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Dark matter (DM) can form dense condensates around black holes (BHs), such as superradiant
clouds and ultracompact mini halos, which can significantly affect the orbital evolution of their com-
panion objects through dynamical friction (DF). In this work, we define a novel quantity to quantify
such effects in the emitted gravitational waves (GWs) in terms of GW amplitude, frequency, and
their time derivatives. The information about the density profile can be extracted from this quantity,
which characterizes the type of condensate and, therefore, the corresponding DM property. This
quantity allows us to probe the dark dense environment by multi-wavelength GW observation with
existing ground-based and future space-based GW detectors, potentially revealing the properties of
the dark sector and shedding light on the primordial origin of the stellar mass BHs. A null detection
can place strong constraints on the relevant DM parameters.

I. INTRODUCTION

Since the detection of the first gravitational wave
(GW) event, GW150914, from a binary black hole (BBH)
merger [1], observations of BBH mergers have become
a powerful tool for studying black hole (BH) physics
and probing fundamental physics in the strong gravity
regime. Such detections enable systematic tests of gen-
eral relativity [2], the no-hair theorem [3], and Hawking’s
area law [4-6], etc. The BH parameters and luminos-
ity distance extracted from GW waveforms also make
BBH a standard siren for studying cosmic evolution [7—
11]. Moreover, the mass distribution of these events pro-
vides potential evidence for the existence of primordial
black holes (PBHs) [12-14]. These studies motivate fur-
ther exploration of new physics accessible through GW
observations of BBHs.

The LIGO-Virgo-KAGRA (LVK) collaboration can
observe the GW of inspiral phase, merger phase and ring-
down phase of mergers of BBHs and other compact ob-
jects such as neutron stars. The GW in ringdown phase
carries rich information about the fundamental aspects
of gravity and BHs (see e.g. [15-17]). On the other hand,
the GW in inspiral phase offers a channel to test the
ambient environments of BHs [18, 19|, where dark mat-
ter (DM) and beyond Standard Model (BSM) particles
could play a crucial role in affecting the GW waveforms.
Due to the strong gravitational potential of BHs, DM
can be gravitationally captured and form a dense struc-
ture around the BHs [20-23], which makes the vicinity of
BHs an ideal laboratory to study DM. Various methods
have been proposed to study DM in such scenarios [24—
30]. The existence of dense DM in the BH surrounding
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significantly affects the GW waveform during the inspi-
ral phase [31, 32]. Therefore, precise observations of GW
waveforms provide a unique probe of DM physics in the
strong-gravity regime.

The dark dense environments can be classified accord-
ing to their density profiles, which typically correspond
to different formation mechanisms. For instance, around
a spinning black hole, the presence of a DM seed can
lead to the formation of a bosonic cloud, as the black
hole loses its angular momentum. The cloud-BH system
is regarded as a gravitational atom (GA), and the cloud
growth phenomenon is known as superradiant instability
[33-36]. Once GA is formed, it can influence the orbital
motion of its binary companion through several mech-
anisms. For instance, state transitions and couplings
between the eigenstates of the GA can induce backre-
action on the companion [37-46]. In addition, when the
companion is located inside the cloud, dynamical friction
(DF) leads to extra power loss of kinetic energy, signifi-
cantly speeding up the orbital shrinkage [42, 44, 47, 48].
Hence, the information of this boson cloud, such as boson
mass, can be potentially inferred from GW signals.

Another commonly discussed dense environment
formed around a BH by gravitational attraction is com-
pact mini halos [20-23, 49]. Their formation requires
either a supermassive black hole (SMBH) or long-term
accumulation of DM particles around PBHs [23, 50, 51].
Therefore, the detection of a DM halo surrounding
a stellar-mass BH could indicate its primordial origin
[52, 53]. The density profile of DM halos around BHs
depends on the nature of DM. Ultralight bosons would
form a soliton-like DM halo around a Schwarzschild BH
[22, 54, 55], while the particle-like cold dark matter
(CDM) typically forms a spike-like distribution around
BHs. The density profile of DM halos can affect the or-
bital evolution of the companion by DF and leave im-
prints on the emitted GWs, which we aim to obtain from
the waveform of GWs emitted during the inspiral phase
of binary mergers.
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In this work, we mainly focus on BBH systems, and
introduce a new quantity, denoted as D, which is the
combination of three characteristics in a GW signal: the
amplitude h, the frequency f, and its time derivative
df/dt. D is proportional to the additional power loss
caused by DF, and its magnitude depends on the den-
sity of the dark environment experienced by the binary
companion at a given GW frequency. Therefore, ana-
lyzing the evolution of D of a BBH GW signal in the
frequency domain allows one to reconstruct the density
profile of the dark environment around those BHs. We
show that fitting the theoretical D — f relation for fu-
ture GW observation signals can constrain the mass of
ultralight boson in the superradiant cloud, the soliton
structure around BHs, and the power-law index of DM
halo density profiles. In the following discussions, we will
consider circular orbits for two main reasons. The first
is to simplify the analysis and emphasize the main point
of our method. The second and more practical one is
that current observation is based on templates which are
calculated for circular orbits. This is justified, because
the eccentricity at the final stage of mergers has been sig-
nificantly reduced by GW emission. Also, DF becomes
relevant typically at small separation where circulariza-
tion is expected.

This paper is organized as follows. In Sec. II, we in-
troduce two types of important dark dense environments
around BHs, GA boson clouds and DM halos. In Sec. 111,
we construct a new quantity D from the properties of
GW waveforms and demonstrate the relation between the
D — f diagram and the density profile of the dark dense
environment. In Sec. IV, we show the frequency range
of GWs within which D can be efficiently measured, and
how D can be used to constrain DM properties in these
regimes. In Sec. V, we summarize how this unique quan-
tity D probes the nature of dark dense environment from
GW waveforms.

II. DARK DENSE ENVIRONMENT

DM occupies about 80% of the total matter density in
the Universe [56]. Such a large fraction makes DM play-
ing a significant role in forming the environments around
compact objects, such as BHs. The presence of a dense
dark environment around BHs can affect the orbital evo-
lution of BBH systems and, therefore, modify the wave-
form of emitted GWs.

We mainly focus on two typical macro-structures
formed around BHs in this paper: GAs and DM halos.
In the case of a GA, the most widely discussed forma-
tion channel is superradiant instability, which suggests
that a boson cloud can form around the BH by extract-
ing the BH spin, and the mass of the cloud can reach
at most ~ O(10%) of the BH mass [57]. On the other
hand, DM halos form by the accretion of CDM over a
long timescale. The density profile of DM halos depends
on DM models. For example, ultralight bosons can form

a soliton-like DM halo, while particle CDM tends to have
a spiky profile. Such so-called “dressed” BHs could have
a primordial origin [52].

The dark, dense environment around BBHs can pro-
vide an additional dissipation channel, DF [58], to the
orbital energy besides GW emission. The power of DF
can be described by
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and it can dominate over GW emission power within a
certain frequency range. Here, M, is the mass of the
binary companion, v is the relative velocity between the
companion and the dark environment, pp is the density
of dark environment that the companion experiences, and
C) is the Coulomb logarithm.

The form of Cy depends on the nature of DM. For
ultralight boson with mass u, Cx depends on the pa-
rameter & = M,u/v. In the regime £ < 1, Cj can be
approximated as [59]

sin 2krp

~ Cin(2
Cp = Cin(2kry) + o

(2)

where k = pv, and rp represents the smaller quantity
between the size of the binary orbit and the typical scale
of the dense environment. Function Cin is defined as
Cin(z) = [;(1 — cosy)/ydy. When kry — 0, Cy —
(kr)?/3. For particle-like CDM, the Coulomb logarithm
can be expressed in a classical form in Chandrasekhar’s
formula [58] as

CAZIHA, (3)

where A = v?r/G M, with mass ratio ¢ = M, /M between
the companion and the dressed BH. For circular orbit,
A= (14q)/q, so Cy is solely fixed by ¢ in this case.

It is worth noting that throughout this work, we as-
sume the orbital shrinking proceeds adiabatically. How-
ever, strictly speaking, the relative velocity in Eq. (1)
contains both radial and angular components during in-
spiraling, ¢ = v,.7 + v¢¢3, where 7 and (]3 are the unit
vectors for these two directions, respectively. The contri-
bution from v, can be safely neglected only when |vy| >
|v|. Under the circular orbit approximation, this condi-
tion can be estimated as v, /vy| ~ —d(f!)/dt < 1.

This condition can be further expressed in terms of
the binary separation r and the ratio |Ppr/Paw|, pro-
viding an analytical criterion for self-consistency. In this
work, we verify it numerically for each case and identify
the valid regimes in the examples discussed below. The
detailed calculation of deriving the consistency check cri-
terion for the adiabatic orbital shrinking assumption is
presented in Appendix A.

Next, we will introduce the dark dense environment
we mentioned above in detail, and calculate their density
profiles.



A. Superradiant Instability and GA

In this section, we will provide a brief overview of the
background information regarding superradiant instabil-
ity as outlined in reference [37].

Superradiant instability refers to the phenomenon
where a rotating BH with mass M can create a bosonic
cloud through the loss of angular momentum, leading
to the formation of a structure known as a GA. This
condition requires the boson’s Compton wavelength to
be larger than the Schwarzschild radius of the BH. The
amplification behavior can be understood by solving the
Klein-Gordon (KG) equation within a Kerr background

(Orers =)@ =0, (4)

where @ is the bosonic field. After taking into account
the ingoing boundary condition at the horizon, along
with the decaying boundary condition at infinity, we
can derive a series of eigenmodes characterized by three
quantum numbers denoted as |nlm). The correspond-
ing eigenvalues can be numerically solved using Leaver’s
method [60, 61], and their analytical form can be ob-
tained in the non-relativistic limit. It is noteworthy that
the eigenfrequency in the solution contains an imaginary
part wnim = Enim + i 5m, which results in the growth
of the cloud. The growth can be observed from the am-
plitude of the mode function 1y, o e@nimt oc elnimt,
Here, the rate of superradiance I'y;, has an analytical
form [62]

Fném =2 f+ Cné 9em (mQBH - wn@m) a4é+5 ; (5)
where 7} denotes the outer horizon and Qpy is the angu-
lar velocity of the Kerr BH. « = GMpu/(ch) is the grav-
itational fine-structure constant, representing the ratio
of the Schwarzschild radius of the BH to the Compton
wavelength of the bosonic field, with G, ¢, and A rep-
resenting the gravitational constant, speed of light, and
reduced Planck constant, respectively. Note that the an-
alytical expression is valid only for @ < 0.3 [63, 64]. The
explicit forms of C,; and gy, can be found in [36, 62, 65].

From Eq. (5), we see that exponential growth oc-
curs only when mQpy > Wnim, which requires a highly-
spinning black hole. Otherwise, I';,;,,, becomes negative,
and the cloud amplitude decays exponentially with time,
indicating that the cloud will be absorbed by the BH.
Moreover, if the initial spin is sufficiently high, the mode
|211) will dominate over other states, since it has the low-
est orbital quantum number /, and the superradiant rate
is strongly suppressed by a*t° for o < 1.

Together with the eigenfrequency, we can derive the
density of the cloud [48, 66, 67|

Prim(z,0) = 1.01 x 10%° Mg pc™3
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where A, (x,0) is the spatial density distribution, with
x = r/rg, with ro = 1/pa denotes the Bohr radius of
GA. Here $ is the mass ratio between the boson cloud
and BH. For the most dominant mode |211), we have

1
Ao11(z,0) = 6473326_”’ sin?0 . (7)

B. Dark Matter Halo

The BH gravitational attraction would accumulate DM
and form a dense halo around it [20-23]. The formation
of such a DM halo requires either a strong gravitational
potential, as provided by an SMBH [20, 49|, or a suffi-
ciently long accumulation timescale, which is likely to be
achieved in the case of a PBH [23, 50]. The profile of
the halo depends on DM model. Wave-like DM forms
soliton-like structure, while particle-like CDM, such as
weakly interacting massive particles (WIMP), forms a
spike-like structure.

For ultralight bosons around a Schwarzschild BH, a
soliton-like DM halo would form [22, 54] with a density
profile follows [68]
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where ¢ is the mass ratio between the solitonic core and
BH. Note that although we are discussing the macro-
structure consisting of the ultralight boson, its density
profile is different from the GA cloud density profile given
in Eq. (6). Because in the context of superradiance, we
focus on spinning Kerr BHs, while for the soliton case we
consider a non-rotating BH, around which the ultralight
bosons can only condense without extracting additional
energy from the BH [55].

In the case of particle-like CDM, it can undergo gravi-
tational collapse to form a DM halo with an inner cuspy
profile even in the absence of a BH, which is typically
modeled by the Navarro-Frenk-White (NFW) profile
[69, 70]. If an SMBH appears at the center of the galac-
tic DM halo, its strong gravitational field causes the sur-
rounding DM growing adiabatically. Ref. [20] proposed
that this process leads to the formation of a spike-like
dense DM environment around SMBHs, with a density
profile given by
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where pp is the density at the boundary of the spike, r¢p
is the radius of the DM spike, and r; is the Schwarzschild
radius of the SMBH. The existence of such a spike-like
DM halo would cause various potential observational sig-
nals, such as DM annihilation [20] and PBH mergers
[27, 71].



On the other hand, for stellar-mass BHs, their gravita-
tional potential is not strong enough to significantly affect
a DM halo with the NFW profile. However, a spike-like
DM halo can still form around them through long-term
accumulation. In this scenario, an astrophysical BH is
unlikely to host such a DM halo due to its young age. In
contrast, a PBH formed in the early Universe can accrete
DM over the entire cosmic lifetime, leading to the forma-
tion of a dense halo around it [23, 50, 51]. The density
profile of DM halo surrounding a PBH can be expressed
as [51, 72]

ontr) = oo (1) (10)

where pg = 0.26 M pc=3((1 + 2.)/31)3 is the density at
the boundary of the DM halo. The typical halo size is
characterized by r, = 0.61pc(31/(1 + 2.))(My/Mg)'/?
with a mass My, = 97 x (31/(1 + z.))M. z. is the cutoff
redshift for DM accretion, which is around z ~ 30. In
general, the density profile of a CDM halo surrounding a
BH follows p o r7, characterized by index ~.

III. A DARK DENSE ENVIRONMENT PROBE
IN GWS

GW emission dissipates the total energy of BH bi-
nary system, leading to the orbital shrinkage and the
increase of GW frequency. Meanwhile, the presence of
a dense dark environment around BHs introduces addi-
tional energy dissipation through DF, which further af-
fects the evolution of orbital motion and, therefore, GW
frequency. Consequently, the non-standard evolution of
GW frequency can serve as a smoking gun for the exis-
tence of dark environment and an effective probe of its
properties.

Let us consider a system in which a binary companion
is inspiraling around a BH embedded in a dense dark
environment. The frequency evolution caused by GW
emission and DF dissipation can be expressed as

a7, 5 1/3
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Here f, and dt, are the intrinsic frequency and time inter-
val in the source frame, which differ from those measured
on Earth, f and dt, by

fs:(1+z)f7

Here z is the cosmic redshift. M. is the chirp mass of the
BH binary, defined in terms of the BH mass M and the
companion mass M, as M, = (MM,)3/>/(M + M,)'/>.
Paw and Ppy denote the powers of GW emission and
DF, respectively. For a circular orbit, Pgw reads [73]

dts = (1+2)"tdt . (12)
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In this work, we focus on the case of a circular orbit
e = 0. This is a reasonable assumption, as GW emis-
sion tends to circularize the orbit, particularly during
the final stage of the inspiral phase in a binary system
[74, 75]. This is also one of the main reasons why the
waveform templates used by current GW experiments,
such as those conducted by the LVK Collaboration, are
computed under the assumption e = 0, since their sensi-
tive frequency bands correspond to the merger phase of
stellar-mass compact binaries.

After transferring the intrinsic quantities into the ones
observed on earth via the relation shown in Eq. (12), we
apply Eq. (13) to Eq. (11) and obtain

df 96 [GM.(1 4 2)]5/3x8/3 f11/3

dt 5 5
3f1/3
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where the magnitude of the DF power, |Ppr|, is calcu-
lated in the source frame of the BH binary. We then
incorporate the DF power in various dense dark environ-
ments to illustrate its impact on the GW waveform in
the observer’s rest frame, as shown in Fig. 1. In this fig-
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FIG. 1. [Top| The GW waveform with and without the im-
pacts from a superradiant boson cloud. We choose a |211)
state boson cloud with a = 0.1. [Bottom| The GW waveform
with and without the impacts from a spike-like DM halo. We
choose DM halo power index as v = —9/4. The parameters of
BH binary is set as M = 30 M, ¢ = 1. The initial frequency
is set as fini = 0.04 Hz.

ure, we consider a BBH system with a component mass
of M = 30 My and a mass ratio ¢ = 1, and set the initial
frequency of fi,; = 0.04 Hz. The upper panel shows the
GW waveform dephasing in the presence of a GA cloud



around the BH, in which we notice that the waveform
changes rapidly. That is because when the DF induced
by the GA cloud dominates over GW emission, the bi-
nary system is already close to the merger phase, where
both the frequency f and the GW power Pgw, as well as
the DF power Ppr, are significantly larger. As indicated
by Eq. (11), the time derivative df/d¢ tends to be large
in this regime. In contrast, the lower panel shows the
waveform dephasing in the presence of a spike-like DM
halo. In this case, the dephasing proceeds more slowly
but it becomes noticeable after a long accumulation time.
This is because the DF induced by the spike-like DM halo
dominates over GW emission only in the low-frequency
regime, where the frequency evolution is correspondingly
slower.

In the following discussion, we aim at constructing
an observable-dependent quantity that can reveal such a
waveform difference, which reflects the contribution only
from the DF power loss. Although we have the relation
between df/dt and Ppr in Eq. (14), this expression still
involves parameters that must be determined through
GW template fitting, such as the chirp mass M,.. To ob-
tain a cleaner form expressed purely in terms of observ-
ables, we introduce the relation between GW amplitude
and its frequency, which is [76]

i 47'('2/3 [GMc(l + Z)]5/3 f2/3 .
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Here, h is the GW amplitude measured by detectors,
dr(z) = (14 2) [, ¢/H(2')dz" is the luminosity distance,
and H(z) is the Hubble parameter as a function of red-
shift. To eliminate the M, in the final quantity, we define
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in which the first term 24dy,(z)7?/5c is time-independent.
From Eq. (16), we can see that if there is no dark dense
environment, the second term vanishes, and g(t) will re-
main a constant. Thus, we can remove the first term by
taking time derivative

dt ~ c*dp(z) h2f3 dt \dIn f
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After removing the GW power-related term in the equa-
tion, we move the observable h, f, and df/d¢ from the
right-hand side to the left-hand side to construct a new
quantity D in GW signals as

hdf b d%f
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dg/dt  dh

which is determined by the DF power loss Ppr, related to
the density of the dark environment at the companion’s
position as the orbit shrinks.

To show how to use D to reveal the property of dark
dense environment, we consider three concrete examples
as we have discussed in Sec. II, i.e. the GA boson cloud,
soliton and spike-like DM halo.

A. Probing GA Boson Cloud via GWs

In this section, we discuss the DF induced by the GA
bosonic cloud introduced in Sec. ITA. As an example,
we focus on the dominant |211) mode and consider a
binary orbit that lies in the equatorial plane, 8 = 7/2.
By taking Eq. (6) and (7) into Eq. (1) and (18), we can
then compute D as

e 15 (fo)* 3dInCp
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Here, fo is the corresponding observed GW frequency
when binary separation is the Bohr radius ry. By fitting
the D — f relation in Eq. (19) with the observed one, fj

can be determined and therefore the corresponding boson
mass u can be calculated as

= 3.46 x 10713 eV
} :
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As a benchmark example to illustrate the observable D—f
relation in GWs, we consider a superradiant boson cloud
surrounding a 30 M BH. A binary companion with mass
ratio ¢ = 1 is orbiting around it. We compute the evolu-
tion of the GW observables h, f, and df/dt from 0.1 Hz
to 10Hz for this system, within which the effect of DF
dominates over GW emission. We obtain the correspond-
ing D—f diagram using Eq. (18), as shown in Fig. 2.

The solid lines in Fig. 2 are the numerical results of
D — f relation in the presence of superradiant cloud. The
cloud generates a bumpy feature in the D— f diagram. As
the interested regime is high GW frequency regime, we
use the small k7 approximation Cy o f~2/% in Eq. (19).
By fitting it to the numerical results, we can find a best-
fit value of fy. Then, we can obtain the boson mass with
Eq. (20) in which the BH mass, mass ratio, and redshift
would be extracted from the GW waveform in the Pgwy-
dominated frequency range. Note that the ground-based
and the future space-based GW detectors can cover both
the Ppp-dominated and the Pgw-dominated frequency
bands such that our method is applicable to realistic GW
analysis.

We also estimate the |v,/vg| in superradiant cloud to
check the validity of adiabatic orbital evolution approxi-
mation. For v = 0.1, |v,/vgs| < 0.23 holds for entire fre-
quency range in Fig. 2 and |v, /vg| < 0.05 for f > 0.5 Hz,




FIG. 2. The D — f diagram for a GA boson cloud with a@ =
0.1, 0.11, 0.12, respectively. The solid curves represent the
numerical results obtained using C calculated from Eq. (2).
The dashed curves show the best-fit analytical approximation
of D, derived by assuming Cx o« f~2/% in Eq. (19). The
parameters of the BH binary are set to M = 30 My and
q = 1, with the corresponding redshift fixed at z = 0.5.

hence this adiabatic orbital evolution approximation is
satisfied.

To end this part, we place some comments on our treat-
ment. We have used the small kr approximation to ob-
tain a power-law form of Cy when performing the fitting
of D. In principle, the fitting at the corresponding high-
frequency regime should be more accurate than the low-
frequency part. However, when we fit and obtain y in
Fig. 2, we have adopted the global best-fit value among
0.1 Hz to 10 Hz for simplicity. The resulting p is about
5% different from the true value we used for the solid
lines, which is acceptable for our current purpose.

B. Probing DM Halo via GWs

For ultralight bosons surrounding a Schwarzschild BH,
a soliton-like structure forms with a density profile given
by Eq. (8). The corresponding quantity D for the soliton
can then be expressed as
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We consider a soliton formed around a 30 M BH, the
mass ratio between the solitonic core and BH is set as
€ = 1073, Then we calculate observable evolution h, f
and df/dt of GWs from the DF dominant frequency re-
gion, 0.05Hz to 3 Hz, numerically in this binary with a
soliton, and use h, f and df/dt to construct D as de-
fined in Eq. (18). We obtain the D — f diagram as shown
in Fig. 3. The resulting D—f diagram exhibits a dis-
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FIG. 3. The D — f diagram for a soliton with a =
0.04,0.045,0.049 that corresponds to boson mass u =
1.8,2,2.2 x 1073 eV, respectively. The solid curves repre-
sent the numerical results obtained using Ca calculated from
Eq. (2). The dashed curves are the best-fit analytical approx-
imation of D by assuming Ca ~ f~2/3. We set the mass ratio
of solition and the BH is ¢ = 1073, parameters of the BH
binary as M = 30 M and ¢ = 1, its corresponding redshift
is set as z = 0.5.

tinct behavior compared with that of the superradiant
boson cloud, because of the different underlying density
profiles. Similar to what we have discussed in the su-
perradiant case, the boson mass of this soliton-like DM
halo can be inferred from the characteristic frequency fo.
Once fj is fitted from the observed D—f relation, the cor-
responding boson mass can be obtained using Eq. (20).
Here, we have also used the analytical D — f relation ob-
tained with small kr approximation for the fitting, which
results in about 3% error from the true value of . Again,
the global best-fit value among 0.05 Hz to 3 Hz of p is
adopted.

In this case, the value of |v,./vy| is also smaller than
5 x 10~* within the considered frequency range for o =
0.04. This ensures the validity of the adiabatic orbital
evolution approximation.

For particle-like CDM, on the other hand, the density
profile of formed halos follows p o r7, and C ~ const,
so Eq. (18) can be rewritten as

8G 11
D=_°" _|p H
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As a benchmark example, we consider such a halo sur-
rounding a BH of M = 30 M with a binary companion
to illustrate the D—f relation. We compute the evolution
of the GW observables h, f, and df/dt from the DF dom-
inate frequency region, 0.05 Hz to 0.5 Hz, for this binary
system, and construct D using Eq. (18). The resulting
D-f diagram is shown in Fig. 4.

Eq. (22) shows that the power-law index of the D—f
relation is directly correlated with the power-law index
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FIG. 4. The D — f diagram for a dark matter halo with power
index 7 = —9/4. We set the parameters of the BH binary as
M = 30 My and g = 1, the corresponding redshift is set as
z =0.5.

in the density profile of the dark environment, as

dnD 2, 1
=—Z(y+2). 2
dmf - 303 (23)

Once such a D—f relation is observed in GWs, it can
reveal the CDM halo distribution surrounding the BH
binary, and may indicate a possible primordial origin of
the central BH. In a spike-like halo with a power-index
v = —9/4, |v./vg] < 6 x 1075 holds in DF-dominated
frequency, which ensures the validity of the adiabatic or-
bital evolution approximation.

It should be noted that measurement uncertainties in
the GW waveform can significantly affect the inferred
D—f diagram. If the GW emission power dominates over
the DF power loss in the orbital frequency evolution, the
waveform deviations induced by DF will be smaller than
the observational uncertainties. In such cases, the D—f
relation cannot be reliably extracted from the GW sig-
nal. Therefore, to obtain a measurable D—f diagram, one
should focus on the frequency range where the DF power
loss dominates over the GW emission power. A detailed
discussion of this point is provided in the next section.

IV. DETECTABILITY OF DARK DENSE
ENVIRONMENT IN GWS

To probe the features of dark dense environments via
GW waveforms, the signals must first be detectable by
GW detectors. For a GW event to be confidently de-
tected, its signal-to-noise ratio (SNR) must exceed a
given threshold within the observation time. Following
Refs. [77, 78], we define the optimal SNR as

_ Jmax |B(f)[2
SNR = %1/ 5.(7) df , (24)

min

with a Fourier transform of GW waveform h(f) as

B M)
h(f) - 24 772/303/2dL (Z) f . (25)
Here, fuin and fiax denote the initial and final observed
GW frequencies during the observation period which is
taken to be one month in the following analysis. S, (f)
represents the detector’s noise strain [79]. To ensure a
detection probability greater than 95%, corresponding to
a false-alarm probability below 0.1%, the optimal SNR
must exceed a conservative threshold value given by [80]

SNR > 8 . (26)

It should be noted that the detection method described
above is based on matching of GW templates [81]
which are modeled for binary systems without con-
sidering dark dense environments. Therefore, detect-
ing GWs influenced by such environments requires
template-independent approaches, such as sine-Gaussian
wavelets [82, 83] or deep-learning [84]. These template-
independent methods have demonstrated performance
comparable to the template-based approach in the case of
GW150914 [1] and are expected to be improved further.
Consequently, we adopt the same detection criterion of
SNR > 8 used in template-based analyses for GWs both
with and without dark dense environments.

After detecting the GW waveform, in order to use
the new quantity D for probing the dense dark environ-
ment around BHs, we must focus on the GW frequency
range where D is measurable. As discussed at the end
of Sec. III, for D to be observable, the dissipative power
governing the evolution of the GW waveform must be
dominated by DF, ensuring that the corresponding sig-
nal is not buried in the GW noise. Therefore, we consider

Ppr > 10 Pow (27)

as a criterion that the DF effect would not be hidden in
the GW noise. We can then illustrate the range of DM
parameters that can be probed through the quantity D
in GW waveforms. Conversely, if no such features in D is
detected within the corresponding frequency range, the
associated DM parameter space can be excluded.

A. Detectability of GA Boson Cloud

We first consider the scenario of a GA boson cloud sur-
rounding a BH in a binary system. By applying Eq. (27)
to the superradiant boson cloud model with an ultralight
boson mass of ;1 = 5 x 1071% eV, we obtain the detectable
frequency ranges for different BH masses M, as shown in
Fig. 5.

In this figure, we do not show the case with ¢ = 0.01
since it is nearly identical to the ¢ = 0.1 case. We also see
that the feasible region for ¢ = 1 is much smaller than
that for ¢ = 0.1. Actually, the mass ratio has only a
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FIG. 5. The illustration of the parameter space where the
power loss due to DF dominates over that from GW by a
factor of 10 for ¢ = 1, 0.1. We take p = 5 x 1071° €V as our
benchmark bosonic mass and fix the redshift at z = 0.5. The
region with £ > 1 is excluded to ensure the validity of our
analysis. The yellow region indicates where the superradiant
growth rate of the 211 cloud exceeds the inverse age of the
universe, implying that the cloud can form within the age of
the universe. The shaded region on the right denotes a >
0.3. The cyan shadow regions correspond to the detectable
parameter regions in LISA [85] with an observation time of
one month. The solid cyan curve corresponds to the case
q = 1, while the dashed one corresponds to the case ¢ = 0.1.

weak influence on the ratio between Pgw and Ppr. The
reduced region in the ¢ = 1 case arises primarily from the
exclusion imposed by the condition £ > 1, under which
Eq. (2) is no longer valid. The yellow parameter region
on the right is determined by the constraint on the su-
perradiant rate, I's1; > Ta_gé, where T'9q1 is defined in
Eq. (5) and Thge denotes the age of the Universe. This
condition ensures that the GA can form through super-
radiant instability within the cosmic lifetime. However,
it is worth noting that a GA may also form via accretion
or relaxation of DM [86], in which case this constraint
can be relaxed. The shaded region on the right denotes
a > 0.3, where the analytical expression for the superra-
diant rate is no longer valid, as discussed in Sect. ITA.
The solid cyan curve corresponds to the case ¢ = 1, while
the dashed one corresponds to the case ¢ = 0.1. As an
example of the conclusion that can be drawn from this
figure, the feasible frequency range in which Ppr can be
detected through the quantity D is (0.0004, 0.02) Hz for
g = 1 and a boson mass of = 5 x 107° eV, assum-
ing that the cloud is purely generated by superradiance.
This frequency region lies inside the detectable region in
LISA with an observation time of one month.

We also present the detectable parameter regions for
different boson masses p and GW frequencies f, with a
fixed BH mass, in Fig. 6. In the top panel, the primary
BH mass is set to M = 30 Mg, while in the bottom panel
it is M = 1000 My. The shaded region on the right
corresponds to a > 0.3, where the analytical expression

for the superradiant rate becomes invalid, as discussed
in Sec. ITA. The purple shaded regions on the left of
each plot indicate the non-excluded boson mass ranges
reported in Ref. [87]. The exclusion arises from BH spin
observations, since the superradiant instability extracts
angular momentum from the BH, thereby preventing the
existence of highly spinning BHs in the Regge plane.
Consequently, the observation of high-spin BHs implies
that the superradiant instability has not occurred, mean-
ing that bosons within the corresponding mass range do
not exist. As a result, for M = 30 M), most of the pa-
rameter space is ruled out by this constraint, whereas
for M = 1000 M, the situation is significantly relaxed,
leaving a much larger viable parameter region.
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FIG. 6. The illustration of the parameter space where the
power loss due to DF dominates over that from GW with
q = 1, 0.1 by a factor of 10. We take Mp = 30M in the
top panel and Mp = 1000My for the bottom panel as our
benchmark BH mass, and fix the redshift at z = 0.5. The
region with €& > 1 is excluded to ensure the validity of our
analysis. The blue region indicates where the superradiant
growth rate of the 211 cloud exceeds the inverse age of the
universe, implying that the cloud can form within the age of
the universe. The purple shaded region corresponds to the
scalar bosonic mass range that has not been excluded in [87].
The shaded region on the right denotes a > 0.3.

Another point to be clarified is that, although we
present the results for ¢ = 1 in all cases, several subtleties



arise in the equal-mass binary system. For instance, the
DF may become strong enough to disrupt or scatter the
cloud. Also, the cloud can hardly survive the influence
of the binary companion, as it may undergo either reso-
nant transitions or off-resonant couplings to states that
are rapidly absorbed by the BH. In addition, a large M,
results in a larger £, which is more likely to exceed unity.
This would violate the condition £ < 1, thereby breaking
the validity of Eq. (2) that we have used throughout this
work.

B. Detectability of DM Halo

For the soliton surrounding a Schwarzschild BH, we
compute the DF power using Eq. (8) and show the re-
gion satisfying Ppp > 10 Pgw in Fig. 7. In the top
panel of Fig. 7, we consider a fixed boson mass of y =
5 x 10715 eV around BHs of various masses and evalu-
ate their detectability with the space-based GW detector
LISA, adopting the criterion SNR > 8. As an exam-
ple for the conclusion we can draw from this figure, for
a binary with primary BH of 1000 Mg and ¢ = 1, the
detectable frequency range of a soliton-like DM halo lies
between (0.002, 0.005) Hz. In the bottom panel of Fig. 7,
we consider different boson masses with fixed BH mass
M = 30 Mg and show the corresponding frequency range
where the DF power dominates.

For a halo formed by particle-like CDM surrounding a
binary BH, the density profile follows p o« r7, leading to
a DF power scaling as Ppp o< f~(27T1/3 while the GW
emission power scales as Pow o f19/3. This implies that
the DF power dominates the orbital evolution of binary
BHs at low frequencies when the CDM halo has a power
index of v = —9/4. Using Egs. (1) and (13), we show the
frequency range satisfying Ppr > 10 Pgw in Fig. 8.

The results show that the such a halo dominates the
GW waveform evolution in the low-frequency regime
as expected. Such imprints of the halo on GW wave-
forms should be detectable by future GW detectors. In
Fig. 8, we illustrate the detectable frequency ranges for
the space-based detectors DECIGO and LISA, corre-
sponding to SNR > 8 for a one-month observation. For
a 30 M; BH binary, the influence of such type of ha-
los becomes significant at f < 0.08 Hz, and its imprint
can be detected by DECIGO in the frequency range
(0.0065, 0.083) Hz, where a characteristic power-law D—f
relation is expected to appear. For more massive BH bi-
naries, the halo-dominated region shifts to lower frequen-
cies, making the signal accessible to LISA and even lower-
frequency GW detectors such as SKA. We also show the
case with a mass ratio ¢ = 0.1 as dashed curves in Fig. §,
which exhibits only a slight shift in the detectable fre-
quency range compared to the ¢ = 1 case.
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FIG. 7. [Top|] The illustration of the detection space for

soliton, where the power loss due to DF dominates over
that from GW by a factor of 10. We take the boson mass
i =>5x10"'%eV. The cyan shadow regions correspond with
detectable parameter regions in LISA [85] with an observation
time of one month. [Bottom| The illustration of the detection
space for the soliton, where the power loss due to DF domi-
nates over that from GW by a factor of 10. The BH mass is
set as M = 30 Mg. On both top and bottom panels, we fix
redshift at z = 0.5 and set the BH mass ratio ¢ = 1,0.1 for
solid and dashed curves, respectively. The region with & > 1
is excluded to ensure the validity of our analysis. The purple
shaded region corresponds to the scalar bosonic mass range
that has not been excluded in [87].

V. DISCUSSIONS AND CONCLUSIONS

To conclude, we have investigated the imprints of dark
dense environments on GW waveforms. Using the GW
observables such as the amplitude h, frequency f, and
its time derivative df/dt, we have constructed a novel
quantity, D, which is proportional to the DF power loss
contributed by the surrounding dark environment. The
evolution of D in the GW frequency domain yields a D—f
diagram, which characterizes the properties of density
profiles of the dark dense environments surrounding BH
binaries.

We analyzed the quantity D in three types of dark
dense environments: a GA boson cloud, a soliton-like
condensate, and a compact mini halo consists of particle-
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FIG. 8. The illustration of the detection space where the
power loss due to DF dominates over that from GW by a
factor of 10. We take v = —9/4 as our benchmark DM halo
profile, and fix redshift at z = 0.5. We set the BH mass ratio
q = 1,0.1 for solid and dashed curve, respectively. The blue
and red shadow regions correspond with detectable parameter
regions in DECIGO [88, 89] and LISA [85], respectively. We
set an observation time as one month.

like CDM. For the GA boson cloud, fitting the theoretical
prediction of D to the observed D—f diagram helps us
to determine the characteristic GW frequency fy which
gives the Bohr radius 7o of the GA. Combined with the
BH mass, mass ratio, and redshift, which are quantities
measurable in the GW power—dominated regime, we can
extract the boson mass via Eq. (20). Ultralight bosons
can form soliton-like halos around Schwarzschild BHs,
and the boson mass can similarly be inferred by fitting
the D—f relation. On the other hand, particle-like CDM
forms spike-like halos whose density profile index ~ can
be determined from the power-law index of the observed
D—f diagram, as given in Eq. (23). It is worth noticing
that, astrophysical stellar-mass BHs are unlikely to pro-
duce the third type environment. Therefore, the detec-
tion of a power-law D—f behavior would strongly suggest
a primordial origin of these BHs. Lastly, we have investi-
gated the detectability of dark dense environments with
space-based GW detectors such as DECIGO and LISA.
Our results show that a wide DF-dominated frequency
range lies within their sensitivity bands, allowing the ex-
traction of DM properties through D. Conversely, a null
detection in this regime would place stringent constraints
on the corresponding DM parameters space.

Our work raises a number of interesting follow-up ques-
tions that we can explore in the future. For example, we
focus exclusively on BH binaries with circular orbits in
this work, since a nonzero eccentricity would introduce an
additional de/d¢ term into the analytical expression of D,
complicating the analysis. Although various mechanisms
during the inspiral phase tend to circularize the orbit
[74, 75], the assumption of e = 0 reduces the number of
BH binary events that can be used to study dark dense
environments through the D—f diagram. Furthermore,
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detecting GW waveforms modified by DF requires the es-
tablishment of template-independent analysis techniques
[82-84, 90, 91], as current template-based methods [81]
are inadequate for our purpose. Therefore, the develop-
ment of template-independent GW analysis is essential to
apply our method to effectively probe new physics around
BH binaries. We leave these topics to future works.

The dark dense environments surrounding BHs make
them ideal laboratories for exploring the nature of DM.
With the advancement of space-based GW detectors, the
GW frontier will extend into lower-frequency and higher-
sensitivity regimes [92]. This will enable precise measure-
ments of the D—f diagram in GW waveforms during the
inspiral phase, offering an insight of the dark dense envi-
ronments around BHs and deepening our understanding
of DM.
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Appendix A: Consistency Check for Adiabatic
Orbital Evolution Approximation

In this appendix, we derive the self-consistency crite-
rion for the adiabatic orbital shrinking approximation.

First, we decompose the relative velocity into its radial
and angular components v = v,.7 + v¢q3 in the rest frame
of the primary BH. The radial component is calculated
as

dr 2 r dfs
T a3, dt (A1)
_ 26M)" (49 1 df, 2
- e W)

where we use Kepler’s law for circular orbit while deriv-
ing the third equality. On the other hand, the angular
component reads

GM(1+q)

r

1/3
Vg~ = (#GM(1+q)f)"* . (A3)
The adiabatic approximation is valid as long as the radial
velocity component is much smaller than the tangential

one, that is

Uy 2 1df
— =% A4
Vg 3T f2 dt < ( )
As the prefactor is order unity, we simply require
1 df
——<1. A5



Specifically, in our consideration with Pgw and Ppg, we
can derive

1df  12v2r o\ 3
a5 V(7)) (“‘

Ppr
Pow

). o)

where ry is the Schwarzschild radius defined as r, =
2GM/c?. Qualitatively, we mainly focus on the regime
where the DF is strong enough to be observable, i.e.,
|Por/Paw| > 1. Thus, for ¢ ~ 1 case, the adiabatic
orbital evolution approximation remains valid only when
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DF is significant while the binary separation is still
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much larger than the Schwarzschild radius of the primary
BH. However, for small mass ratio ¢, the constraint on
r for which the adiabatic approximation holds becomes
less restrictive.

We also use Eq. (A4) to numerically evaluate |v,/vy]
and confirm that, within the frequency ranges considered
in this work, the condition |v,/vg| < 1 always holds for
all three types of dark dense environments. This validates
the use of the adiabatic approximation throughout the
parameter space analyzed. The corresponding numerical
details are presented in the main text.
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