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Why Unitarity Bounds Matter

Key question

What is the energy scale at which an effective field theory (EFT) breaks down?

® Unitarity violation ~» New physics scale or strong dynamics

e Historical example: no-lose Higgs theorem my S 1TeV
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Weak i ions at very high jes: The role of the Higgs-boson mass

Strength of Weak Interactions at Very High Energies and the Higgs Boson Mass
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(Received 28 February 1977) We give an S-matrix-theoretic demonstration that if the Higgs-boson mass exceeds M, = (8m1/2/3Gp)'"?,
parital-wave unitarity is not respected by the tree diagrams for two-body scattering of gauge bosons, and the
weak interactions must become strong at high energies. We exhibit the relation of this bound 1o the
structure of the Higgs-Goldstone Lagrangian, and speculate on the consequences of strongly coupled Higgs-
Goldstone systems. Prospects for the observation of massive Higgs scalars are noted.

It is shown that if the Higgs boson mass exceeds M, = (87VZ/3G)!/2 partial-wave unitar-
ity is not respected by the tree diagrams for two-body reactions of gauge bosons, and
the weak interactions must become strong.

® Unitarity bounds are necessary for correct interpretation of experimental data (e.g., tails
of kinematical distributions, vector boson scattering, ...)
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Standard Approach to Unitarity Bounds

e Standard approach: 2 — 2 partial wave decomposition with Wigner d-matrix

Ah1,h2—>h37h4(8’ 97 50) =38 Z(2J + 1) ai{1,h2—>h37h4(8) dil—hz,h3—h4 (9) ei(hl_h2_h3+h4)<p
J

h;: helicities J: total angular momentum [Jacob, Wick '59]
e Two critical gaps:

1. N — M amplitudes (e.g., 2 — 3), particularly relevant for high-energy future colliders, do not
admit such decomposition

2. Spin-2 or higher-spin EFT of gravity: Feynman rules impractical

¢ This work: New vectorial formalism to generalize partial wave unitarity bounds
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Amplitudes & Partial Wave Decomposition

Linear algebra problem

Project an amplitude |.A,_, ) onto a kinematic basis |B

|~Ai—>f> = Za%}—n‘ |B;]—>f>

* |Aing), IBL,f) € Vi s vector space

J

4
i—f

f

* a/,;: partial wave coefficients that encode the dynamics
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Poincaré Clebsch-Gordan Coefficients

<P’ J7h| > C;]—}:* 6(4)< B Zpk> = i— P:)“Lh € Vi

kei

1Py J ) = ijf5(4)< _Zpk>: = 5 €EVing
kef

|P, J, h): Poincaré irreducible multiparticle state [Jiang, Shu, Xiao, Zheng '20]

IR SRR RS pry G S v ST
h h
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Perturbative Unitarity Bounds

e [nner product via Lorentz-invariant phase-space integrals

aj =#<BJ |Ais ) = ! /d(b-d@ Ay (BL,) = ! ,
i—f 2J+1 i—f i—f 2J+]_ T f i—f i—f 2J—|—]_

(BL B, ;) = 2] +1)8" = / ddx B, x) @ |BY_ ;) = IBL,;) 67"

® Generalized optical theorem:

i) = 1Aj =13 [ a0 i) ® 147 x)
X

a’;']%f - (a;ﬂi)* = iza%]aX (a}IaX)*
X
® Partial wave unitarity bounds:
Rea/,;| <1  0<Ima/,, <2 |al ;<1 (f#9)
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Determination of |B/ .): a 3-Step Algorithm

i—f

1.

3.

Find a basis for V;_,; of kinematic monomials in spinor-helicity variables { g, Ak } 1y
[Shadmi, Weiss 18] [De Angelis 22] [Li, Ren, Xiao, Yu, Zheng "22]

Find the eigenvectors with definite J7 of the Pauli-Lubanski operator squared

1 Y | Y-
W% = gP% <€a7€ﬁ6MI,aﬁMIﬁ§ + eV Z,63 I,"yé) + ZP%QP?BMI,M T,

whereZ =i or f and [Witten ‘03]
PEE =D ATAY
i€T
0 0 Y ~. 0 ~5 0
M3° = (A? + 7 ) 7= R e
g zze; a)‘iﬁ a)‘i,a z zGZI 8)‘1,B 8)\1-’@

The eigenvalues are —P2Jz(Jz + 1)
Normalize them such that their norm is v/2J7 + 1
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Photon & Gravity EFT

Anomalous quartic couplings

For generic spin-S (S € N) massless particles
£(S)

e

oM — F, F™ oM — Fwﬁ‘“’ 0@ — MF2> Ry pe RP7 o® — M}2> praﬁ/ww

_ CES)(Q(S))Q + (‘.{_)H)(é(s))Q + Cgs) Q(S) Q(S)
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Photon & Gravity EFT

Anomalous quartic couplings
For generic spin-S (S € N) massless particles
£(S)
Ny
oM — F, F™ oW — Fwﬁ‘“’ 0@ — MF2> Ry pe RP7 o® — M}2> praﬁww

_ QO 4 (392 1 () ) §()

Full 2 — 2 helicity amplitude:

H (3+S74+S) (3+S74—S) (3—5,4—5)
15 gts (5 (12125 (34125 87 ((12)*%(34)%°
|Aisg) = e Ber (2R 0 +(13)25 (24)25 1.(14)25 (23)29)
(115 279) 0 8c(¥)(14)25[23]28 0

8 (c\7)* ([12]25 [34]?%

—S 5—S
(177,277) +[13]25[24]%5 +[14]%%[23]29)

0 8c(¥(34)25[12]25

g

with c(f) =94V eRand ¥ =9 — P 4P ec
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Photon & Gravity EFT

1. Normalized eigenvectors of W2, corresponding to Jio = 0 (with s = 2p; - pa):

H (3+5’4+S) (3+S,4—S) (3—5’4—5')
|BO f> _ (15 2+5) %<12>28[34]25 0 %<12>2S<34>2$
i—
(1+S72—S) 0 0 O
(175,279) || 182[12]25[34]25 0 207 (34)25[12)%%
2. Partial wave coefficients:
H (379,47%) A )
+8 o+S 525 (9) 2% 2543 (5)
a’?*)f = <B?~>f|-’4i*>f> = (1+572 S) 27T§+ g 2m 280+1(’7
(177,27%)
525 E S)\ 525 S
a2 || 38R ) o el

3. Non-zero eigenvalues:

258 258
25 +3, (s
827 (CiS) Zl: + |(Z<S)|) B 87 c

2
) 4 2543 o) <4

25 +1 o | T 29 +1'" = | —
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Positivity Bounds

[Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi '06]

e Certain signs of Wilson coefficients violate infrared principles:

- Unitarity, Causality & Analyticity

e Forward and crossing symmetric 2 — 2
amplitude

A(s) = limy—0 A(s, t) = ano CnS™

- TFroissart bound:
|A(s)| = o(|s|") as |s| = oo

- Schwartz reflection principle:
A(s+ie) — A(s —i€) = 2 Im A(s)

- Optical theorem: Im A(s) = so(s)

14 (1) [
™ A2

imply ¢, = dss™"o(s) >0
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Synergy of Perturbative Unitarity & Positivity Bounds

52§ /m =0

sl /m =172

2l |/ = 3/4 sl jm =1

Partial wave unitarity (%)
&
N Q 2]+ 22l < 2
K 25 +1 = 528
—1 k . 1 . A1 . A1 . . —
-1 0 1 -1 0 1 -1 0 1 -1 0 1 Positivity (&)
32031)/7r szcgl)/w 51)/7r 32051 ™ g ) g
c§ ) >0 cg ) >0
sAleil/m =0 sl /m =172 s41i?|/m = 5/6 silefl/m =1
14 ]

() <4 eg”

‘ Vol(% N &)
s1c? /e

1 /2543
. . Vol(%) — 32\ S+1
1
sty 540(12)/7r st/
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2 — 2 vs. 2 — 3: SMEFT Examples

£© > cPr (HYH) tperH + CP7, (HYH) G dr H
eH ( ) pEr . dH ( )qp 7 . -, o, e
+CP% (H'H) GyurH + hec. 10°

\ B T30, CL o+ 3CunCly + CnCly] [TV
X — 263

\/ Tr[3CunCly; +3CanCly + CenCly] <

N s =262
3s 10! A N
T t T W N T
Tr[3CunCly +3CanCly + CenCly] < =
3sv "
Dimension-8 example | N
L® > Cyapye (HTH) fABO XAV XBr XK P

+Cxapz (HTH) fAPCXAvXPrXSH

/ 32v/10m2 1 1 2 3 4 3 6 T8 9 10
C sz T CX3H2 = 52 Vs [TeV]

Co(G)d(G)

8v2 1 .
\/C X3H2 4 CX3H2 < \3[/721- - With gauge group G = SU(3), d(G) = 8 and C2(G) = 3
vSs /02 (G)
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Conclusions

e New vectorial formalism establishes unitarity bounds for:
- Arbitrary N — M processes (N, M > 2)
- Higher-spin EFTs
e Applications:
- EFT of gravity and light-by-light scattering
~ SMEFT: 4 H® dim-6 operators and X*H? dim-8 operators
e Provided an angular momentum basis for 2 — 3 amplitudes
[

Synergy of positivity & perturbative unitarity bounds
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Thank you for your attention!
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