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Why Unitarity Bounds Matter

Key question
What is the energy scale at which an effective field theory (EFT) breaks down?

• Unitarity violation⇝ New physics scale or strong dynamics

• Historical example: no-lose Higgs theorem mH ≲ 1 TeV

• Unitarity bounds are necessary for correct interpretation of experimental data (e.g., tails
of kinematical distributions, vector boson scattering, . . . )
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Standard Approach to Unitarity Bounds

• Standard approach: 2 → 2 partial wave decomposition with Wigner d-matrix

Ah1,h2→h3,h4(s, θ, φ) = 8π
∑

J

(2J + 1) aJ
h1,h2→h3,h4

(s) dJ
h1−h2,h3−h4

(θ) ei(h1−h2−h3+h4)φ

hi: helicities J : total angular momentum [Jacob, Wick ’59]

• Two critical gaps:

1. N → M amplitudes (e.g., 2 → 3), particularly relevant for high-energy future colliders, do not
admit such decomposition

2. Spin-2 or higher-spin EFT of gravity: Feynman rules impractical

• This work: New vectorial formalism to generalize partial wave unitarity bounds
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Amplitudes& Partial Wave Decomposition

Linear algebra problem
Project an amplitude |Ai→f ⟩ onto a kinematic basis |BJ

i→f ⟩ with definite angular momentum J

|Ai→f ⟩ =
∑

J

aJ
i→f |BJ

i→f ⟩ Ai f =
∑

J

aJ
i→f BJi f

• |Ai→f ⟩ , |BJ
i→f ⟩ ∈ Vi→f vector space

• aJ
i→f : partial wave coefficients that encode the dynamics
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Poincaré Clebsch-Gordan Coefficients

⟨P, J, h|i⟩ = CJ,h
i→∗ δ(4)

(
P −

∑
k∈i

pk

)
= CJ,hi

P, J, h ∈ Vi→∗

⟨f |P, J, h⟩ = CJ,h
∗→f δ(4)

(
P −

∑
k∈f

pk

)
= CJ,h

P, J, h
f ∈ V∗→f

|P, J, h⟩: Poincaré irreducible multiparticle state [Jiang, Shu, Xiao, Zheng ’20]

∣∣BJ
i→f

〉
=
∑

h

|CJ,h
i→∗⟩ ⊗ |CJ,h

∗→f ⟩ BJi f =
∑

h
CJ,hi fCJ,h

P, J, h
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Perturbative Unitarity Bounds
• Inner product via Lorentz-invariant phase-space integrals

aJ
i→f = 1

2J + 1 ⟨BJ
i→f |Ai→f ⟩ = 1

2J + 1

∫
dΦi dΦf Ai→f

(
BJ

i→f

)∗ = 1
2J + 1 A BJ

f

i

⟨BJ
i→f |BJ′

i→f ⟩ = (2J + 1)δJJ ′
⇐⇒

∫
dΦX |BJ

i→X⟩ ⊗ |BJ′

X→f ⟩ = |BJ
i→f ⟩ δJJ ′

• Generalized optical theorem:

|Ai→f ⟩ − |A∗
f→i⟩ = i

∑
X

∫
dΦX |Ai→X⟩ ⊗ |A∗

f→X⟩

aJ
i→f −

(
aJ

f→i

)∗ = i
∑
X

aJ
i→X

(
aJ

f→X

)∗

• Partial wave unitarity bounds:∣∣Re aJ
i→i

∣∣ ≤ 1 0 ≤ Im aJ
i→i ≤ 2

∣∣aJ
i→f

∣∣ ≤ 1 (f ̸= i)
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Determination of |BJ
i→f⟩: a 3-Step Algorithm

1. Find a basis for Vi→f of kinematic monomials in spinor-helicity variables {λk, λ̃k}n
k=1

[Shadmi, Weiss ’18] [De Angelis ’22] [Li, Ren, Xiao, Yu, Zheng ’22]

2. Find the eigenvectors with definite JI of the Pauli-Lubanski operator squared

W2
I = 1

8P2
I

(
ϵαγϵβδMI,αβMI,γδ + ϵα̇γ̇ϵβ̇δ̇M̃I,α̇β̇M̃I,γ̇δ̇

)
+ 1

4Pαα̇
I Pββ̇

I MI,αβM̃I,α̇β̇

where I = i or f and [Witten ’03]

Pαα̇
I =

∑
i∈I

λα
i λ̃α̇

i

Mαβ
I =

∑
i∈I

(
λα

i

∂

∂λi,β
+ λβ

i

∂

∂λi,α

)
M̃α̇β̇

I =
∑
i∈I

(
λ̃α̇

i

∂

∂λ̃i,β̇

+ λ̃β̇
i

∂

∂λ̃i,α̇

)

The eigenvalues are −P 2
I JI(JI + 1)

3. Normalize them such that their norm is
√

2JI + 1
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Photon& Gravity EFT

Anomalous quartic couplings
For generic spin-S (S ∈ N) massless particles

L(S)
√

−g
= c

(S)
1 (Q(S))2 + c

(S)
2 (Q̃(S))2 + c

(S)
3 Q(S)Q̃(S)

Q(1) = FµνF µν Q̃(1) = Fµν F̃ µν Q(2) = M2
P RµνρσRµνρσ Q̃(2) = M2

P RµνρσR̃µνρσ

Full 2 → 2 helicity amplitude:

|Ai→f ⟩ =


(3+S ,4+S) (3+S ,4−S) (3−S ,4−S)

(1+S ,2+S) 8 c
(S)
+ ⟨12⟩2S [34]2S 0 8 c

(S)
− (⟨12⟩2S⟨34⟩2S

+⟨13⟩2S⟨24⟩2S+⟨14⟩2S⟨23⟩2S)

(1+S ,2−S) 0 8 c
(S)
+ ⟨14⟩2S [23]2S 0

(1−S ,2−S)
8 (c

(S)
− )∗([12]2S [34]2S

+[13]2S [24]2S+[14]2S [23]2S)
0 8 c

(S)
+ ⟨34⟩2S [12]2S


with c

(S)
+ = c

(S)
1 + c

(S)
2 ∈ R and c

(S)
− = c

(S)
1 − c

(S)
2 + i c

(S)
3 ∈ C
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Photon& Gravity EFT
1. Normalized eigenvectors of W2

12 corresponding to J12 = 0 (with s = 2p1 · p2):

∣∣B0
i→f

〉
=


(3+S ,4+S) (3+S ,4−S) (3−S ,4−S)

(1+S ,2+S) 16π
s2S ⟨12⟩2S [34]2S 0 16π

s2S ⟨12⟩2S⟨34⟩2S

(1+S ,2−S) 0 0 0
(1−S ,2−S) 16π

s2S [12]2S [34]2S 0 16π
s2S ⟨34⟩2S [12]2S


2. Partial wave coefficients:

a0
i→f = ⟨B0

i→f |Ai→f ⟩ =


(3+S ,4+S) (3+S ,4−S) (3−S ,4−S)

(1+S ,2+S) s2S

2π c
(S)
+ 0 s2S

2π
2S+3
2S+1 c

(S)
−

(1+S ,2−S) 0 0 0
(1−S ,2−S) s2S

2π
2S+3
2S+1 (c(S)

− )∗ 0 s2S

2π c
(S)
+


3. Non-zero eigenvalues:

s2S

2π

(
c

(S)
+ ± 2S + 3

2S + 1 |c(S)
− |
)

=⇒ s2S

2π

∣∣∣∣c(S)
+ ± 2S + 3

2S + 1 |c(S)
− |
∣∣∣∣ ≤ 1
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Positivity Bounds [Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi ’06]

• Certain signs of Wilson coefficients violate infrared principles:
– Unitarity, Causality & Analyticity

• Forward and crossing symmetric 2 → 2
amplitude
A(s) = limt→0 A(s, t) =

∑
n≥0 cnsn

– Froissart bound:
|A(s)| = o(|s|n) as |s| → ∞

– Schwartz reflection principle:
A(s+ iϵ) − A(s− iϵ) = 2i Im A(s)

– Optical theorem: Im A(s) = s σ(s)

imply cn = 1 + (−1)n

π

∫ ∞

Λ2
ds s−nσ(s) ≥ 0 • In our example: |c(S)

− | ≤ c
(S)
+
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Synergy of Perturbative Unitarity& Positivity Bounds

−1 0 1

s2c
(1)
1 /π

−1

0

1

s2
c(1

)
2
/
π

s2|c(1)
3 |/π = 0

−1 0 1

s2c
(1)
1 /π

s2|c(1)
3 |/π = 1/2

−1 0 1

s2c
(1)
1 /π

s2|c(1)
3 |/π = 3/4

−1 0 1

s2c
(1)
1 /π

s2|c(1)
3 |/π = 1

−1 0 1

s4c
(2)
1 /π

−1

0

1

s4
c(2

)
2
/π

s4|c(2)
3 |/π = 0

−1 0 1

s4c
(2)
1 /π

s4|c(2)
3 |/π = 1/2

−1 0 1

s4c
(2)
1 /π

s4|c(2)
3 |/π = 5/6

−1 0 1

s4c
(2)
1 /π

s4|c(2)
3 |/π = 1

Partial wave unitarity (U )

|c(S)
+ | + 2S + 3

2S + 1 |c(S)
− | ≤ 2π

s2S

Positivity (P)

c
(S)
1 ≥ 0 c

(S)
2 ≥ 0

(c(S)
3 )2 ≤ 4 c

(S)
1 c

(S)
2

Vol(U ∩P)
Vol(U ) = 1

32

(
2S + 3
S + 1

)2
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2→ 2 vs. 2→ 3: SMEFT Examples
Dimension-6 example

L(6) ⊃ Cpr
eH

(
H†H

)
ℓperH + Cpr

dH

(
H†H

)
qpdrH

+ Cpr
uH

(
H†H

)
qpurH̃ + h.c.√

Tr
[
3CuHC†

uH + 3CdHC†
dH

+ CeHC†
eH

]
≤

32π2
√

3s√
Tr
[
3CuHC†

uH + 3CdHC†
dH

+ CeHC†
eH

]
≤

4
√

2π
√

3sv2

Dimension-8 example
L(8) ⊃ CX3H2

(
H†H

)
fABCXA

µ
νXB

ν
ρXC

ρ
µ

+ C̃X3H2
(

H†H
)

fABCXA
µ

νXB
ν

ρX̃C
ρ

µ√
C2

X3H2 + C̃2
X3H2 ≤

32
√

10π2

s2
1√

C2(G)d(G)√
C2

X3H2 + C̃2
X3H2 ≤

8
√

2π

vs3/2
1√

C2(G)

1 2 3 4 5 6 7 8 9 10√
s [TeV]

10−1

100

101

102

√
C2
X3H2 + C̃2

X3H2 [TeV−4]
√

Tr[3CuHC
†
uH + 3CdHC

†
dH + CeHC

†
eH ] [TeV−2]

2↔ 3

2↔ 2

With gauge group G = SU(3), d(G) = 8 and C2(G) = 3

Luigi C. Bresciani (Padova U. & INFN-PD) 12



Conclusions

• New vectorial formalism establishes unitarity bounds for:

– ArbitraryN → M processes (N,M ≥ 2)

– Higher-spin EFTs

• Applications:

– EFT of gravity and light-by-light scattering

– SMEFT: ψ2H3 dim-6 operators andX3H2 dim-8 operators

• Provided an angular momentum basis for 2 → 3 amplitudes

• Synergy of positivity & perturbative unitarity bounds
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