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Introduction



Domain wall
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• easily dominates energy density of universe, ρDW ∝ a(t)−2

→ inconsistent with cosmological observations 
→ need to decay!

fig. from https://www.ctc.cam.ac.uk/outreach/origins/cosmic_structures_two.php

• remnant of breaking of discrete sym.



Domain wall w/ bias

3

• less energy domain is favored → bias  gives pressure to DWΔV

fig. from https://www.ctc.cam.ac.uk/outreach/origins/cosmic_structures_two.php

• one popular way: to introduce bias energy
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• bias  drives "  domain" to shrink @ΔV +v t ∼ σ/ΔV ≡ tann

GW from DW

fig. from slide by Saikawa

• This motion radiates GW!

dEGW

dt
∼ G(···Qij)2 ∼ Gσ2

DWR2

(quadrupole formula)

DW size R ∼ t

Qij ≡ ∫ d3x ρ(x)( ̂xi ̂xj −
1
3

δij)
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GW from DW and future observatories

it is possible to find a static solution of the equation ofmotion
after imposing the boundary condition that the two vacua are
realized at x → !∞,

ηðxÞ ¼ u tanh
! ffiffiffiffi

λη
2

r
ux

#
: ð11Þ

The above solution represents a domain wall extended along
the x ¼ 0 plane. The DW width δ is approximately the
inverse of the mass of η at the potential minimum:
δ ∼m−1

η ¼ ð
ffiffiffiffiffiffiffi
2λη

p
uÞ−1. Another key parameter for DWs

known as the DW tension is given by

σ ¼
Z

∞

−∞
dx ρη ¼

2
ffiffiffi
2

p
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ffiffiffiffi
λη

q
u3 ¼ 2

3
mηu2; ð12Þ

where ρη ¼ 1
2 j∇ηj2 þ VðηÞ is the (static) energy density of η.

For mη ∼ u, the tension of the wall can be approximated
as σ ∼ u3.
The walls can be made unstable simply by introducing a

pressure difference across the walls, a manifestation of a
small explicit symmetry-breaking term [31,33,36,37]. Such
a pressure difference or bias term ΔV should be large
enough such that the DWs do not start to dominate the
Universe and disappear at least before the epoch of BBN,
in order not to disturb the success of standard cosmology.
On the other hand, the bias term ΔV cannot be arbitrarily
large due to the requirement of percolation of both the
vacua (separated by DWs) whose relative population can be
estimated as pþ=p− ≃ e−4ΔV=ðληu

4Þ [37]. Such unstable
DWs can emit gravitational waves, the details of
which have been studied in several works [38–47]. The
amplitude of such GWs at peak frequency fpeak can be
estimated as [38,39]

ΩGWh2ðt0Þjpeak ≃ 5.2 × 10−20ϵ̃gwA4
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with t0 being the present time. Away from the peak, the
amplitude varies as

ΩGW ≃ ΩGWjpeak ×

8
>><

>>:

$
fpeak
f
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for f > fpeak;

$
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fpeak
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for f < fpeak;
ð14Þ

where the peak frequency reads

fpeakðt0Þ ≃ 3.99 × 10−9 HzA−1=2

×
!
1 TeV3

σ

#
1=2! ΔV

1 MeV4

#
1=2

: ð15Þ

In the above expressions, A is the area parameter [48,49]
≃ 0.8 for DWs arising from Z2 breaking, and ϵ̃gw is the
efficiency parameter ≃0.7 [39]. Since the GW amplitude at
peak frequency increases with DW tension or, equivalently,
the singlet scalar VEV, we need to consider an upper bound
such that the resulting GWs do not dominate the energy
density of the Universe. For example, cosmological obser-
vations from the Planck satellite and the corresponding
CMB limits on additional effective relativistic degrees of
freedom ΔNeff can be used to place the upper bound
ΩGWh2 ≲ 10−6 [1,50–53]. Similar bounds can be applied
from the BBN limits on ΔNeff as well. It should be noted
that we are ignoring the friction effects between the walls
and the thermal plasma [41,54], which can be significant if
the field constituting the wall has large couplings with the
SM bath particles like the Higgs. In the presence of such
friction effects, the amplitude of GWs emitted by the
collapsing walls will be smaller than that without friction
discussed here. We neglect such frictional effects assuming
the singlet scalar coupling with the SM bath to be tiny [43].
In Fig. 3 we show the GW spectrum arising from

DWs by choosing some benchmark values of the singlet
scalar VEV u while keeping the bias term fixed at
ΔV ¼ 500 MeV4. As expected, with an increase in the
singlet VEV, the DW tension also increases, enhancing the
GWamplitude. For the chosen benchmark points, only one
of the peak frequencies remains within the experimental
sensitivities, while the region of higher frequencies for all
of the benchmark points remains within reach of experi-
ments. Very large values of u for the chosen bias term are

FIG. 3. Gravitational-wave spectrum from domain walls, where
different straight black lines correspond to different choices of u
that are consistent with baryon asymmetry, while different
colored curves show the sensitivities from GW search experi-
ments like LISA, BBO, DECIGO, HL (aLIGO), ET, CE,
NANOGrav, SKA, GAIA, THEIA, and μARES. The shaded
region parallel to the horizontal axis is excluded by the fact that
the DW network survives long enough to dominate the energy
density of the Universe before collapsing and emits a large
amount of radiation, violating Planck bounds on ΔNeff .

BARMAN, BORAH, DASGUPTA, and GHOSHAL PHYS. REV. D 106, 015007 (2022)

015007-4

σDW = u3
[Barman+, 2205.03422 ]

We might observe GW from DW in the near future!!



But this is just a standard story! 
↓ 

When considering "current-carrying DW", 
the story might change very much!



GW from current-carrying DW
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DW+fermion [Jackiw-Rebbi '76]    
[Kaplan '92]

ℒ = ψ̄ [iγμ∂μ − gϕDW(x)] ψ

• Dirac fermion coupled with DW

x
ϕDW(x)
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v
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DW+fermion [Jackiw-Rebbi '76]    
[Kaplan '92]

ℒ = ψ̄ [iγμ∂μ − gϕDW(x)] ψ

• Dirac fermion coupled with DW

• Solving only -dependence:x

∴
ψ0(x) = C φ exp (− ∫ x

0
dx′ gϕDW(x′ ))

iγ1φ = − φ
x

ϕDW(x)

localized fermion on DW

ϕ

V

+v−v

ψ0(x)

−v

v
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DW+fermion [Jackiw-Rebbi '76]    
[Kaplan '92]

ℒ = ψ̄ [iγμ∂μ − gϕDW(x)] ψ

• Dirac fermion coupled with DW

• Solving only -dependence:x

∴
ψ0(x) = C φ exp (− ∫ x

0
dx′ gϕDW(x′ ))

iγ1φ = − φ
x

ϕDW(x)

localized fermion on DW

• In  directions (along DW), it behaves as massless particlesy, z

→ DW carries current if  has any charge 
       (DW = superconducting membrane)

ψ

ϕ

V

+v−v

ψ0(x)

−v

v
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Current-carrying DW is ubiquitous

2HDM with  sym, SO(10) GUT etc...ℤ2

Fig from Tokura, Yasuda & Tsukazaki, 
Nat Rev Phys 1, 126–143 (2019)

Topological insulator hep-th, Lattice QCD

Fig from slide by Y. Kuramashi 
https://aics.riken.jp/aicssite/wp-content/uploads/
2013/07/110523_kuramashi.pdf

Even in hep-ph:
[Kibble-Lazarides-Shafi, '82]   
[Lazarides-Shafi, '85]

[Battye-Brawn-Pilaftsis, '11] [Eto-Kurachi-Nitta, '18] 
[Battye-Pilaftsis-Viatic '20, '20] [Law-Pilaftsis, '21] 
[Sassi-Moortgat-Pick, '23] [Fu+, '24]

But not well studied for cosmological application!

[Jackiw-Rebbi '76]  [D.B. Kaplan '92]  [Shamir '93] e.g., [Thouless+ '82]



Domain wall w/ bias (again)
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• less energy domain is favored → bias  gives pressure to DWΔV

fig. from https://www.ctc.cam.ac.uk/outreach/origins/cosmic_structures_two.php

• one popular way: to introduce bias energy
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Δρ ∼ ΔV

Δρ ∼ ΔV

Δρ ∼ ΔV
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What changes?

...But DW captures and stores particles! free particle in plasma
captured particle

+v

−v −v −v

+v +v

• bias  drives "  domain" to shrinkΔV +v
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What changes?

...But DW captures and stores particles! free particle in plasma
captured particle

• trapped # of particles:  w/ trap rate~1Q ∼
4π
3

nψ (R3
0 − R(t)3)

DW size R(t) # density nψHubble size R0

+v

−v −v −v

+v +v

• bias  drives "  domain" to shrinkΔV +v
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Metastable objet

R
• DW becomes a sphere as it shrinks
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Metastable objet

R
• DW becomes a sphere as it shrinks

• Each trapped particle has energy  E ∼
j
R

angular momentum

j =
1
2

,
3
2

, ⋯
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Metastable objet

MDW ≃ 4πσDWR2 +
4π
3

ΔVR3 +
Q

3
2

R

R

repulsive force  
(centrifugal force)

• DW becomes a sphere as it shrinks

• Each trapped particle has energy  E ∼
j
R

angular momentum

j =
1
2

,
3
2

, ⋯

• Energy of DW sphere

tension bias
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Metastable objet

→ DW sphere is stabilized at finite  
→ stable object: "spheron"

R

MDW ≃ 4πσDWR2 +
4π
3

ΔVR3 +
Q

3
2

R

R

MDW

Rsph

R

repulsive force  
(centrifugal force)

• DW becomes a sphere as it shrinks

• Each trapped particle has energy  E ∼
j
R

angular momentum

j =
1
2

,
3
2

, ⋯

• Energy of DW sphere

tension bias
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Simulation of spheron formation

25 30 35 40 45 50 55

-1.0

-0.5

0.0

0.5

1.0

• Solve EOM of  coupled w/ fermion in 1+1D systemϕ

∂μ∂μϕ + γ∂tϕ +
∂V
∂ϕ

+ g⟨ψ̄ ψ⟩Q = 0 : friction parameter 
(Hubble friction or thermal)

γ
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Quantum decay

• Spheron is not absolutely stable due to quantum effects

Ex.) decay of trapped particles → spheron shrinks

• obtains quadrupole due to non-zero angular momentum 

    → radiate GW until relaxed w/ smaller  
    → again loses particles→ ... →continue to disappear

R

Q − δQ, − j

δQ, j

R

MDW

Q − δQ

Q
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GW from spheron

ΩGW,max ∼
8πG
3H2

0 ( GM2
DW

R2
sph ) τrad

1
t3
ann ( a(tann)

a(tdec) )
3

( a(tdec)
a(t0) )

4

( g*0

g*(tdec) )
1
3

time scale of radiation number density of spheron @decay

• GW quadrupole formula: 
dEGW

dt
∼ G(···Qij)2 ∼ GM2

DW R−2
sph

• Typical frequency: femit ∼ 1/Rsph

τrad = min [tdec,
MDW
·EGW ]
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GW spectrum

Y ≡ nψ /nγ
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clear secondary peak!
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Parameter space with SNR > 10
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PTA and LISA

• DW network interpretation of PTA signal 
→ peak from spheron can appear in LISA range!
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Summary
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• Conventional collapsing DW radiate GW

• Taking into account particles trapped on DW, a metastable object 
"spheron" may survive until decaying

• Decaying spheron radiates GW, which gives secondary peak in 
GW spectrum! → GW mountains
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Backup
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Friction on DW

• suppose the trapped particles  interacts w/ plasmaψ

plasma particlesDW w/ ψ

• DW is in over-damp regime if  , leading to sphereFf ≳ σDW/tann

−v
+v

model-dep. parameter

friction force: Ff ∼ α T4
ann vDW

→ The formation efficiency would be  𝒪(1)
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Quantum decay

• Spheron is not absolutely stable due to quantum effects

perturbative decay

(i): fission (ii): decay of charge carrier

Q

Q
2
Q
2

non-perturbative→suppressed

• It loses charge   
    → shrink by radiating GW! 

    → stabilized w/ smaller  

    → again loses  → .....

Q

R
Q

Q − δQ

δQ

R

MDW



Total GW spectrum
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f

ΩGW( f )

peak from conventional DW

• We have a superposition of both GW from conventional 
DW and from spheron

peak from spheron!

1
Rsph

a(tdec)
a(t0)Hann

a(tann)
a(t0)
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SNR plot

SNR = 2tobs ∫
fmax

fmin

df ( ΩGW( f )
Ωnoise( f ) )

2

→ spheron improves SNR significantly



24

Two conditions for ψ

• Naively net total charge is 0→ pair-annihilation on DW

→   need charge asymmetry on DW!

• Assuming max. asymmetry, trapped net charge: Q ∼ N

• To be captured, (momentum of  in bulk)ψ ≲ mψ

(condition 1)

(condition 2) [iγμ∂μ − gϕDW(x)] ψ = 0

→    should be non-relativisticψ

something like asymmetric DM?

We have two conditions to have enough particles on DW
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DW solution

ℒ =
1
2 (∂μϕ)

2
− λ (ϕ2 − v2)2

• real scalar ϕ

ϕ

V

+v−v

∂μ∂μϕ + 4λ (ϕ2 − v2) ϕ = 0

• static solution of EOM:

∴ ϕDW(x) = v tanh [ 2λvx]

x

ϕDW(x)

DW at x = 0
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GW from DW (simulation)

[Hiramatsu-Kawasaki-Ssikawa, 1309.5001]
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FIG. 4: Time evolution of the function Sk for the simulation with N = 1024 and λ = 0.03 [case (d) in Table. I] with taking
horizontal axis as the physical wavenumber k/a and normalizing vertical axis by the peak amplitude. The spectra are plotted
from τ = 20 (pink) to τ = 60 (blue) in the conformal time with the interval ∆τ = 10.
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FIG. 5: The Spectra Sk normalized by the peak amplitude for various values of λ with taking horizontal axis as the physical
wavenumber k/a. Left panel (a) shows the results at the conformal time τ = 40 for the sets of parameters (a)-(f) in Table I,
and right panel (b) shows those at τ = 60 for the sets of parameters (d)-(f) in Table I. Here, the results of the simulations with
N = 512 are shown as solid lines, and those with N = 1024 are shown as broken lines.

V. PRESENT DENSITY OF GRAVITATIONAL WAVES

In this section, we estimate the amplitude and frequency of gravitational waves observed today by using the
numerical results described in the previous section. The amplitude can be estimated from the fact that the energy
density of gravitational waves remains almost constant during the scaling regime

ρgw = εgwGA2σ2
wall. (31)

no
rm
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 sp
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tru

m

7

FIG. 1: The evolution of stable (✏ = 0: left) and unstable (✏ = 0.02: right) domain walls. The white surface corresponds to the
region where the value of � crosses the zero.

between the case with b = 25 and b = 50 may be due to the poor resolution in the simulation with b = 50. If the
wavelength of the scalar field radiations produced by the decay of domain walls is comparable or smaller than the
small scale cuto↵ (⇠ ⌘

�1), the typical length scale over which the scalar field varies becomes shorter than the lattice
spacing. This makes the value of A/V inaccurate because we estimate the value A/V as a sum of the link of points
where � has di↵erent signs (see Appendix A 3). In the case with b = 50, the lattice spacing �x is larger than that
with b = 25 and it is likely to lose many links over which the scalar field changes its signs. Therefore, the oscillation
of the A/V in the case with b = 50 is less violent than that with b = 25, as we see in Fig. 2.

C. Spectrum of Gravitational Waves

By using the method described in Section III, we compute the spectrum of gravitational waves produced by domain
walls. The results are shown in Fig. 3. To take small b with fixed number of lattice points corresponds to increasing
the spatial resolution. Therefore, the frequency range computed in the case with b = 25 is higher than that in the case
with b = 50. The two figures shown in Fig. 3 seem to be di↵erent in spite of the fact that the two results are obtained

[Hiramatsu-Kawasaki-Ssikawa, 1002.1555]
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Model example: SO(10) GUT

• SO(10) GUT

SO(10) 54→ SU(4)C × SU(2)L × SU(2)R × C 126→ GSM
10→ SU(3)c × U(1)EM

gives cosmic strings 
(diluted by inflation)

[Kibble-Lazarides-Shafi, '82]   [Lazarides-Shafi, '85]
: charge conjugationC

gives DW

•  acts as  C ϕ10 → − ϕ10

• DW connects two different vacua associated with C

→SM/GUT fermions feels flipped mass when crossing DW
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DW fermion [Kaplan '92]

[iγμ∂μ − gϕ] ψ = 0• Dirac eq is solved as

ψ0 = C exp (−∫
x

0
dx′ gϕDW(x′ )) ( χ(y, z, t)

−iσ1χ(y, z, t))

• After Fourier trsf., this has non-trivial solution only when

→ propagate as massless dof in  directiony, z

∴ (
∂0 − ∂z i∂y

−i∂y ∂0 + ∂z) χ(y, z, t) = 0
: two-comp spinorχ(y, z, t)

p2
0 = p2

y + p2
z
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Fermion on DW sphere
[Kaplan '92]

•  DW embedded in 3+1D → almost same argumentS2

[Aoki-Fukaya '21]

r

DW sphere

x

DW

 + (normal directions) γμ∂μ → γa (∂a +
1
4 ∑

bc

ωbc,aγbγc)
γa = γμea

μ

ea
μ =

∂ya

∂xμ


