

The density matrix describing the polarization state of a quantum system composed by two fermions
can be written as

⇢ =
1

4
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41 ⌦ 1 +
X

i

B+
i (�i ⌦ 1) +

X

j

B�
j (1 ⌦ �j) +

X

i,j

Cij (�i ⌦ �j)

3

5, (2.1)

with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
�k ⌘ �3. In the fermion-pair center of mass frame we have

n =
1

sin⇥
(p⇥ k), r =

1

sin⇥
(p� k cos⇥) , (2.2)

where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.

The coe�cients B±
i in Eq. (2.1) give the polarizations of the individual fermions, whereas the

coe�cients Cij encode the spin correlations. By using Tr (�i�j) = 2�ij and Tr (�i) = 0, we have:

B+
i = Tr [⇢(�i ⌦ 1)] , B�

i = Tr [⇢(1 ⌦ �i)] , Cij = Tr [⇢(�i ⌦ �j)] . (2.3)

More details on these definitions and quantum tomography in general can be found in [5].
The quantum tomography of the polarization density matrix is completed once the coe�cients

Bi and Cij have been found. Given a Lagrangian for a theory, these quantities can be computed
from the scattering amplitudes describing the underlying process. Experimentally, or in Monte Carlo
simulations, they can instead be reconstructed by tracking the angular distribution of suitable ⌧ -pair
decay products. In particular, for events where each ⌧ lepton decays to a single pion and a neutrino,
we have

1

�

d�

d cos ✓±i
=

1

2

�
1⌥ B±

i cos ✓±i
�
, (2.4)

1

�

d�

d cos ✓+i d cos ✓�j
=

1

4

⇣
1 + Cij cos ✓+i cos ✓�j

⌘
, (2.5)

in which cos ✓±i are the projections of the ⇡± momentum direction on the {n, r,k} basis, as computed
in the rest frame of the decaying ⌧

±. Figures 2.1 and 2.2 show the normalized distributions obtained
for the values of the Bi and Cij from the actual Monte Carlo simulation we have used in this work. The
central values of the Gaussian fits—dashed lines—indicate the values of the coe�cients themselves.

Whenever the average of the product of two cosine (in the Cij coe�cients) di↵er from the product
of the averages of the single cosines (in the Bi coe�cients) we have non vanishing correlation and,
possibly, quantum entanglement.

2.2 Entanglement and Bell inequality violation

Given a two-qubit, 4⇥ 4 density matrix ⇢ as in (2.1), its concurrence can be explicitly constructed by
using the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.6)

4

size of the systematic errors a↵ecting the concurrence and the Horodecki condition by accounting for
ISR and the projected detector e↵ects. To this end, we first compare the absolute value of the di↵erence
between the central values of the concurrence obtained in the Monte Carlo simulation without, see
Eq. (3.7), and with detector e↵ects and ISR, see Eq. (3.11)

�C |syst = |0.4815� 0.4805| = 0.0010 , (3.13)

similarly, for the Horodecki condition signaling the violation of the Bell inequality (cf. Eqs. (3.8)–
(3.12)) we have

�m12|syst = |1.233� 1.239| = 0.006 . (3.14)

These di↵erences account for the systematic uncertainty in the beam energy and are subdominant
with respect to the statistical errors in Eq. (3.11) and Eq. (3.12).

An additional contribution to the systematic errors can be obtained by using the two sets of
uncertainties in the smearing procedure introduced in Section 2.3.2. These yield

�C |syst = |0.4807� 0.4805| = 0.0002 , (3.15)

and
�m12|syst = |1.232� 1.230| = 0.002 . (3.16)

These contributions are, again, subdominant with respect to the statistical errors in Eq. (3.11) and
Eq. (3.12). They become important as we rescale our statistical uncertainties toward the FCC target
luminosity and will eventually come to dominate.

Including now also the systematic errors estimated above we find that

C = 0.4805± 0.0063|stat ± 0.0012|syst , (3.17)

and the Horodecki’s condition gives

m12 = 1.239± 0.017|stat ± 0.008|syst , (3.18)

where the systematic errors where added linearly.
Equations Eqs. (3.17)–(3.18) are the main result of the present work. The overall significance of

the Bell inequality violation (obtained with a benchmark luminosity of 17.6 fb�1) is about 13 standard
deviations once the errors are added in quadrature. The expected significance with 150 ab�1 of data
can be estimated by retaining only the systematic error in Eq. (3.18) and it is about 30 standard
deviations.

These significances can be increased by means of kinematic cuts that select events with scattering
angles close to ⇥ = ⇡/2, for which the values of C and m12 are larger (see Fig. 3.2).

3.3 Polarizations

The coe�cients B±
i are directly related to the polarizations of the ⌧ leptons. Analytically, we find

that these coe�cients are equal, B+
i = B�

i for i = r, n, k.
From the Monte Carlo simulation with detector e↵ects and ISR included (corresponding to data

collected with a benchmark integrated luminosity of 17.6 fb�1), we take the polarization to be the
arithmetic average and obtain

hP i⌧ =
1

2
(B+

k +B�
k ) = 0.2203±0.0044|stat ± 0.0008|syst , (3.19)
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Including now also the systematic errors estimated above we find that

C = 0.4805± 0.0063|stat ± 0.0012|syst , (3.17)

and the Horodecki’s condition gives

m12 = 1.239± 0.017|stat ± 0.008|syst , (3.18)

where the systematic errors where added linearly.
Equations Eqs. (3.17)–(3.18) are the main result of the present work. The overall significance of

the Bell inequality violation (obtained with a benchmark luminosity of 17.6 fb�1) is about 13 standard
deviations once the errors are added in quadrature. The expected significance with 150 ab�1 of data
can be estimated by retaining only the systematic error in Eq. (3.18) and it is about 30 standard
deviations.

These significances can be increased by means of kinematic cuts that select events with scattering
angles close to ⇥ = ⇡/2, for which the values of C and m12 are larger (see Fig. 3.2).

3.3 Polarizations

The coe�cients B±
i are directly related to the polarizations of the ⌧ leptons. Analytically, we find

that these coe�cients are equal, B+
i = B�

i for i = r, n, k.
From the Monte Carlo simulation with detector e↵ects and ISR included (corresponding to data

collected with a benchmark integrated luminosity of 17.6 fb�1), we take the polarization to be the
arithmetic average and obtain

hP i⌧ =
1

2
(B+

k +B�
k ) = 0.2203±0.0044|stat ± 0.0008|syst , (3.19)
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2.1 Quantum tomography at work

The density matrix describing the polarization state of a quantum system composed by two fermions
can be written as
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with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
�k ⌘ �3. In the fermion-pair center of mass frame we have
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(p⇥ k), r =

1

sin⇥
(p� k cos⇥) , (2.2)

where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.

The coe�cients B±
i in Eq. (2.1) give the polarizations of the individual fermions, whereas the

coe�cients Cij encode the spin correlations. By using Tr (�i�j) = 2�ij and Tr (�i) = 0, we have:

B+
i = Tr [⇢(�i ⌦ 1)] , B�

i = Tr [⇢(1 ⌦ �i)] , Cij = Tr [⇢(�i ⌦ �j)] . (2.3)

More details on these definitions and quantum tomography in general can be found in [5].
The quantum tomography of the polarization density matrix is completed once the coe�cients

Bi and Cij have been found. Given a Lagrangian for a theory, these quantities can be computed
from the scattering amplitudes describing the underlying process. Experimentally, or in Monte Carlo
simulations, they can instead be reconstructed by tracking the angular distribution of suitable ⌧ -pair
decay products. In particular, for events where each ⌧ lepton decays to a single pion and a neutrino,
we have

1

�

d�

d cos ✓±i
=

1

2

�
1⌥ B±

i cos ✓±i
�
, (2.4)

1

�

d�

d cos ✓+i d cos ✓�j
=

1

4

⇣
1 + Cij cos ✓+i cos ✓�j

⌘
, (2.5)

in which cos ✓±i are the projections of the ⇡± momentum direction on the {n, r,k} basis, as computed
in the rest frame of the decaying ⌧

±. Figures 2.1 and 2.2 show the normalized distributions obtained
for the values of the Bi and Cij from the actual Monte Carlo simulation we have used in this work. The
central values of the Gaussian fits—dashed lines—indicate the values of the coe�cients themselves.

Whenever the average of the product of two cosine (in the Cij coe�cients) di↵er from the product
of the averages of the single cosines (in the Bi coe�cients) we have non vanishing correlation and,
possibly, quantum entanglement.

2.2 Entanglement and Bell inequality violation

Given a two-qubit, 4⇥ 4 density matrix ⇢ as in (2.1), its concurrence can be explicitly constructed by
using the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.6)
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size of the systematic errors a↵ecting the concurrence and the Horodecki condition by accounting for
ISR and the projected detector e↵ects. To this end, we first compare the absolute value of the di↵erence
between the central values of the concurrence obtained in the Monte Carlo simulation without, see
Eq. (3.7), and with detector e↵ects and ISR, see Eq. (3.11)

�C |syst = |0.4815� 0.4805| = 0.0010 , (3.13)

similarly, for the Horodecki condition signaling the violation of the Bell inequality (cf. Eqs. (3.8)–
(3.12)) we have

�m12|syst = |1.233� 1.239| = 0.006 . (3.14)

These di↵erences account for the systematic uncertainty in the beam energy and are subdominant
with respect to the statistical errors in Eq. (3.11) and Eq. (3.12).

An additional contribution to the systematic errors can be obtained by using the two sets of
uncertainties in the smearing procedure introduced in Section 2.3.2. These yield

�C |syst = |0.4807� 0.4805| = 0.0002 , (3.15)

and
�m12|syst = |1.232� 1.230| = 0.002 . (3.16)

These contributions are, again, subdominant with respect to the statistical errors in Eq. (3.11) and
Eq. (3.12). They become important as we rescale our statistical uncertainties toward the FCC target
luminosity and will eventually come to dominate.

Including now also the systematic errors estimated above we find that

C = 0.4805± 0.0063|stat ± 0.0012|syst , (3.17)

and the Horodecki’s condition gives

m12 = 1.239± 0.017|stat ± 0.008|syst , (3.18)

where the systematic errors where added linearly.
Equations Eqs. (3.17)–(3.18) are the main result of the present work. The overall significance of

the Bell inequality violation (obtained with a benchmark luminosity of 17.6 fb�1) is about 13 standard
deviations once the errors are added in quadrature. The expected significance with 150 ab�1 of data
can be estimated by retaining only the systematic error in Eq. (3.18) and it is about 30 standard
deviations.

These significances can be increased by means of kinematic cuts that select events with scattering
angles close to ⇥ = ⇡/2, for which the values of C and m12 are larger (see Fig. 3.2).

3.3 Polarizations

The coe�cients B±
i are directly related to the polarizations of the ⌧ leptons. Analytically, we find

that these coe�cients are equal, B+
i = B�

i for i = r, n, k.
From the Monte Carlo simulation with detector e↵ects and ISR included (corresponding to data

collected with a benchmark integrated luminosity of 17.6 fb�1), we take the polarization to be the
arithmetic average and obtain

hP i⌧ =
1

2
(B+

k +B�
k ) = 0.2203±0.0044|stat ± 0.0008|syst , (3.19)
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while B±
n and B±

r are consistent with their vanishing analytic value, and the overall sign depends on
the frame of reference. The systematic error is obtained as discussed in the previous section. The
polarization in Eq. (3.19) corresponds to the tree-level value, consistently with the input value used
for the Weinberg angle—see Sec. 3.3.2—whereas the current measured value is 0.1476± 0.0108 [4].

3.3.1 The interplay between polarizations and entanglement

The components Bi of the polarization and the coe�cients Cij of the spin correlations are closely
related, for they both enter the density matrix which must satisfy positivity and normalization con-
ditions. The entanglement is the largest for vanishing polarizations and vice versa. This relationship
explains the maximum entanglement shown by amplitudes in parity conserving theories, such as
QED [18], that have vanishing polarizations. This also happens in electroweak processes if the par-
ity violating structure of the lepton current is suppressed, as it is known to be for the special, and
unphysical, choice sin ✓W = 0.5 [18]. For this value, the vector coupling of leptons vanishes and the
current conserves parity. The cancellation is not possible for any common value of the Weinberg angle
once quark currents are involved because of the di↵erent charges. For this reason, the requirement of
maximum entanglement (or the vanishing of the polarizations, which amounts to the same), though
appealing, can hardly be promoted to a general principle from which to constrain a Standard Model
parameters like the Weinberg angle itself.

3.3.2 Weinberg angle

The Weinberg angle can be obtained from the polarization vector P⌧ using the relation [19]

P⌧ (cos⇥) =
A⌧

�
1 + cos2⇥

�
+ 2 cos⇥Ae

1 + cos2⇥+ 2 cos⇥A⌧Ae
, (3.20)

with,

A = Ae = A⌧ =
2 (1� 4 sin2 ✓W )

1 + (1� 4 sin2 ✓W )2
, (3.21)

assuming lepton flavor universality.
We compute the Weinberg angle by taking the weighted angular average of Eq. (3.20) and finding

A by solving the equation after inserting the value of hP i⌧ from Eq. (3.19). Inserting the value of A
so obtained into Eq. (3.21) yields the equation

0.2190 =
2 (1� 4 sin2 ✓W )

1 + (1� 4 sin2 ✓W )2
, (3.22)

which shows that the uncertainty in the coe�cient Bi is reduced by a factor of about 8 in the error
propagation. The central value for the Weinberg angle that solves Eq. (3.22) corresponds to the tree
level value:

sin2 ✓W = 0.2223±0.0006|stat ± 0.0001|syst , (3.23)

consistently with the inputs of our Monte Carlo simulation.
Rescaling the statistical uncertainty of our sample (obtained with a benchmark luminosity of 17.6

fb�1) to account for the expected FCC-ee yield, we obtain an uncertainty of 1 ⇥ 10�4, completely
dominated by the systematics. This uncertainty is of the same order of magnitude of the current
value [20]. The report [1] cites uncertainties in determination of the Weinberg angle between 10�5 and
10�6 as one of the goals for the FCC-ee machine—such a value can only be achieved if the systematic
error indicated by our estimate is reduced.
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Results

violation: 98% CL  w/ Run II data (139 fb-1) 
99.99% CL with Run III

null hypothesis: 
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systematic uncertainties (e.g. from unfolding) not included
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