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Overview

We are interested in modelling DM-induced electronic transitions in mate-
rials,

To this end, we developed a framework that combines a non-relativistic
effective theory for DM-electron interactions with linear response theory
R. Catena and N. A. Spaldin, “Linear response theory for light dark matter-electron scattering in materials,”
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Our framework applies to general DM-material couplings, and can capture
in-medium effects



Effective theory for dark matter-electron interactions

Consider the scattering of a DM particle of mass m𝜒 ≲ 1 GeV by a free
electron,
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In the non-relativistic limit, the process is characterised by a double sepa-
ration of scales:

|q|/me ≪ 1 ,
|v| ≪ 1 ,

q = p − p′

v = p/m𝜒

Its amplitude ℳ𝜒e is invariant under Galilean boosts, translations and ro-
tations



Effective theory for dark matter-electron interactions

We construct an effective theory where DM and electrons are the relevant
degrees of freedom

The underlying symmetries are Galilean boosts, translations and rotations

We then write ℳ𝜒e as a power series in |q|/me ≪ 1 and |v| ≪ 1 where
each term:

- only depends on the momenta and spins of the relevant degrees of freedom

- is invariant under Galilean boosts, translations and rotations



Effective theory for dark matter-electron interactions

What is the predicted form for ℳ𝜒e in our non-relativistic effective theory?
We find:
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Matrix elements

Examples of 𝒪i operators:
𝒪1 = 1𝜒1e, 𝒪4 = S𝜒 ⋅ Se, 𝒪7 = S𝜒 ⋅ v⟂, 𝒪11 = iS𝜒 ⋅ q/me, …



Dark matter as an external perturbation

ℳ𝜒e can be written as a matrix element between free electron states of a
potential V ss′

eff :

⟨k′, r′|V ss′

eff |k, r⟩ = −
ℳ𝜒e

4mem𝜒V 2 (2𝜋)3𝛿(3)(k′ + p′ − k − p)

For example, for

ℳ𝜒e = c1⟨1𝜒1e⟩

we find

V ss′

eff = − 1
4mem𝜒V

Fss′

0 eiq⋅re

where q = p − p′, Fss′

0 = c1𝜉s′
𝜉s, re is the electron position vector, and

eiq⋅re = n0(−q)



Dark matter as an external perturbation

In general,

V ss′

eff = − 1
4mem𝜒V ∑

𝛼
Fss′

𝛼 (q)j𝛼(−q) ,

where 𝛼 runs over the set of densities and currents DM can couple to in a
material

We find,

j𝛼 = (n0, nA, j5, jM , jE)

where
n0 → electron density
nA → spin-momentum density (𝜎e ⋅ ∇re

)
j5 → spin current (𝜎e)
jM → paramagnetic current (∇re

)
jE → Rashba spin-orbit current (𝜎e × ∇re

)



Dark matter as an external perturbation

In the interaction picture,

V ss′

eff (t) = − 1
4mem𝜒V ∑

𝛼
Fss′

𝛼 (q)j𝛼(−q) eiΔE𝜒t ,

where ΔE𝜒 = q2/(2m𝜒) − q ⋅ v.

Equivalently,

V ss′

eff (t) = − ∑
𝛼

∫ dr j𝛼(r) Sss′
𝛼 (r , t) ,

where

Sss′
𝛼 (r , t) = 1

4mem𝜒V
Fss′

𝛽 (q) eiq⋅r eiΔE𝜒t .



Linear response to a dark matter perturbation

DM-induced fluctuation in j𝛼

⟨Δj𝛼(r , t)⟩ = ∑
𝛽

∫
t

−∞
dt′

∫ dr′ 𝜒j𝛼j𝛽
(r − r′, t − t′) Sss′

𝛽 (r′, t′) ,

Generalised susceptibility:

𝜒j𝛼j𝛽
(r − r′, t − t′) = i𝜃(t − t′)⟨ [j𝛼(r , t), j𝛽(r′, t′)] ⟩ .

We evaluate 𝜒j𝛼j𝛽
(q, 𝜔) by applying the equation of motion (EOM) method,

namely:
- Acting with 𝜕/𝜕t on the above Eq.
- Using Heisenberg equations for j𝛼and j𝛽



Linear response to a dark matter perturbation

An approximate solution to the equation of motion for 𝜒j𝛼j𝛽
(q, 𝜔) is given

by,

𝜒j𝛼j𝛽
(q, 𝜔) = Σj𝛼j𝛽

(q, 𝜔)

−
Σj𝛼n0

(q, 𝜔)U (q) [1 − G(q)] Σn0j𝛽
(q, 𝜔)

1 + U (q) [1 − G(q)] Σn0n0
(q, 𝜔)

,

where

Σj𝛼j𝛽
(q, 𝜔) → Lindhard response function: Σj𝛼j𝛽

∝ ∑ss′⟨s′|j𝛼|s⟩⟨s|j𝛽|s′⟩

U (q) → Fourier transform of Coulomb potential

G(q) → Local-field factor



Linear response to a dark matter perturbation

Geometric series expansion,

𝜒j𝛼j𝛽
(q, 𝜔) = Σj𝛼j𝛽

(q, 𝜔)

+
∞

∑
ℓ=0

A(q, 𝜔)R(q, 𝜔)ℓ

where

A(q, 𝜔) = Σj𝛼n0
(q, 𝜔)Σn0j𝛽

(q, 𝜔)

× U (q) [1 − G(q)]

and

R(q, 𝜔) = U (q)(1 − G(q))Σn0n0
(q, 𝜔)

Diagrammatic representation,

𝜒j𝛼j𝛽(q, 𝜔) =

𝛼 𝛽 +

𝛼 𝛽 +

𝛼 𝛽

+ …



Dark matter-induced electronic transition rate

Rate formula

Γ =
n𝜒V

16m2
e m2

𝜒
∑
𝛼𝛽

∫
dq

(2𝜋)3 ∫ dv f (v) ℱ𝛼𝛽(q, v) Δ𝜒𝛼𝛽(q, −ΔE𝜒) ,

- DM form factor:

ℱ𝛼𝛽(q, v) = 1
2 ∑

ss′

Fss′
𝛼 (q, v) Fss′∗

𝛽 (q, v)

- Material response function:

Δ𝜒𝛼𝛽(q, 𝜔) = −i[𝜒j†
𝛼 𝚥𝛽

− 𝜒∗
j†
𝛽 j𝛼

](q, 𝜔)



Dark matter-induced electronic transition rate

𝜒j†
𝛼j𝛽

is causal and real in the time domain, and vanishes for 𝜔 → ∞ in the
frequency domain

Consequently, it obeys the Kramers-Kronig relations, which imply,

∫
+∞

0

d𝜔
𝜔

Im𝜒j†
𝛼j𝛽

(q, 𝜔) = 𝜋
2

𝜒j†
𝛼j𝛽

(q, 0) .

We used the above to obtain a general theoretical upper bound on Γ ≤
Γopt

R. Catena and M. Iglicki, “A general upper bound on the light dark matter scattering rate in materials,”
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First applications
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𝜒j𝛼j𝛽(q, 𝜔) = Σj𝛼j𝛽(q, 𝜔) −
Σj𝛼n0(q, 𝜔)U(q) [1 − G(q)] Σn0j𝛽(q, 𝜔)

1 + U(q) [1 − G(q)] Σn0n0(q, 𝜔)
,
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First applications
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Summary and Outlook

We combined a non-relativistic effective theory for DM-electron interac-
tions with linear response theory to describe DM-electron scattering in
materials

Our formalism:
- applies to general DM - material couplings
- fully accounts for in-medium effects
- explicitly factorises particle from material physics inputs
- implies an upper bound on the DM-induced electronic transition rate

First results presented focusing on spin-unpolarised materials:
- Screening important only in models where DM couples to the electron

density

Extension to spin-polarised materials is in progress


