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Preliminary & Outline of this talk

Axion potential:  
How to make small(UV)-instanton becoming relevant? 
QCD contribution & UV contributions via Instanton effects

Small-instantons & Axion potential:  
Topological susceptibilities & Flavour invariants 
UV completions of small-instanton 
Bounds from neutron EDM
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QCD -vacuum = Superposition of n-vacua (energy degenerate but topologically distinct)θ

Localised objects in Euclidean spacetime, satisfying the Euclidean equation of motion with 
non-trivial topologies and therefore minimise the Euclidean action. 

<latexit sha1_base64="2jDqhvR8NoVVFSeEmOvJMQYQSHE="></latexit>
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Instanton describes the tunnelling effect between degenerate n-vacua

Preliminary & Outline of this talk
Instanton #101: 
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Instanton #101: 

QCD -vacuum = Superposition of n-vacua (energy degenerate but topologically distinct)θ

Explicit SU(2) BPST instanton solution with Q = 1: 
(Background field configuration)
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Instanton describes the tunnelling effect between degenerate n-vacua

Localised objects in Euclidean spacetime, satisfying the Euclidean equation of motion with 
non-trivial topologies and therefore minimise the Euclidean action. 
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Instanton #101: 

QCD -vacuum = Superposition of n-vacua (energy degenerate but topologically distinct)θ

Characterised by a set of collective coordinates => zero-modes (family of equivalent solutions)

Explicit SU(2) BPST instanton solution with Q = 1: 
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Location of instanton Size of instanton

(Background field configuration)
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Preliminary & Outline of this talk

<latexit sha1_base64="queXJQu/PwFbSkb4fQgUYMT/meE="></latexit>

Sinst.
YM =

Z
d4x

✓
1

4
GA

µ⌫G
A, µ⌫ + i✓QCD

g2

32⇡2
GA

µ⌫G̃
A, µ⌫

◆ ����
(a.-)inst.

=
8⇡2

g2
|Q|+ i✓QCD Q

Estimating instanton effects => vacuum-to-vacuum transition amplitude:
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Preliminary & Outline of this talk
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Preliminary & Outline of this talk
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Preliminary & Outline of this talk
Instanton #101: Path Integral with Instanton configurations
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(for asymptotic free theory) 

When small-instanton effects become relevant?

=> Boost the QCD coupling at high energy scale

• Non-trivial embedding of QCD in UV theories:

• Extra-dimensions (5D instantons)
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Agrawal and Howe (1710.04213)

C. Csáki, M. Ruhdorfer, Y. Shirman (1912.02197)

T. Gherghetta, V. V. Khoze, A. Pomarol, Y. Shirman (2001.05610)
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Preliminary & Outline of this talk
Axion potential: QCD contribution
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Axion potential: UV aligned contribution
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⇤CPV

<latexit sha1_base64="4Vbb/PZBS54v7O0TXEV7f4UtRcI=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsiMWXAxsIignlAsoS7s5NkyOzsMjMrhCUfYWOhiK3fY+ffOEm20MQDA4dzzmXuPUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd+50npjSP5aOZJsyPcCT5kFM0Vur07200xEG54lbdBcg68XJSgRzNQfmrH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wyx7oxcWCUkw1jZJw1ZqL8nMoy0nkaBTUZoxnrVm4v/eb3UDOt+xmWSGibp8qNhKoiJyfx2EnLFqBFTS5AqbncldIwKqbENlWwJ3urJ66R9VfVq1drDdaVRz+sowhmcwyV4cAMNuIMmtIDCBJ7hFd6cxHlx3p2PZbTg5DOn8AfO5w8MNY9e</latexit>

⇤

https://cajohare.github.io/AxionLimits/
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Axion potential: UV misaligned contribution

<latexit sha1_base64="abd4qlJj+zep2wXutQ/wqhyS28Y="></latexit>

V (a) ⇠ (m2
⇡f

2
⇡ + ⇤4

UV )


1� cos

✓
a

fa
+ �CPV

◆�

Small instantons

New source of CPV, e.g. SMEFT CPV effective operators

Can potentially destroy the Axion solution <latexit sha1_base64="WZPse3OvfZiq2Eh8jh5VQVZQwjY=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsyI1C4LdeHCRQv2AZ1hyGTSNjTJDElGKWM/xY0LRdz6Je78G9N2Ftp6IHA451zuzQkTRpV2nG+rsLG5tb1T3C3t7R8cHtnl466KU4lJB8cslv0QKcKoIB1NNSP9RBLEQ0Z64aQ593sPRCoai3s9TYjP0UjQIcVIGymwy96dCUcoyDzJYbt5MwvsilN1FoDrxM1JBeRoBfaXF8U45U RozJBSA9dJtJ8hqSlmZFbyUkUShCdoRAaGCsSJ8rPF6TN4bpQIDmNpntBwof6eyBBXaspDk+RIj9WqNxf/8wapHtb9jIok1UTg5aJhyqCO4bwHGFFJsGZTQxCW1NwK8RhJhLVpq2RKcFe/vE66l1W3Vq21ryqNel5HEZyCM3ABXHANGuAWtEAHYPAInsEreLOerBfr3fpYRgtWPnMC/sD6/AF+UpN9</latexit>

⇤QCD

<latexit sha1_base64="NjXG1qocPMolLEo1TyplEOA+BF0=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQitcuCGwUXFe0DmhAmk2k7dCYJM5NCCf0TNy4UceufuPNvnLZZaPXAwOGcc7l3TphyprTjfFmltfWNza3ydmVnd2//wD486qgkk4S2ScIT2QuxopzFtK2Z5rSXSopFyGk3HF/P/e6ESsWS+FFPU+oLPIzZgBGsjRTYtndnwhEOck8K9HA7C+yqU3MWQH+JW5AqFGgF9qcXJSQTNNaEY6X6rpNqP8dSM8LprOJliqaYjPGQ9g2NsaDKzxeXz9CZUSI0SKR5sUYL9edEjoVSUxGapMB6pFa9ufif18/0oOHnLE4zTWOyXDTIONIJmteAIiYp0XxqCCaSmVsRGWGJiTZlVUwJ7uqX/5LORc2t1+r3l9Vmo6ijDCdwCufgwhU04QZa0AYCE3iCF3i1cuvZerPel9GSVcwcwy9YH9/4kpM3</latexit>

⇤SI

<latexit sha1_base64="IO53eDkzAyo8FEyVrPaq24Jjkmw=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCUIlY6VujAwFIk+pCaKHMdprdpOZDugKvRTWBhAiJUvYeNvcNsM0HIkS0fnnKt7fcKUUaUd59sqbWxube+Udyt7+weHR3b1uKeSTGLSxQlL5CBEijAqSFdTzcgglQTxkJF+OGnP/f4DkYom4l5PU+JzNBI0phhpIwV21bs14QgFuSc5bHd6s8CuOXVnAbhO3ILUQIFOYH95UYIzTo TGDCk1dJ1U+zmSmmJGZhUvUyRFeIJGZGioQJwoP1+cPoPnRolgnEjzhIYL9fdEjrhSUx6aJEd6rFa9ufifN8x03PRzKtJME4GXi+KMQZ3AeQ8wopJgzaaGICypuRXiMZIIa9NWxZTgrn55nfQu626j3ri7qrWaRR1lcArOwAVwwTVogRvQAV2AwSN4Bq/gzXqyXqx362MZLVnFzAn4A+vzB5gYk44=</latexit>

⇤CPV

<latexit sha1_base64="4Vbb/PZBS54v7O0TXEV7f4UtRcI=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsiMWXAxsIignlAsoS7s5NkyOzsMjMrhCUfYWOhiK3fY+ffOEm20MQDA4dzzmXuPUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmd+50npjSP5aOZJsyPcCT5kFM0Vur07200xEG54lbdBcg68XJSgRzNQfmrH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wyx7oxcWCUkw1jZJw1ZqL8nMoy0nkaBTUZoxnrVm4v/eb3UDOt+xmWSGibp8qNhKoiJyfx2EnLFqBFTS5AqbncldIwKqbENlWwJ3urJ66R9VfVq1drDdaVRz+sowhmcwyV4cAMNuIMmtIDCBJ7hFd6cxHlx3p2PZbTg5DOn8AfO5w8MNY9e</latexit>

⇤

ρ = 1/Λ
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CP-violation: The case of Standard Model (SM)

CPV is parametrised by Jarlskog invariant:
Jarlskog ’85


Bernabeu, Branco, Gronau ‘86

=> CP is conserved iff  (neglecting  )J4 = 0 θ̄
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CPV is parametrised by Jarlskog invariant:
Jarlskog ’85


Bernabeu, Branco, Gronau ‘86

=> CP is conserved iff  (neglecting  )J4 = 0 θ̄

Ellis, Gaillard ’79

Khriplovich ’86  

Georgi, Randall ’86 
<latexit sha1_base64="XsMgFB4PYR1h7iOgDXUm1YHpv68="></latexit>

✓̄ (SM)
ind ⇠ 10�19

• CPV in the SM will not misalign the axion potential: 
Appear at 4-loop (from threshold corrections) and  
7-loop (from radiative corrections) level

CP-violation: The case of Standard Model (SM)
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CPV is parametrised by Jarlskog invariant:
Jarlskog ’85


Bernabeu, Branco, Gronau ‘86

BSM CP-violation: The case of SMEFT
<latexit sha1_base64="4UCDHb7gHvXe/ZuFYPlWOzgbLro="></latexit>

LSMEFT = LSM +
X

i

CiO
(6)
i

⇤2

=> CP is conserved iff  (neglecting  )J4 = 0 θ̄

Bonnefoy, Gendy, Grojean, Ruderman 
2112.03889, 2302.07288

Contain 1149 CP-odd couplings !!!

=> Generalise Jarlskog invariant to study CPV in the SMEFT systematically 

Ellis, Gaillard ’79

Khriplovich ’86  

Georgi, Randall ’86 
<latexit sha1_base64="XsMgFB4PYR1h7iOgDXUm1YHpv68="></latexit>

✓̄ (SM)
ind ⇠ 10�19

• CPV in the SM will not misalign the axion potential: 
Appear at 4-loop (from threshold corrections) and  
7-loop (from radiative corrections) level

CP-violation: The case of Standard Model (SM)
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CP-violation: The case of SMEFT
Considering non-perturbative effects => Use  as a spurion:θQCD

SM has one more CP-odd flavour invariant:

Built flavour invariants featuring  for CP-violating SMEFT operators:θQCD
<latexit sha1_base64="nWI0b6bkUSjThisaHRgtfas6VTs=">AAACFHicbVBLSwMxGMzWV62vVY9egkWoCGVXpPYiFLx4swX7gO66ZLNpG5p9NMkKZdkf4cW/4sWDIl49ePPfmG33oK0DIcPM95HMuBGjQhrGt1ZYWV1b3yhulra2d3b39P2DjghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem64+vM7z4QLmgY3MlpRGwfDQM6oBhJJTn6meUjOcKIJbepk0ziiZfeJxXzNIVX0HIRT1ppnN+eo5eNqjEDXCZmTsogR9PRvywvxLFPAokZEqJvGpG0E8QlxYykJSsWJEJ4jIakr2iAfCLsZBYqhSdK8eAg5OoEEs7U3xsJ8oWY+q6azCKIRS8T//P6sRzU7YQGUSxJgOcPDWIGZQizhqBHOcGSTRVBmFP1V4hHiCMsVY8lVYK5GHmZdM6rZq1aa12UG/W8jiI4AsegAkxwCRrgBjRBG2DwCJ7BK3jTnrQX7V37mI8WtHznEPyB9vkDCXyeyw==</latexit>

O
(1)
quqd = Q̄uQ̄d

Bonnefoy, Gendy, Grojean, Ruderman 
2112.03889, 2302.07288

Note:  has 81 CP-odd phases Q̄uQ̄d
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Small instantons generate axion potential of the form:

<latexit sha1_base64="zRM/DBO6/C9vFF5hqqyAwapllbo="></latexit>

h a
fa

i ⌘ ✓ind = ��
O
(0)

�(0)

Preliminary & Outline of this talk
Small instanton & Axion potential: UV misaligned contributions

This talkInduced by CP-violating operator
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Small instantons generate axion potential of the form:

Coefficients in the potential can be computed from following correlators:

<latexit sha1_base64="zRM/DBO6/C9vFF5hqqyAwapllbo="></latexit>

h a
fa

i ⌘ ✓ind = ��
O
(0)

�(0)

Preliminary & Outline of this talk
Small instanton & Axion potential: UV misaligned contributions

Evaluating these correlation functions within perturbative regime and one-(anti)instanton 
approximation. Making connection with SMEFT flavour invariants => Simplify the calculations

1-(a.-)inst.

1-(a.-)inst.

Witten ‘79

This talkInduced by CP-violating operator
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)
Key points: Fermion zero mode & Grassmann integral  

Fermion eigenmode expansion & fermion zero-mode solutions:
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)

• The well-know Grassmann integration identity: 

Fermion zero modes & Grassmann integral give rise to determinant-like structures:

Fermion eigenmode expansion & fermion zero-mode solutions:

Key points: Fermion zero mode & Grassmann integral  
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)

Fermion zero modes & Grassmann integral give rise to determinant-like structures:

Fermion eigenmode expansion & fermion zero-mode solutions:

• The well-know Grassmann integration identity: 

• Generalise the Grassmann integration identity for operator insertion: 

Example:

Determinant-like contraction

Key points: Fermion zero mode & Grassmann integral  
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Topological Susceptibilities & Flavor invariants: Four-quark operator 
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Determinant-like flavour invariants naturally arise in the 
instanton calculations

Fermion zero modes
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Contraction of Yukawa matrices 
encapsulated in the Flavour invariants

Plugging explicit form of fermion zero modes

Integrate over loop momenta, 


collective coordinates

 



25

Topological Susceptibilities & Flavor invariants: Four-quark operator 

Can also use Instanton Naive Dimensional Analysis 
(NDA), result up to (1)𝒪

Csáki, D’Agnolo, Kuflik, Ruhdorfer (2311.09285)

<latexit sha1_base64="DeOq5S/uCLKH8l0xyTfxigr3gHE="></latexit>Z
d⇢

⇢5
dN (⇢)

1

(256⇡6)⇢2

Combining Flavour invariants & Instanton NDA => 
quickly estimate ’t Hooft flower diagrams

Contraction of Yukawa matrices 
encapsulated in the Flavour invariants
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Topological Susceptibilities & Flavor invariants: Semi-leptonic operator 
Now start from the Flavour invariants: 

Trace-like contraction

<latexit sha1_base64="lM3cdbCQBGrauxxI+zSd4RYdO34="></latexit>

O
(1)
lequ = L̄eQ̄u+ h.c.
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Topological Susceptibilities & Flavor invariants: Semi-leptonic operator 
Now start from the Flavour invariants: 

Anticipating how CPV SMEFT operators participate in the instanton computations

Classifying the leading effects from the Wilson coefficients

Trace-like contraction

1-loop suppression induced 
by leptonic fields

<latexit sha1_base64="lM3cdbCQBGrauxxI+zSd4RYdO34="></latexit>

O
(1)
lequ = L̄eQ̄u+ h.c.
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Topological Susceptibilities & Flavor invariants: Higher-order Invariants 

<latexit sha1_base64="39e+KEuSvWVwDJNB/t/DoC3iygE="></latexit>

Xu,d = Yu,dY
†
u,d

=> Set X=1 for the lowest order flavour invariants
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Topological Susceptibilities & Flavor invariants: Four-quark operator 
<latexit sha1_base64="tz4HoJyHEp8z8gJ4QjDbms36dlE="></latexit>

O
(1)
quqd = Q̄uQ̄d+ h.c.

-integral is IR divergent 

=> Need a physical IR cut-off

ρ

• Integration over the size of instanton
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

• Possible UV completion of small-instantons:
Product of Gauge groups

Agrawal and Howe (1710.04213)

C. Csáki, M. Ruhdorfer, Y. Shirman (1912.02197)

<latexit sha1_base64="tz4HoJyHEp8z8gJ4QjDbms36dlE="></latexit>

O
(1)
quqd = Q̄uQ̄d+ h.c.

<latexit sha1_base64="y95VgEyCYfv5OLm8MziiWqn+QLU=">AAACL3icbVDLTgIxFG3xhfgCXLppJCa4ITNqkCWJG5cYHSCBCel0OtDQeaTtmEwmfIRb/Qq/xrgxbv0LOzALGTxJk5Nz7s09PU7EmVSG8QlLW9s7u3vl/crB4dHxSbVW78swFoRaJOShGDpYUs4CaimmOB1GgmLf4XTgzO8yf/BMhWRh8KSSiNo+ngbMYwQrLQ0ereb15cScVBtGy1gCbRIzJw2QozepwfrYDUns00ARjqUcmUak7BQLxQini8o4ljTCZI6ndKRpgH0q7XSZd4EutOIiLxT6BQot1b8bKfalTHxHT/pYzWTRy8R/vUwR0pNr99NolkhGCqLUqWfULSRVXsdOWRDFigZkFdSLOVIhyspDLhOUKJ5ogolg+q+IzLDAROmKK7pFs9jZJulftcx2q/1w0+h28j7L4AycgyYwwS3ognvQAxYgYA5ewCt4g+/wA37B79VoCeY7p2AN8OcXe+aouA==</latexit>

SU(3)1

<latexit sha1_base64="UXAcekOpgmj2ITxn6KPj+EdLv4I=">AAACKnicbVDLSgMxFE3qq9ZXW5dugkVwVWZEapcFN26E+ugD2qFkMpk2NJMZkowwDP0Dt/oVfo274tYPMdPOwo4eCBzOuZd7ctyIM6UtawlLW9s7u3vl/crB4dHxSbVW76swloT2SMhDOXSxopwJ2tNMczqMJMWBy+nAnd9m/uCFSsVC8ayTiDoBngrmM4K1kR6f7ifVhtW0VkB/iZ2TBsjRndRgfeyFJA6o0IRjpUa2FWknxVIzwumiMo4VjTCZ4ykdGSpwQJWTrqIu0IVRPOSH0jyh0Ur9vZHiQKkkcM1kgPVMFb1M/NfLFKl8tXE/jWaJYqQgKpN6Rr1CUu23nZSJKNZUkHVQP+ZIhyjrDXlMUqJ5Yggmkpm/IjLDEhNt2q2YFu1iZ39J/6ppt5qth+tGp533WQZn4BxcAhvcgA64A13QAwT44BW8gXf4AT/hEn6tR0sw3zkFG4DfP8Ykp2o=</latexit>

SM

<latexit sha1_base64="vALFXcHne/FFFNnuZULrkjhKYVw=">AAACL3icbVDLTgIxFG19Ir4Al24aiQluyAwaZEnixiVGB0hgQjqdDjR0Hmk7JpMJH+FWv8KvMW6MW//CDsxCBk/S5OSce3NPjxNxJpVhfMKt7Z3dvf3SQfnw6PjktFKt9WUYC0ItEvJQDB0sKWcBtRRTnA4jQbHvcDpw5neZP3imQrIweFJJRG0fTwPmMYKVlgaPVuP6atKaVOpG01gCbRIzJ3WQozepwtrYDUns00ARjqUcmUak7BQLxQini/I4ljTCZI6ndKRpgH0q7XSZd4EuteIiLxT6BQot1b8bKfalTHxHT/pYzWTRy8R/vUwR0pNr99NolkhGCqLUqWfULSRVXsdOWRDFigZkFdSLOVIhyspDLhOUKJ5ogolg+q+IzLDAROmKy7pFs9jZJum3mma72X64qXc7eZ8lcA4uQAOY4BZ0wT3oAQsQMAcv4BW8wXf4Ab/g92p0C+Y7Z2AN8OcXfauouQ==</latexit>

SU(3)2
<latexit sha1_base64="sw2JimSuhpn+9k+M1ZTseMc11Wk=">AAACL3icbVDLSsNAFJ2pr1pfbV26CRahbkqiUrssuHFZ0bSFNpTJZNIMmTyYmQgh9CPc6lf4NeJG3PoXTtosbOqBgcM593LPHDtmVEhd/4SVre2d3b3qfu3g8Oj4pN5oDkWUcExMHLGIj20kCKMhMSWVjIxjTlBgMzKy/bvcHz0TLmgUPsk0JlaA5iF1KUZSSaNHs319OfNn9Zbe0ZfQNolRkBYoMJg1YHPqRDgJSCgxQ0JMDD2WVoa4pJiRRW2aCBIj7KM5mSgaooAIK1vmXWgXSnE0N+LqhVJbqn83MhQIkQa2mgyQ9ETZy8V/vVzhwhVr97PYSwXFJVGo1B5xSkml27MyGsaJJCFeBXUTpslIy8vTHMoJlixVBGFO1V817CGOsFQV11SLRrmzTTK86hjdTvfhptXvFX1WwRk4B21ggFvQB/dgAEyAgQ9ewCt4g+/wA37B79VoBRY7p2AN8OcX4oio8g==</latexit>

SU(3)k

<latexit sha1_base64="F8IYpRNWSB+OW8StmtLnLpQS670=">AAACM3icbVDNTsJAGNz6i/gHePTSSEzwQlo1yJEEDx4hWiCBhmy3W7ph2212tyZNw2N41afwYYw349V3cAs9SHGSTSYz35dvdpyIEiEN40Pb2t7Z3dsvHZQPj45PTivV2kCwmCNsIUYZHzlQYEpCbEkiKR5FHMPAoXjozLuZP3zGXBAWPskkwnYAZyHxCIJSSeNHq3FzNU373fvFtFI3msYS+iYxc1IHOXrTqlabuAzFAQ4lolCIsWlE0k4hlwRRvChPYoEjiOZwhseKhjDAwk6XmRf6pVJc3WNcvVDqS/XvRgoDIZLAUZMBlL4oepn4r5cpXHhi7X4a+YkgqCAKldrHbiGp9Np2SsIoljhEq6BeTHXJ9KxA3SUcI0kTRSDiRP1VRz7kEElVc1m1aBY72ySD66bZarb6t/VOO++zBM7BBWgAE9yBDngAPWABBBh4Aa/gTXvXPrUv7Xs1uqXlO2dgDdrPL/kTqn8=</latexit>

SU(3)QCD

<latexit sha1_base64="XD+pj77EXX+yXFhP5IM13FfpULI=">AAACLnicbVDLSsNAFJ34rPXV1qWbwSK4KolI7bLgxmUF+4A2lMlk0oydzISZiRBC/8GtfoVfI7gQt36GkzYLm3pg4HDOvdwzx4sZVdq2P62t7Z3dvf3KQfXw6PjktFZvDJRIJCZ9LJiQIw8pwignfU01I6NYEhR5jAy9+V3uD5+JVFTwR53GxI3QjNOAYqSNNJhgX2g1rTXtlr0E3CROQZqgQG9atxoTX+AkIlxjhpQaO3as3QxJTTEji+okUSRGeI5mZGwoRxFRbraMu4CXRvFhIKR5XMOl+ncjQ5FSaeSZyQjpUJW9XPzXyxWpArV2P4vDVFFcEpVJHRK/lFQHHTejPE404XgVNEgY1ALm3UGfSoI1Sw1BWFLzV4hDJBHWpuGqadEpd7ZJBtctp91qP9w0u52izwo4BxfgCjjgFnTBPeiBPsDgCbyAV/BmvVsf1pf1vRrdsoqdM7AG6+cXpYipaw==</latexit>· · ·
<latexit sha1_base64="0fB/9t3eVrNn5M8+nSLLUUuVOHI=">AAACLnicbVDLSsNAFJ3xWeurrUs3g0VwVRKRKq4KblxWsA9oQ5lMJs3YmSTMTIQQ+g9u9Sv8GsGFuPUznLRZ2NQDA4dz7uWeOW7MmdKW9Qk3Nre2d3Yre9X9g8Oj41q90VdRIgntkYhHcuhiRTkLaU8zzekwlhQLl9OBO7vL/cEzlYpF4aNOY+oIPA2ZzwjWRuqPFZsKPKk1rZa1AFondkGaoEB3UoeNsReRRNBQE46VGtlWrJ0MS80Ip/PqOFE0xmSGp3RkaIgFVU62iDtH50bxkB9J80KNFurfjQwLpVLhmkmBdaDKXi7+6+WKVL5auZ/FQaoYKYnKpA6oV0qq/RsnY2GcaBqSZVA/4UhHKO8OeUxSonlqCCaSmb8iEmCJiTYNV02LdrmzddK/bNntVvvhqtm5LfqsgFNwBi6ADa5BB9yDLugBAp7AC3gFb/AdfsAv+L0c3YDFzglYAfz5BZEeqWE=</latexit>� <latexit sha1_base64="0fB/9t3eVrNn5M8+nSLLUUuVOHI=">AAACLnicbVDLSsNAFJ3xWeurrUs3g0VwVRKRKq4KblxWsA9oQ5lMJs3YmSTMTIQQ+g9u9Sv8GsGFuPUznLRZ2NQDA4dz7uWeOW7MmdKW9Qk3Nre2d3Yre9X9g8Oj41q90VdRIgntkYhHcuhiRTkLaU8zzekwlhQLl9OBO7vL/cEzlYpF4aNOY+oIPA2ZzwjWRuqPFZsKPKk1rZa1AFondkGaoEB3UoeNsReRRNBQE46VGtlWrJ0MS80Ip/PqOFE0xmSGp3RkaIgFVU62iDtH50bxkB9J80KNFurfjQwLpVLhmkmBdaDKXi7+6+WKVL5auZ/FQaoYKYnKpA6oV0qq/RsnY2GcaBqSZVA/4UhHKO8OeUxSonlqCCaSmb8iEmCJiTYNV02LdrmzddK/bNntVvvhqtm5LfqsgFNwBi6ADa5BB9yDLugBAp7AC3gFb/AdfsAv+L0c3YDFzglYAfz5BZEeqWE=</latexit>� <latexit sha1_base64="0fB/9t3eVrNn5M8+nSLLUUuVOHI=">AAACLnicbVDLSsNAFJ3xWeurrUs3g0VwVRKRKq4KblxWsA9oQ5lMJs3YmSTMTIQQ+g9u9Sv8GsGFuPUznLRZ2NQDA4dz7uWeOW7MmdKW9Qk3Nre2d3Yre9X9g8Oj41q90VdRIgntkYhHcuhiRTkLaU8zzekwlhQLl9OBO7vL/cEzlYpF4aNOY+oIPA2ZzwjWRuqPFZsKPKk1rZa1AFondkGaoEB3UoeNsReRRNBQE46VGtlWrJ0MS80Ip/PqOFE0xmSGp3RkaIgFVU62iDtH50bxkB9J80KNFurfjQwLpVLhmkmBdaDKXi7+6+WKVL5auZ/FQaoYKYnKpA6oV0qq/RsnY2GcaBqSZVA/4UhHKO8OeUxSonlqCCaSmb8iEmCJiTYNV02LdrmzddK/bNntVvvhqtm5LfqsgFNwBi6ADa5BB9yDLugBAp7AC3gFb/AdfsAv+L0c3YDFzglYAfz5BZEeqWE=</latexit>�

• Integration over the size of instanton
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

• Possible UV completion of small-instantons:
Product of Gauge groups

Agrawal and Howe (1710.04213)

C. Csáki, M. Ruhdorfer, Y. Shirman (1912.02197)

<latexit sha1_base64="tz4HoJyHEp8z8gJ4QjDbms36dlE="></latexit>

O
(1)
quqd = Q̄uQ̄d+ h.c.

<latexit sha1_base64="y95VgEyCYfv5OLm8MziiWqn+QLU=">AAACL3icbVDLTgIxFG3xhfgCXLppJCa4ITNqkCWJG5cYHSCBCel0OtDQeaTtmEwmfIRb/Qq/xrgxbv0LOzALGTxJk5Nz7s09PU7EmVSG8QlLW9s7u3vl/crB4dHxSbVW78swFoRaJOShGDpYUs4CaimmOB1GgmLf4XTgzO8yf/BMhWRh8KSSiNo+ngbMYwQrLQ0ereb15cScVBtGy1gCbRIzJw2QozepwfrYDUns00ARjqUcmUak7BQLxQini8o4ljTCZI6ndKRpgH0q7XSZd4EutOIiLxT6BQot1b8bKfalTHxHT/pYzWTRy8R/vUwR0pNr99NolkhGCqLUqWfULSRVXsdOWRDFigZkFdSLOVIhyspDLhOUKJ5ogolg+q+IzLDAROmKK7pFs9jZJulftcx2q/1w0+h28j7L4AycgyYwwS3ognvQAxYgYA5ewCt4g+/wA37B79VoCeY7p2AN8OcXe+aouA==</latexit>

SU(3)1

<latexit sha1_base64="UXAcekOpgmj2ITxn6KPj+EdLv4I=">AAACKnicbVDLSgMxFE3qq9ZXW5dugkVwVWZEapcFN26E+ugD2qFkMpk2NJMZkowwDP0Dt/oVfo274tYPMdPOwo4eCBzOuZd7ctyIM6UtawlLW9s7u3vl/crB4dHxSbVW76swloT2SMhDOXSxopwJ2tNMczqMJMWBy+nAnd9m/uCFSsVC8ayTiDoBngrmM4K1kR6f7ifVhtW0VkB/iZ2TBsjRndRgfeyFJA6o0IRjpUa2FWknxVIzwumiMo4VjTCZ4ykdGSpwQJWTrqIu0IVRPOSH0jyh0Ur9vZHiQKkkcM1kgPVMFb1M/NfLFKl8tXE/jWaJYqQgKpN6Rr1CUu23nZSJKNZUkHVQP+ZIhyjrDXlMUqJ5Yggmkpm/IjLDEhNt2q2YFu1iZ39J/6ppt5qth+tGp533WQZn4BxcAhvcgA64A13QAwT44BW8gXf4AT/hEn6tR0sw3zkFG4DfP8Ykp2o=</latexit>

SM

<latexit sha1_base64="vALFXcHne/FFFNnuZULrkjhKYVw=">AAACL3icbVDLTgIxFG19Ir4Al24aiQluyAwaZEnixiVGB0hgQjqdDjR0Hmk7JpMJH+FWv8KvMW6MW//CDsxCBk/S5OSce3NPjxNxJpVhfMKt7Z3dvf3SQfnw6PjktFKt9WUYC0ItEvJQDB0sKWcBtRRTnA4jQbHvcDpw5neZP3imQrIweFJJRG0fTwPmMYKVlgaPVuP6atKaVOpG01gCbRIzJ3WQozepwtrYDUns00ARjqUcmUak7BQLxQini/I4ljTCZI6ndKRpgH0q7XSZd4EuteIiLxT6BQot1b8bKfalTHxHT/pYzWTRy8R/vUwR0pNr99NolkhGCqLUqWfULSRVXsdOWRDFigZkFdSLOVIhyspDLhOUKJ5ogolg+q+IzLDAROmKy7pFs9jZJum3mma72X64qXc7eZ8lcA4uQAOY4BZ0wT3oAQsQMAcv4BW8wXf4Ab/g92p0C+Y7Z2AN8OcXfauouQ==</latexit>

SU(3)2
<latexit sha1_base64="sw2JimSuhpn+9k+M1ZTseMc11Wk=">AAACL3icbVDLSsNAFJ2pr1pfbV26CRahbkqiUrssuHFZ0bSFNpTJZNIMmTyYmQgh9CPc6lf4NeJG3PoXTtosbOqBgcM593LPHDtmVEhd/4SVre2d3b3qfu3g8Oj4pN5oDkWUcExMHLGIj20kCKMhMSWVjIxjTlBgMzKy/bvcHz0TLmgUPsk0JlaA5iF1KUZSSaNHs319OfNn9Zbe0ZfQNolRkBYoMJg1YHPqRDgJSCgxQ0JMDD2WVoa4pJiRRW2aCBIj7KM5mSgaooAIK1vmXWgXSnE0N+LqhVJbqn83MhQIkQa2mgyQ9ETZy8V/vVzhwhVr97PYSwXFJVGo1B5xSkml27MyGsaJJCFeBXUTpslIy8vTHMoJlixVBGFO1V817CGOsFQV11SLRrmzTTK86hjdTvfhptXvFX1WwRk4B21ggFvQB/dgAEyAgQ9ewCt4g+/wA37B79VoBRY7p2AN8OcX4oio8g==</latexit>

SU(3)k

<latexit sha1_base64="F8IYpRNWSB+OW8StmtLnLpQS670=">AAACM3icbVDNTsJAGNz6i/gHePTSSEzwQlo1yJEEDx4hWiCBhmy3W7ph2212tyZNw2N41afwYYw349V3cAs9SHGSTSYz35dvdpyIEiEN40Pb2t7Z3dsvHZQPj45PTivV2kCwmCNsIUYZHzlQYEpCbEkiKR5FHMPAoXjozLuZP3zGXBAWPskkwnYAZyHxCIJSSeNHq3FzNU373fvFtFI3msYS+iYxc1IHOXrTqlabuAzFAQ4lolCIsWlE0k4hlwRRvChPYoEjiOZwhseKhjDAwk6XmRf6pVJc3WNcvVDqS/XvRgoDIZLAUZMBlL4oepn4r5cpXHhi7X4a+YkgqCAKldrHbiGp9Np2SsIoljhEq6BeTHXJ9KxA3SUcI0kTRSDiRP1VRz7kEElVc1m1aBY72ySD66bZarb6t/VOO++zBM7BBWgAE9yBDngAPWABBBh4Aa/gTXvXPrUv7Xs1uqXlO2dgDdrPL/kTqn8=</latexit>

SU(3)QCD

<latexit sha1_base64="XD+pj77EXX+yXFhP5IM13FfpULI=">AAACLnicbVDLSsNAFJ34rPXV1qWbwSK4KolI7bLgxmUF+4A2lMlk0oydzISZiRBC/8GtfoVfI7gQt36GkzYLm3pg4HDOvdwzx4sZVdq2P62t7Z3dvf3KQfXw6PjktFZvDJRIJCZ9LJiQIw8pwignfU01I6NYEhR5jAy9+V3uD5+JVFTwR53GxI3QjNOAYqSNNJhgX2g1rTXtlr0E3CROQZqgQG9atxoTX+AkIlxjhpQaO3as3QxJTTEji+okUSRGeI5mZGwoRxFRbraMu4CXRvFhIKR5XMOl+ncjQ5FSaeSZyQjpUJW9XPzXyxWpArV2P4vDVFFcEpVJHRK/lFQHHTejPE404XgVNEgY1ALm3UGfSoI1Sw1BWFLzV4hDJBHWpuGqadEpd7ZJBtctp91qP9w0u52izwo4BxfgCjjgFnTBPeiBPsDgCbyAV/BmvVsf1pf1vRrdsoqdM7AG6+cXpYipaw==</latexit>· · ·
<latexit sha1_base64="0fB/9t3eVrNn5M8+nSLLUUuVOHI=">AAACLnicbVDLSsNAFJ3xWeurrUs3g0VwVRKRKq4KblxWsA9oQ5lMJs3YmSTMTIQQ+g9u9Sv8GsGFuPUznLRZ2NQDA4dz7uWeOW7MmdKW9Qk3Nre2d3Yre9X9g8Oj41q90VdRIgntkYhHcuhiRTkLaU8zzekwlhQLl9OBO7vL/cEzlYpF4aNOY+oIPA2ZzwjWRuqPFZsKPKk1rZa1AFondkGaoEB3UoeNsReRRNBQE46VGtlWrJ0MS80Ip/PqOFE0xmSGp3RkaIgFVU62iDtH50bxkB9J80KNFurfjQwLpVLhmkmBdaDKXi7+6+WKVL5auZ/FQaoYKYnKpA6oV0qq/RsnY2GcaBqSZVA/4UhHKO8OeUxSonlqCCaSmb8iEmCJiTYNV02LdrmzddK/bNntVvvhqtm5LfqsgFNwBi6ADa5BB9yDLugBAp7AC3gFb/AdfsAv+L0c3YDFzglYAfz5BZEeqWE=</latexit>� <latexit sha1_base64="0fB/9t3eVrNn5M8+nSLLUUuVOHI=">AAACLnicbVDLSsNAFJ3xWeurrUs3g0VwVRKRKq4KblxWsA9oQ5lMJs3YmSTMTIQQ+g9u9Sv8GsGFuPUznLRZ2NQDA4dz7uWeOW7MmdKW9Qk3Nre2d3Yre9X9g8Oj41q90VdRIgntkYhHcuhiRTkLaU8zzekwlhQLl9OBO7vL/cEzlYpF4aNOY+oIPA2ZzwjWRuqPFZsKPKk1rZa1AFondkGaoEB3UoeNsReRRNBQE46VGtlWrJ0MS80Ip/PqOFE0xmSGp3RkaIgFVU62iDtH50bxkB9J80KNFurfjQwLpVLhmkmBdaDKXi7+6+WKVL5auZ/FQaoYKYnKpA6oV0qq/RsnY2GcaBqSZVA/4UhHKO8OeUxSonlqCCaSmb8iEmCJiTYNV02LdrmzddK/bNntVvvhqtm5LfqsgFNwBi6ADa5BB9yDLugBAp7AC3gFb/AdfsAv+L0c3YDFzglYAfz5BZEeqWE=</latexit>� <latexit sha1_base64="0fB/9t3eVrNn5M8+nSLLUUuVOHI=">AAACLnicbVDLSsNAFJ3xWeurrUs3g0VwVRKRKq4KblxWsA9oQ5lMJs3YmSTMTIQQ+g9u9Sv8GsGFuPUznLRZ2NQDA4dz7uWeOW7MmdKW9Qk3Nre2d3Yre9X9g8Oj41q90VdRIgntkYhHcuhiRTkLaU8zzekwlhQLl9OBO7vL/cEzlYpF4aNOY+oIPA2ZzwjWRuqPFZsKPKk1rZa1AFondkGaoEB3UoeNsReRRNBQE46VGtlWrJ0MS80Ip/PqOFE0xmSGp3RkaIgFVU62iDtH50bxkB9J80KNFurfjQwLpVLhmkmBdaDKXi7+6+WKVL5auZ/FQaoYKYnKpA6oV0qq/RsnY2GcaBqSZVA/4UhHKO8OeUxSonlqCCaSmb8iEmCJiTYNV02LdrmzddK/bNntVvvhqtm5LfqsgFNwBi6ADa5BB9yDLugBAp7AC3gFb/AdfsAv+L0c3YDFzglYAfz5BZEeqWE=</latexit>�

Boost the coupling of each QCD subgroup:

Provide a physical cut-off: 

<latexit sha1_base64="J7pgzlsljuvfcp88IVSUC1ZevkE="></latexit>

1

g2
QCD

(µ)
=

1

g21(µ)
+

1

g22(µ)
+ · · ·+ 1

g2k(µ)

• Integration over the size of instanton
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

• Possible UV completion of small-instantons:
5D instantons

<latexit sha1_base64="tz4HoJyHEp8z8gJ4QjDbms36dlE="></latexit>

O
(1)
quqd = Q̄uQ̄d+ h.c.

T. Gherghetta, V. V. Khoze, A. Pomarol, Y. Shirman 
(2001.05610)

Uplift BPST instanton to a compact extra dimension of size R
<latexit sha1_base64="KUkJt7JaBHYK01PywU6RdZQAVIY="></latexit>∫

dN (ω) →
∫ R

1/!5

dN (ω)eR/ω

• Integration over the size of instanton
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Bounds from non-measurement of theta-induced: Four-quark operator
Example: Product of gauge groups 

Test different flavour scenarios Finite ratio in the 
decoupling limit

<latexit sha1_base64="tz4HoJyHEp8z8gJ4QjDbms36dlE="></latexit>

O
(1)
quqd = Q̄uQ̄d+ h.c.
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Summary & Outlook

The estimation of these effects can be made easier with the help of 
Determinant-like Flavour Invariants and Instanton Naive Dimensional Analysis 
=> Allow to study the contributions of any SMEFT operators to the axion 
potential

Enhancing the axion mass via small-instanton also (accidentally) enhances CPV 
effects that misalign potential  
=> Dangerous effects which spoil Axion solution 
=> The quality of Axion solution depends on UV scenarios
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Summary & Outlook
It is natural to expect that the dynamics that endow an axion with a mass 
at the UV scale also lead to non-shift symmetric couplings of axions
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A(�� ! aa) =

1-loop matching

<latexit sha1_base64="uiT6VrapB3KJ8Vcc7v05Y0C349I="></latexit>
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L(p2)
�PT �

<latexit sha1_base64="ECz4G8rOEevvbPrdxxSQ/CeRgo0="></latexit>

c
F2 = ⇡mu md/3 (mu +md)

2 ⇠ 0.2

Example: 1-loop contribution from QCD Chiral Lagrangian

C. Beadle, S. A. R. Ellis, J. Quevillon, P. N. H. Vuong (2307.10362)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.110.035019
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Summary & Outlook
It is natural to expect that the dynamics that endow an axion with a mass 
at the UV scale also lead to non-shift symmetric couplings of axions

When small-instantons enhance axion mass, will they generate/enhance non-shift 
symmetric couplings of axions?

Example:

(work in progress)



37

Bonus slides
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Preliminary
Strong CP problem & Axion solution

<latexit sha1_base64="cDgzBNFbGNn1ePKXVioJHVTXpkc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSiNQuXBTcuKxgH9DEMplO2qGTSZi5EUrIxl9x40IRt36GO//G6WOhrQcuHM65l3vvCRLBNTjOt1VYWV1b3yhulra2d3b37P2Dlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDPx249MaR7LexgnzI/IQPKQUwJG6tlHXkBU5sGQAcnxNXadh+zcdfKeXXYqzhR4mbhzUkZzNHr2l9ePaRoxCVQQrbuuk4CfEQWcCpaXvFSzhNARGbCuoZJETPvZ9IEcnxqlj8NYmZKAp+rviYxEWo+jwHRGBIZ60ZuI/3ndFMKan3GZpMAknS0KU4EhxpM0cJ8rRkGMDSFUcXMrpkOiCAWTWcmE4C6+vExaFxW3WqneXZbrtXkcRXSMTtAZctEVqqNb1EBNRFGOntErerOerBfr3fqYtRas+cwh+gPr8wft5pVO</latexit>

✓̄ < 10�10

<latexit sha1_base64="L8SK89lM8TQB0YYHrTnL22lkKyY="></latexit>

✓̄ = ✓QCD � arg
�
detMq

�
#Key feature:                                 received contributions from both Strong & 
Electroweak sectors => theta-bar expected to be O(1)

1.) QCD vacuum allows an effective(CP violating) term in the Lagrangian:

2.) Bound from Neutron EDM:

Strong CP problem: Why is theta-bar so small?

Alternative questions: why no CP-violation in QCD? What make theta-bar so small?


(any mechanism behind?)

<latexit sha1_base64="8VmYafOWyEWAUGXMQmWmqhh+f08="></latexit>

L � ✓̄
g2s

32⇡2
Gµ⌫G̃

µ⌫
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Preliminary
Strong CP problem & Axion solution

<latexit sha1_base64="cDgzBNFbGNn1ePKXVioJHVTXpkc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSiNQuXBTcuKxgH9DEMplO2qGTSZi5EUrIxl9x40IRt36GO//G6WOhrQcuHM65l3vvCRLBNTjOt1VYWV1b3yhulra2d3b37P2Dlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDPx249MaR7LexgnzI/IQPKQUwJG6tlHXkBU5sGQAcnxNXadh+zcdfKeXXYqzhR4mbhzUkZzNHr2l9ePaRoxCVQQrbuuk4CfEQWcCpaXvFSzhNARGbCuoZJETPvZ9IEcnxqlj8NYmZKAp+rviYxEWo+jwHRGBIZ60ZuI/3ndFMKan3GZpMAknS0KU4EhxpM0cJ8rRkGMDSFUcXMrpkOiCAWTWcmE4C6+vExaFxW3WqneXZbrtXkcRXSMTtAZctEVqqNb1EBNRFGOntErerOerBfr3fqYtRas+cwh+gPr8wft5pVO</latexit>

✓̄ < 10�10

<latexit sha1_base64="L8SK89lM8TQB0YYHrTnL22lkKyY="></latexit>

✓̄ = ✓QCD � arg
�
detMq

�
#Key feature:                                 received contributions from both Strong & 
Electroweak sectors => theta-bar expected to be O(1)

1.) QCD vacuum allows an effective(CP violating) term in the Lagrangian:

2.) Bound from Neutron EDM:

Strong CP problem: Why is theta-bar so small?

Alternative questions: why no CP-violation in QCD? What make theta-bar so small?


(any mechanism behind?)

<latexit sha1_base64="8VmYafOWyEWAUGXMQmWmqhh+f08="></latexit>

L � ✓̄
g2s

32⇡2
Gµ⌫G̃

µ⌫

3.) Axion solution: dynamically relaxes theta-bar to zero
<latexit sha1_base64="IYaAZHWWzsCjeEtktqLUDSanzZc="></latexit>
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✓
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fa

◆
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• Axion as Goldstone Boson of 
 anomalous symmetry


• Shift symmetry  

=> absorb  effects

U(1)PQ
a
fa

→
a
fa

+ ϵ

θ̄

QCD confinement gives 

axion potential: 


 

minimised at <a>=0

VχPT(a) ∼ 1 − cos(a /fa)
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Instanton density in SU(N) theory

’t Hooft 76 

Shifman, Vainshtein, Zakharov 79
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Small instantons generate axion potential of the form:

Coefficients in the potential can be computed from following correlators:

<latexit sha1_base64="zRM/DBO6/C9vFF5hqqyAwapllbo="></latexit>

h a
fa

i ⌘ ✓ind = ��
O
(0)

�(0)

Preliminary
Small instanton & Axion potential: UV misaligned contributions

Witten “79

Note: In strongly coupled regime, one should use non-perturbative methods

=> Current algebra, QCD light cone sum rules

This talkInduced by CP-violating operator
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Bounds from non-measurement of theta-induced: Semi-leptonic operator
<latexit sha1_base64="lM3cdbCQBGrauxxI+zSd4RYdO34="></latexit>

O
(1)
lequ = L̄eQ̄u+ h.c.
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Bounds from non-measurement of theta-induced: Gluon dipole operator
<latexit sha1_base64="kj3kFydpvnmb+nk8ab+2YtJQCj4="></latexit>

OuG = (Q̄�
µ⌫
T

A
u)H̃G

A
µ⌫ + h.c.
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Topological Susceptibilities & Flavor invariants: Higher-order Invariants 

<latexit sha1_base64="39e+KEuSvWVwDJNB/t/DoC3iygE="></latexit>

Xu,d = Yu,dY
†
u,d

=> Set X=1 for the lowest order flavour invariants
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)
Key points: Path Integral & Instanton background 

<latexit sha1_base64="z/AlNXSYjov9BvNxWU7HKkyaNHs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqT0WvOitgv2QdinZNNuGJtklyRbK0l/hxYMiXv053vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9uF35lSpVkkH80spr7AI8lCRrCx0lN/ilU8ZoP7QbniVt0MaJ14OalAjuag/NUfRiQRVBrCsdY9z42Nn2JlGOF0XuonmsaYTPCI9iyVWFDtp9nBc3RhlSEKI2VLGpSpvydSLLSeicB2CmzGetVbiP95vcSEdT9lMk4MlWS5KEw4MhFafI+GTFFi+MwSTBSztyIyxgoTYzMq2RC81ZfXSfuq6tWqtYfrSqOex1GEMziHS/DgBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzB8qWkGM=</latexit>'IFields with instanton solutions (e.g. gluon, quark):

=> Expand the fields in their eigenmodes, replace zero mode wave function by 
instanton solutions, and integrate out non-zero modes:
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)

Fields without instanton solutions:
<latexit sha1_base64="zjmiLE3vsbRr/4q6xX5HcaJCJXA=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyK1B4LXjxWsB/QLiWbZtvQbDYk2UJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8LW9s7uXnG/dHB4dHxSPj1rmyTVlLVoIhLdDYlhgkvWstwK1lWakTgUrBNO7hd+Z8q04Yl8sjPFgpiMJI84JdZJnf6UaDXmg3LFq3pL4E3i56QCOZqD8ld/mNA0ZtJSQYzp+Z6yQUa05VSweamfGqYInZAR6zkqScxMkC3PneMrpwxxlGhX0uKl+nsiI7Exszh0nTGxY7PuLcT/vF5qo3qQcalSyyRdLYpSgW2CF7/jIdeMWjFzhFDN3a2Yjokm1LqESi4Ef/3lTdK+qfq1au3xttKo53EU4QIu4Rp8uIMGPEATWkBhAs/wCm9IoRf0jj5WrQWUz5zDH6DPH3vaj6c=</latexit>'

=> Integrate over without performing the eigenmode expansion

Key points: Path Integral & Instanton background 
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Q = 1
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Q = 1
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Q = 1


