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Introduction

LHC /HL-LHC Plan
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HL-LHC TECHNICAL EQUIPMENT:

DESIGN STUDY PROTOTYPES CONSTRUCTION INSTALLATION & COMM. PHYSICS

HL-LHC CIVIL ENGINEERING:

DEFINITION EXCAVATION BUILDINGS cones

Future 14 TeV HL-LHC runs + Clear signatures left by vector boson productions (leptonic decays)

¥

Observables measured with an accuracy well below one percent

N

Precision achieved theoretically only if N3LO corrections included!!!
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From Cross Sections ... to Master Integrals

e QCD amplitudes expanded in as — 3-loop contributions to hard-scattering cross section @ N3LO

da3Lo /dq>("*2) (2 Re [M(f)(ME,O))*D +

° M,,3) is a sum of three-loop Feynman Diagrams — Feynman Integrals (d = 4 — 2¢)

MY = thl—'t with Ft—/ddklddkgddkgl_[

iet

Dav D*(k'i'Pl) —m

which satisfy integration-by-part relations — Master Integrals

i€t

° M&a) expressed as a sum of Master Integrals multiplied by process-dependent coefficients
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Frontier in Three-Loop Feynman Integral Computations

e Current frontier: Four-point families with one off-shell leg
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(a) Ladder-box (b) Tennis-courts (C) Some non-planar Ladder-boxes
[S. Di Vita et al, 2014] [D.C., N. Syrrakos, 2021 J. Henn et al, 2023]
2 —2 2 —2 ™~ —
3 13 1 3 — 13 —1 — ] {
(d) Some non-planar Tennis-courts (e) More non-planar Tennis-courts
[T. Gehrmann et al, 2024] [J. Henn et al, 2024]

o Recently extended: Four-point with two off-shell legs (same mass) + Massless 5-point
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(f) Two Ladder-boxes (g) Planar Penta-box-box
[M. Long, 2024] [Y. Liu et al, 2024]
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Frontier in Three-Loop Amplitude Computations

e Amplitudes computed using some of the results of the previous slides

(]l,) Planar Vj production (l) Leading Color Hj production

[T. Gehrmann et al, 2023 [T. Gehrmann et al, 2024 & X.Chen et al, 2025]

Herein we extend the frontier to families with two external massive particles with unequal masses!!!

o

.

e These families contribute to leading color three-loop QCD amplitudes of processes like

qd'/gg — ViVo — (hE)(hB) with ViVo =~*y* WW™,2Z, WEZ, WEy*, Zy*
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Notation and Kinematics

e Four-particle scattering + two different external masses — 4 independent invariants § (scales)

s2=(p1+p)? ss=(p2+p3)’ mi=p3, mi=p;, pi=pi=0

e Physical region in Mandelstams contains the root R = \/mg + (M2 — s12)% — 2m3(m3 + s12)

m§+mi—512—R<s23<m§+m§—512+R
2 - - 2

mi,m; >0, s> (ms+m)?

e R can be rationalized using the parametrization (R = m3x(1 — y))

S12 523 m
2 :(1+X)(1+Xy)7 ) = —Xz, 7;1 :X2.y
m3 m3 m3

e Physical region in (x, y, z) parametrization takes the form

‘x>0, O<y<1, y<z<l1
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Integral Families Under Study

e Our three-loop four-point Feynman Integral families are of the form

2
3
d9kd9kod9ks  e3EE .
Faq,..a15 = / (i7r)3d/2 Df‘l — Df‘sls with D; = Z ajjki + bijp;
i=1
where aj;, by = 0, £1 and the last 5 propagators are auxiliary ones (a; < 0 for i = 11,...,15).

e All the planar FI families can be collected into two propagator super-families: F123 and F132.

e F123 is described by the following set of propagators

Dy = ki, Dy = (ki + p1)?, D3 = (ki + p12)?, Dy = (ki + p123)?,
Ds = k3, Ds = (k2 + p1)?, D7 = (k2 + p12)?, Ds = (ko + p123)?,
Do = k3, Dio = (ks + p1)?, D11 = (k3 + p12)?, D12 = (k3 + p123)?,
D13 = (ki — ko), Dig = (ki —k3)>  and  Dis = (ko — k3)?

e F132 propagators can be obtained from the F123 ones via the transformation py <+ p3.
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Four Planar Families

kr

(a) RL1 (F123): 27 Mls (b) RL2 (F132): 25 Mls
. o
4 i i o™
(c) PL1 (F123): 150 Mls (d) PT4 (F123): 189 Mls

e Alphabet in the variables {x, y, z} consists of the following 15 letters

oy, 2,14 x,1—y,1-zz—y, 14y -z 1+x/, 1+xz, z+x,
1—z4+y(1+x), 14+x(1+y—2), z—y(1 -z —xz), z— x(y — z — y2)}

e 50 new sectors with 132 genuinely new master integrals!
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Differential Equations (DEs)

o Computation of Mls derivatives + Generation of IBPs — FFINTRED

! i in;

dk; 0 Zlez, ) ,

/ e G v R I R
i=1 )

e IBPs solved over finite fields — Reconstruct DEs with FINITEFLOW
9:G=Be(35;¢) G with  €£€35,
e What we reconstructed is not the above form but the following canonical one

cdAB) T|  with  dA(S) = ZA, d log w;

e Pure bases: bottom-up approach + sector-by-sector study in the maximal cut (MC)

@ Magnus exponential
@ Building-blocks
o Candidates with integrands of d log form
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Pure Bases Construction: Magnus Exponential
e Choose appropriate candidates (if N, < 7 — dot, else — ISPs)! that render MC DEs linear on ¢

9 GM = (Ho,¢ + My ¢)GM©
e Hy can be removed by rescaling Mls a matrix that satisfies the following DEs

O TV = —T"Hy ¢
o New candidates defined as /M¢ = TMCGMC acquire canonical DEs in MC
B M = eAYMC with  AYC = TMCH, ((TV) !
e Are Tpure beyond MC? — relax cut conditions — may appear sub-sector entries linear on ¢
Oel = eAYM + (ho ¢ + chy )1

e To set them in canonical form rotate the lower sector % contributions by integrating out ho,e

T=MC 4 s with 0T = —ho ¢

LWhere with Np, we denote the number of propagators of the sector at hand
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Pure Bases Construction: Building-Blocks

e Building Blocks: combine leading singularities (LS) of one/two-loop pure candidates as building
blocks for creating a three-loop candidate with constant LS, in a graphical /heuristic approach
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l:ij, ‘AS[(?’? —p3+t)G111.01,1.100+ (P§ — 5)(;1.1.1.1.1.1.1.71.0}

[J. Henn et al, 2014]
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Pure Bases Construction: Fls of dlog-Form

e DLoGBASsIS: use spinor-helicity formalism to bring 4-dimensional integrand into d log form, e.g.

k=2(k — p1)~2d*k

Ipox = m — (s12523) "1d log[fi (k)] x dlog[f2(k)] x d log[f3 (k)] x d log[fa(k)]
e Massive momenta — use a SDE parametrization to re-express in terms of massless
{p1 = xq1, P2 = ¥q2, p3 — q13 — Xq1, pa — Goa — yq2}  with ¢ =q¢i=q¢3=q; =0
e dlog form in d-dimensional integrand using Baikov representation in MC and beyond
Grxen = _elEeCy H /dDa H% (PR)d-Lt=E-1)/2
e T glamEmne | 1L Dy Dy

o For example, in MC for the top sector of PT4 after keeping the leading term on ¢ we have?

1 x D3 4 ,
D2D7(D7 ~e2)Ro (s12R) " "dlog[f(D7)] x dlog[f' (D2, D7)]
2

F123
—s12R G155 11,1,1,0,0,0,1,1,0,1,1,1

’Rp, = \/Dz(m (m2 — s12)2 — 2m3(m2 + s12)) + 55,55, + 2Das12((m? — s12)s23 + m3(s23 — 2m3))
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Analytic Solution

e Solve the (x,y,z) DEs in terms of MPLs in the physical region (base-point (x,y,z) = (0,0,0))

X
d = 1
Gi.n=6(a1,-..,am X) :/ ‘ G(az,. .., anit) with G(0n; X) = —log”(X),

0 t—a n!

e Solution obtained up to order 6 in the € expansion — MPLs only up to weight 6 appear
=< ()
+e' (ciGibo + br)
+&? (c4Gjbo + c4Gib + by)
+e (C”’g 1bo + cJGiiby + ciGiby + 53)
+e* (c*Gyncbo + ¢} g,,,b1 +¢JGijby + cjGibs + by
+e ( "Giitnbo + I Gyuby + ¢ gij/b2 + ¢/ Gibs + ciGibs + 55)
+&° (2" Gijknobo + " Gijiknbr + ¥ Gijubr + < Ginbs + cf Giba + c{Gibs + bo)

where ¢/;"*° are constant matrices and b, boundary constants at order £
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Boundary conditions

Regularity
Conditions

AMFlow

PSLQ

For computing boundaries we followed the proce-

dure of [S. Badger et al, 2023]:

o Computed Mls in 70 digits precision us-
ing AMFLOW [x L, v. ma, 2022] for the point
(X07y0720) = (3/27 1/57 1/2)

o Computed the MPLs of the analytic solution
in 70 digits precision using DIFFEXP (1. Hidding,

2020] at the same point.

o The boundary constants can contain only the
transcendental constants listed in the table

below — performed PSLQ order by order.

EO 61 63 64 65 56
1 im I'7T3,C3 7T4,I'7TC3 I'7T5,7T2C3,C5 7767i773c31<-§’i7r<5
For example at order €3, we have
73) ijl DIFFEXP ¥ ij A DIFFEXP i ~DIFFEXP L _ . 3 A > _ T
IxMFLow — 3 Yigi by — 3 Gj; by — &G by =im?C + GG = b3
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Analytic Solution: Evaluation

Fast Evaluations

Many MPLs of weight 6 (~ 1s per MPL)
\
Much time spent for their evaluation
\
Analytic solution inefficient in current form!
\

Generalized Power Series [F Moriclio, 2019]
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Generalized Series Expansion Method
e Semi-numerical method applied for solving DEs

ThyAL REmon

\GGEET QUTSIVE
;«R\gsw. "GN

e ¢
v(t): ~4(0)=35, and ~(1)=35 with te€]0,1]
e Divide path from 3, to 5; into segments — Expand and solve DEs therein!
e 7(t) in the physical region — no physical singularity crossed — no analytic continuation!

e Boundary conditions computed using AMFLOW [x. Liv, ¥. Ma, 2022].

o DIFFEXP M Hidding, 2020], SEASYDE [T Armadillo et al, 2022, AMFLOWSOLVER [x L, v M2 2022/, LINE [r

Prisco et al, 2025].
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Numerical results using DIFFEXP

Results obtained for 40 digits using a personal laptop (Apple M1 Pro, 8 cores, 16GB RAM)

Timings per Point Timings per Segment
{s12,53, m3, m3} | {x,y,2} | {s12,:3, m3, m3} | {x,y,2}
RL1 175 s 55 s 8s 9s
RL2 169 s 64 s 9s 11s
PL1 2765 s 818 s 126 s 136 s
PT4 4987 s 1478 s 226 s 246 s

e DIFFEXP solution on {x,y, z} faster than analytic one.
e {x,y,z} DEs solved faster than {si12, 53, m%, mi} ones.
e DIFFEXP timings scale with the size of the DEs.

e Analytic solution timings scale with the # of MPLs.

e E.g. for RL2: Analytic ~ hours, DIFFEXP ~ 1 min).
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Conclusions

DiffEXP
golution

Results

e Computed four integrals families relevant for di-
boson production @ N3LO QCD.

e Constructed canonical DEs — solved analytically in
terms of MPLs and semi-analytically using DIFFEXP.

What's next

e Computation of remaining 5 planar families.

e Optimization of analytic solution — Basis of special
functions.

e Usage of alternative tools (AMFLOWSOLVER and
LINE) for faster numerical evaluations.

e Computation of leading color di-boson amplitudes
using our results.

Thank you very much for your attention!!!
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Backup Slides: Remaining Planar Families

(a) PL2: 143 Mls (b) PL3: 142 Mls
(c) PT1: 344 Mls (d) PT2: 252 Mls (e) PT3: 240 Mls
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Backup Slides: 50 New Sectors
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