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@ Introduction: basics of cosmological phase transitions
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Cosmological first order phase transitions

Let us consider theory of scalar field given Scalar effective potential V (¢, T)
by Lagrangian density:

L= 5(0,0)@"6) ~ V(6,T),

leading to the equation of motion in the
form:

Po 200 V(6T

G2 car 96 false vacuum

(¢) =0

true vacuum
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where T is temperature.
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Tunneling bubbles

Nucleation rate:
I(T) = A(T) - exp (= S)

For tunneling in finite temperatures:

3

-2 am -1 ()
T 27T
where S5 is an action of O(3)-symmetric
solution of the eom.
Nucleation condition:
[(Tn)
A

S

=B

(¢) =0
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Phase transition parameters 4

» Critical and nucleation temperatures: 7.7,
» Level of supercooling: 7,,/7.
» Transition strength: o ~ AV/p,

In this work:
A . . p
oz(;:3ws, with 9:6—%

with the speed of sound in the broken phase
¢, and model-dependent energy e, pressure
» and enthalpy w.

» Bubble-wall velocity: v,
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Expansion of bubbles 5

Different modes depending on bubble-wall velocity v,, and transition strength ay:

deflagration hybrid detonation
Uy < Cs Cs < Uy < CJ cy < Uy

000

Where Jouget velocity is c; = \/Lgl*'— Vﬁf‘im
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@® Bubble-wall expansion: local thermal equilibrium and beyond
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Dynamics of the steady state expansion
Integrated EoM of the growing bubble:

d¢ OVesr dmi(¢) d*p _
/dZE (DQH 96 +§¢: do /(%)%Eﬁsﬁ(p’x)) =0

dp Ve dVesr Ve dT'
dz 0¢  dz T dz

[ Ve dT dm?(¢) [ dp
A‘/eﬁ‘— /dZ oT @ - zzz/d¢ d(b /(27[')32Ei6fi(p7x)

driving force = hydrodynamic backreaction 4  non-equilibrium friction

» Boltzmann eq. + EoM (different approaches: e.g fluid ansatz)

» LTE approximation (only backreaction) and beyond (including effective friction)
. . . . . .- .. FACULTY OF
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Stationary profiles

Energy-momentum tensor for the plasma is given by
™ = wulu” — g"'p
Conservation of 1" along the flow and its projection orthogonal to the flow leads to
Oy (uf'w) — u,0"p =0 wuwiyu, — u”d,p = 0.
Spherical symmetry + scale invariance:

U, O = —%(g — ) 0" = %(1 — €v)0k

Hydrodynamic equation )

2% = 7*(1 —v¢) [122 - 1] Iev,

S

with (€, 0) = {2 and € = r/t. A HvsIes



Stationary profiles

9

Hydrodynamic equation Solving hydrodynamic equation assuming
) bag model and proper boundary conditions
9l _ V(1 — ve) Ky Dev (1 and 2), we get analytical profiles v(§) de-
cs ’ pending on &, ap.
§ : d
0.5
Matching eqUationS — deflagrations — hybrids — detonations
0.4 -
2, _ 2
1 w_yZvo = wyvivy 03
2 w_y2vZ +p_ =wiViv +py ¥
, 0.2 -
3 s_7-v- = s+ (if 6f =0)
0.1
Bag equation of state " '\—Ib\\\\/ /‘
€s = 3a3T54 + 0, € = 3ang1 + 0, 0.0 0.2 0.4 0.6 0.8 1.0
3
Ps = asT54 - (95 Py = ale:L - (917
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Pressure

LTE approximation (4 f = 0)*

Matching method: conservation of entropy accross the bubble-wall (matching eq. 3)

4 &
2 4
0
—21 Deflagration/Hybrid Detonation
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1
1
!
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Figure: Total pressure acting on the wall

I\Wen-Yuan Ai, Benoit Laurent, Jorinde van de Vis,

Evaluation of bubble-wall velocity based on

» transition strength ay
wy
Ws

» speed of sound in the plasma ¢, ¢

» enthalpy ratio ¥ =

Stationary state (deflagration or hybrid)
can be typically found for not too large ay
There are no stable detonations in LTE.
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Beyond LTE approximation (& f # 0)? "

Entropy production:

n 2 0
Ou(u's) = —(u"0,0) 107 5
T ]
Integrating over the field profile 07y
grating P ] 8
Vo z 10724 §
o(z,t) = — |1 —tanh [ — R
) 9 I, = EE
w 3 =]
1077 g ¢
we get new matching equation: . -
1077
T+ Y- - -5
i (1—}—77fy+v+) 10 ; T T
T Y+ 10™° arTE Qlerit 107
2 @9
. ~ ’UOTI
with 77 = T
2T. Krajewski, M. Lewicki, I. Natecz, M. Zych FACULTY OF
Steady-state bubbles beyond local thermal equilibrium, arXiv:2411.16580 - PHYSICS
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© Bubble-wall expansion: real-time simulations
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Scalar fields and perfect fluid
Equation of state

The system consists of p(h,s,T) = —Veg(h, s, T),

> relativistic perfect fluid

d‘/veﬁ(h, S, T)

> real scalar fields h, s. e(h,s,T) = Ve(h, s, T) — ngT )
The fields acquires a temperature- dVeg(h, s, T)
dependent effective potential Vg. w(h,s,T) = =T dT :

Energy-momentum tensor
T* = Tferg + Thua
uv " 14 v 1 le%
Tﬁeld = 0"p0" ¢ — g §aa¢8 o

woo_ v v
Thq = wutu” + ¢"p
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Equations of motion

Total energy-momentum tensor in conserved, but both contributions are not, due to
the extra coupling term parametrized by effective non-equilibrium friction

a‘/eff a‘/eﬂ v I v
96 8¢6¢ nu*0,¢0" ¢

Local thermal equilibrium: 7 =0

V#Tfil;d = 9" ¢ + nut0,¢0” ¢, vqufiﬁ/id =

EoM - scalar fields

1 65/ T
2 2 e , ”
Orh + 2 O (r“0,.h) T ny(0¢h + vO,-h)

Ve

0s 0

1
—82s + T—Qar(r28rs) -
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Equations of motion

Total energy-momentum tensor in conserved, but both contributions are not, due to
the extra coupling term parametrized by effective non-equilibrium friction

a‘/eff a‘/eﬂ v I v
96 8¢6¢ nu*0,¢0" ¢

Local thermal equilibrium: 7 =0

V#Tfil;d = 9" ¢ + nut0,¢0” ¢, vqufiﬁ/id =

EoM - plasma

1 oV, oATA ,
Oyt + 72&0‘2(7' +pv) = thfath 4 asﬁats + ny(0¢h + v0-h)O:h
OVesr Ve
an "= s

1
8 Z + —0; (TQZU) +0p=— 0rs — ny(Och + v0-h)0,h
r

where Z := wvy?v and 7 := wy? — p EACULTY OF
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Evolution: initial conditions 16

» Evolution is initialized with h(r) and s(r) profiles correspond to the critical bubble
at nucleation temperature 7,.
» Plasma initially remains at rest v(r) = 0 with T'(r) =T,

> Bubble-wall quickly achieves constant velocity v,

Blsw, | CTGW . el OF
= 0.50 \\\ \\\\\\\\\\\\\\\\\\ 0025 0.50 /'I /////////////////////////// 0.02 =
0.25 \\ \\\\\\\\\\\ 0.01 0.25 /////////////////////////// 0.01

Lattice:
tmax = 100 GeV ™1
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Evolution: late stages (n = 0)

Self-similar profiles: & =/t

0.08 1.0 0.04 1.0
. . matching method . . matching method
— simulation --- prediction — simulation --- prediction
0.06 & 0.8 0.03 i 0.8
0.04 A 0.6 % 0.02 - 0.6 %
= iy £ @ £
by 04 = 04 =
0.02 4 Y 0.01 4
/s 0.2 0.2
0.00 * 0.00
T T T T 0.0 T T T T 0.0
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3 £

Two possible scenarios for the growing bubble in LTE:
> rapid expansion beyond Chapman-Jouguet velocity leading to a runaway scenario
> evolution toward a stationary state predicted by matching conditions
FACULTY OF
-PHYSICS
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Analytical treatment vs real-time simulations (7 = 0) 16

o simulations . matching method
10° poa——

1074 3 107" 3
© i a—2 ] E e s h—2 ]
s 10 is § 1077 5

10732 1072 4

1074 107* T T T T i =00

0.5 0.6 0.7 0.8 0.9 1.0

Tn/Te

While matching equations predict significant number of stationary deflagrations and
hybrids, in real-time simulations only few indeed evolve towards stationary state.
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Analytical treatment vs real-time simulations (7 = 0) 119
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If the stationary state is achieved for a given model, bubble-wall velocity is very

accurately predicted by the matching equations.
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Analytical treatment vs real-time simulations (1 # 0)°

| 20
Benchmark 1 Benchmark 2
1.0 A deflagrations 1.0 ‘m\ detonations  deflagrations
— exact — exact — exact
approx \ approx approx
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New matching equation allows to determine bubble-wall velocity as a function of 7.

3T. Krajewski, M. Lewicki, I. Natecz, M. Zych
Steady-state bubbles beyond local thermal equilibrium, arXiv:2411.16580
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LTE selection rule |21

ap > aprg = detonation (runaway)
g < arrg = deflagration or hybrid

LTE limit (7} — 0)

Solution type in LTE

1.0
0.9 - \\ detonations 102 .. . K ...0. :.. : e,
IO AR I AN
i > Qo RE 2% N
0.8 s 1073 oo SRUS AR
> \\ . g
2 \o” CLTE
0.7 4 S O(f)\\ deflagrations/hybrids
5 6%\“\\ and. 10~ 4 dynamic runaway
0.6 4 = "1‘5}_."12(}\\\ detonations dynamic defl. /hybrid /
2 ’VJ 0,/@ L no detonation branch
C N -
0.5 T ™ T T 107° T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.980 0.985 0.990 0.995 1.000
(e 7] Tn/T¢

Presence of the detonation branch explains the runaway behaviour in the LTE limit.
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O Conclusions
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Conclusions

We investigated fluid solutions in the presence of growing bubbles of the scalar field in
cosmological FOPT using numerical lattice simulations:

» Without non-equilibrium friction bubbles generically expand as runaways.
> Stationary profiles are dynamically achieved only for tiny supercooling (7,,/T. < 1).

> If steady state is achieved, it matches to equilibrium prediction with high precision.

> Beyond LTE matching condition correctly predicts bubble-wall velocity as a
function of entropy production.

> Presence of the detonation branch may serve as a selection rule for the LTE results.
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Conclusions

We investigated fluid solutions in the presence of growing bubbles of the scalar field in
cosmological FOPT using numerical lattice simulations:

» Without non-equilibrium friction bubbles generically expand as runaways.
> Stationary profiles are dynamically achieved only for tiny supercooling (7,,/T. < 1).

> If steady state is achieved, it matches to equilibrium prediction with high precision.

> Beyond LTE matching condition correctly predicts bubble-wall velocity as a
function of entropy production.

> Presence of the detonation branch may serve as a selection rule for the LTE results.

Thank you for your attention!
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Bubble wall width 24

We suggest to use the following approximation:

Vo
Ly = =,
8V
with the barrier high V;, evaluated at critical temperature 7., on the tunneling path.
0.5 S
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Spatial discretization

Spatial discretization of the field: discontinous Galerkin method

Ti4+1

0=, [T fro).o0Na > Y, z [ a6 ot 00

with an auxiliary variable ¢ := 0,¢. We introduce following interpolations:

ot 1), = dilt)

Tidl —T _ r—r;
tr)|, = of () ——— o () ————.
w( ’ ) t wz ( )Ti—i-l - H_l( )7”1‘_1,_1 —T;
¢l+| H
ot :}’ :)’ o 3 Boundary conditions:
D ' Tyt
o—9 o Ylr=0 =0

- . . FACULTY OF
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Temporal discretization for the fields 126

Temporal discretization of the fields: Stromer-Verlet method
Gijr1/2 = Gij + %513@,3‘
Giji1 = Gij — Ot (?;(@,;’-&-1/2) - Ad¢z‘,j+1/2>
Gij+1 = Gijr1/2 + %&@'JH

Can be interpreted as discontinuous Galerkin method in time.
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Temporal discretization for plasma

For high order spacial discretization we use explicit midpoint method:

e
Uijyr2 = Usj + % []:z'+1/2(U~, ) = Fic1y2(U ) + Q(U,g,@,;quﬁw@,],n)} :
Uij+1 = Usj + (tjit1 — 1) [E+1/2(U~,j+1/2) = Fic12(U.jr1/2)

+G ( 4,5+1/25 ¢Z,j+1/27 vd¢l,j+1/27 ¢z J+1/25 Tz)} .

Temporal discretization of low order scheme: forward/backward Euler method:

Uj+1 = Uyj + ot [9 (E+1/2(U-,j+1) — Fic172(U 1) + G(U, ,g+1))
+(1=0) (Fia2(U5) = Finao(Ug) +G(Usy))]

We use implicit (6 = 1) for low order spacial discretization since explicit one (6 = 0)

turned out to be unstable. FACULTY OF
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Flux corrected transport

1 Compute F'¥ using low order method guaranteed not to generate unphysical values.
2 Compute F'¥ using high order method accurate in smooth regions of the solution.
3 Compute the "antidiffusive fluxes™:
A=F"—F*"
4 Compute numerical solution U” with low order method.
5 Limit the "antidiffusive fluxes":
A, = aA, 0<a<l
such that a ~ 1 in the smooth regions of the solution and a ~ 0 around shocks.

6 Apply the limited "antidiffusive fluxes” to U” in order to obtain final solution
reproducing high order scheme in the smooth regions of the solution.
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