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What?
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FOPT: What? (from quantum field theory)
Let us consider a system described by the scalar potential V (ϕ)

🚀

🚀

Tunneling decay rate of the false vacuum

Γ ∼ Ae−SE , Euclidean action

SE computed on the sol. of the EOMs
The solutions with the least action are

spherically symmetric
Coleman, Callan (’77)
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Why?
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FOPT: Why?

Today, there is no known FOPT of the fundamental interactions in 4d at µ = 0 for any T !

apart from Higgs instability, but not conclusive...

So why?

They frequently appear in BSM theories!

Many phenomenological consequences: (EW) baryogenesis, dark matter, PBH, collider
signatures, topological defects, axions, ... and Gravitational Waves!
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FOPT: Why?

A GW stochastic background potentially observable at upcoming detectors
(even completely decoupled sectors become interesting)
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How?
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FOPT: How?
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Interaction with the plasma
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FOPT: Calculating pressure

Work in the wall frame (ignore curvature). γw(vw) is the boost factor (velocity) of the wall.
In the limit γw ≫ 1 the plasma can be thought of individual particles hitting the wall.
Translational symmetry broken −→ z−momentum not conserved!

Incoming flux
γwnvw
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+ . . .

P =
∫

d3p

(2π)3
pz

p0
f eq
i︸ ︷︷ ︸

incoming flux

×
∑
f

∫
dPi→f |M|∈∆pz︸ ︷︷ ︸
⟨∆pz⟩

∼ (γwnvw)⟨∆p⟩
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P ∼ (γwnvw)⟨∆p⟩ ∼ ∆m2T 2
nuc

Bödeker, Moore (’09)
∼ 1

16π2 g
2mV γwT

3
nuc

Bödeker, Moore (’17)
Azatov, Vanvlasselaer (’20)
Gouttenoire, Jinno, Sala (’21)



11/23

FOPT: Calculating pressure
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Weaknesses:
{

WKB approx. despite IR dominated emission
Longitudinal pol. not properly considered
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Toolkit for Quantisation
across the bubble wall
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Toolkit for Quantisation across the bubble wall

1 Specify a model example: −L ⊃ 1
2m

2
ϕ(z)ϕ2 + 1

2m
2
ψψ

2 + y

2ψ
2ϕ

2 Solve the EOM (2 +m2
ψ)ψ = 0 , (2 +m2

ϕ(z))ϕ = 0

3 Quantisation: ϕ =
∑
I=R,L

∫
dk3

(2π)3
√

2k0
(aI,kzζI,kz + h.c.)

4 Compute the amplitude: ⟨f | S |i⟩ ≡ (2π)3δ(3)(pn − kn − qn)iMI

∫ ∞
−∞

E, P tot
⊥ conserved

5 Phase space integration:
{

IR −→ step wall approx (kz ≲ L−1
w )

UV −→ WKB approx (kz ≳ L−1
w )

6 Computation of the average exchanged

⟨∆p⟩ ∼
∫ L−1

w ∑
L,R

dP ∆p |M|2
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Gauge-fixing
and spin-interpolation
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Vector boson emission: Abelian Higgs model

L ⊃ −1
4FµνF

µν + |DµH|2 − V (
√

2|H|) + |Dµψ|2 −
1
2m

2
ψψ

2 + gauge fixing, Dµ = ∂µ + igAµ

1

EOM: Rξ gauge

∂2
zv(z) = V ′(v)
□h = −V ′′(v)h

□h2 = −ξg2v2h2 − V ′(v)h2

v
−2g∂µvAµ

∂νF
µν = 1

ξ
∂µ(∂νAν) + g2v2Aµ−2gh2∂

µv
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L ⊃ −1
4FµνF

µν + |DµH|2 − V (
√

2|H|) + |Dµψ|2 −
1
2m

2
ψψ

2 + gauge fixing, Dµ = ∂µ + igAµ

1

EOM: Unitary gauge ξ →∞

∂2
zv(z) = V ′(v)
□h = −V ′′(v)h

∂νF
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Vector boson emission: ‘wall’ polarisations

Generalized Lorenz condition: ∂µ(m2(z)Aµ) = 0 kµ = (k0, k⊥, 0, kz)

Az = 0→ ∂µA
µ = 0 ⇒ τ−polarisations:

ϵτ1
µ = (0, 0, 1, 0), ϵτ2

µ = (k⊥, k0, 0, 0)/
√
k2

0 − k2
⊥

Az ̸= 0⇒ λ−polarisation: Aλµ = ∂ia+Az with i = 0, 1, 2 E =
√
k2

0 − k2
⊥

ϵλµ = kµ
m(z) ×

kz

E
+
(

0, 0, 0, m(z)
E

)
→ Aλµ = ∂µa+ m(z)2

E2 (0, 0, 0, Az)

(τ, λ) best suited for the problem, they differ from conventional (T, L) (agree only for k⊥ = 0).
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Vector boson emission: λ interpolates between h2 and A(λ)

EOM for Az:
[
−E2 − ∂2

z +m(z)2 − 2
(
m′

m

)
∂z + 2

(
m′

m

)2
− 2m

′′

m

]
Az = 0

Now defining Az = E

m(z)λ we get

[
−E2 − ∂2

z + Uλ(z)
]
λ = 0

Symmetric → Broken

 

 

Uλ(−∞) = m2
h,s

z→+∞
←−−−−−−−−−→

−∞←z
Uλ(+∞) = m̃2

Can be proven ∀ V (v)
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Types of PT

This formalism allows us to take care of all the possible types of PT

“Quantisation Across Bubble Walls and Friction"
JHEP 05 (2024) 294

A. Azatov, GB, R. Petrossian-Byrne, M. Vanvlasselaer

“NLO friction in symmetry
restoring phase transitions"

2405.19447
A. Azatov, GB, R. Petrossian-Byrne
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Results: Symmetric → Broken

1

Symm. → Broken
(v = 0, ṽ ̸= 0)

thin wall: m̃Lw ≪ 1

⟨∆pτ ⟩ ≃ g3ṽ log ṽ

T

⟨∆pλ⟩ ≃ g3ṽcλ

No dependence on Lw 0.001 0.01 0.1 1

0.001

0.005

0.010

0.050

0.100

0.500

1
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Results: Broken → Broken

1

Broken → Broken
(v ̸= 0, ṽ ̸= 0)

thin wall: m̃Lw ≪ 1

⟨∆pτ ⟩ ≃ g3ṽFτ

(v
ṽ

)
⟨∆pλ⟩ ≃ g2

(
v2 − ṽ2

v2 + ṽ2

)2

L−1
w

λ enhanced by L−1
w and can be dominant

0.001 0.01 0.1 1

0.01

0.05

0.10

0.50

1
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(v
ṽ
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0.5
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Results: Broken → Symmetric

1

Broken → Symmetric
(v ̸= 0, ṽ = 0)

⟨∆pτ ⟩ ≃ g3v

{
4.4 mLw ≪ 1
(mLw)−1 logmLw mLw ≫ 1

⟨∆pλ⟩ ≃ g3v

{
4(mLw)−1 mLw ≪ 1
(mLw)−1 mLw ≫ 1

λ enhanced by L−1
w in thin wall limit

0.001 0.010 0.100 1 10 100 1000

10-4

0.01

1

100
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Summary

In all the three cases the asymptotic ⟨∆pz⟩ is constant and the friction is P ∼ γw × ⟨∆pz⟩

Momentum transfer in the asymptotic limit (p0 →∞)

Symm. → Broken
(m̃Lw ≪ 1)

Broken → Broken
(m̃Lw ≪ 1) Broken → Symm.

⟨∆pτ ⟩ ≃ g3ṽ log ṽ

T
g3ṽFτ

(v
ṽ

)
g3v

{
4.4 mLw ≪ 1
(mLw)−1 logmLw mLw ≫ 1

⟨∆pλ⟩ ≃ g3ṽcλ g2
(
v2 − ṽ2

v2 + ṽ2

)2

L−1
w g3v

{
4(mLw)−1 mLw ≪ 1
(mLw)−1 mLw ≫ 1

λ always comparable wrt τ and can be the dominant contribution
S→B not sensitive to the wall width, Lw, while B→B and B→S, for λ, they are
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Conclusions

1 We computed the transition radiation emission on much more solid basis, account for
longitudinal emission, and analysed

symmetric to broken, aka symmetry–breaking PTs
broken to broken PTs
broken to symmetric aka symmetry–restoring PTs

2 We computed the friction from transition radiation in the most minimal theory (scalars) and in
a spontaneously broken Abelian gauge theory.

3 We developed the tools for computing any particle process in such a background.
(A step towards systematically studying QFT (EFT?) for broken translations)
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Thanks for your attention!
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Backup slides
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Vertex interactions [JCAP05(2017)025]: Bodeker, Moore

In the relativistic regime the friction can be computed as

∆P =
∫

d3p

(2π)3
pz

p0
f eq
A ×

∑
b,c

∫
dPa→b,c∆pz

where b is soft and∫
dPa→b,c ∼

∫
d2k⊥

∫
dx |M(a→ b, c)|2, x ≡ Ec

Ea

The matrix element is related to the interaction via

M(a→ b, c) =
∫
dz χa(z)χ∗b(z)χ∗c(z)V (z), V (z) : vertex

Soft singularity in x matters! → emission of vector bosons!
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(Non trivial) eingenmodes for step wall approximation

ϕ, ψ scalars: −L ⊃ 1
2m

2
ϕ(z)ϕ2 + 1

2m
2
ψψ

2 + y

2ψ
2ϕ

→ mψ = const does not feel the wall
→ while mϕ ≡ mϕ(z) does

→ EOM: (□ +m2
ϕ(z))ϕ = 0 and ϕ(z) = e−ik0t+ik⊥x⊥χ(z)

χR(z) =
{
eik

zz + rke
−ikzz z < 0

tke
ik̃zz z > 0

χL(z) =
√
kz

k̃z


k̃z

kz
tke

ikzz z < 0

−rkeik̃
zz + e−ik̃

zz z > 0

 

 

STEP WALL APPROX.
(valid in the IR)

where rk = k̃z − kz

k̃z + kz
and tk = 2kz

k̃z + kz



28/23

Amplitudes & Phase Space (for step wall)
We are ready to compute the amplitudes

S = T exp
(
−i
∫
d4xHInt

)
HInt = −iyψ2(x)ϕ(x)

⟨kout
I q| S |p⟩ ≡ (2π)3δ(3)(pn − kn − qn)iMI

tree= −i
∫
d4x⟨kout

I q| HInt |p⟩

MI ≡M(ψ → ψϕI) = y

∫ ∞
−∞

dz χ(pz)χ∗(qz)ζ∗I (kz)

Then the averaged exchanged momentum

⟨∆p⟩ = ⟨∆pR⟩+ ⟨∆pL⟩

=
∫
dPψ→ψϕζR

(pz − qz − k̃z) +
∫
dPψ→ψϕζL

(pz − qz + kz)

∫
dPψ→ψϕI

∆pzI =
∫ kz

max

kz,I
min

dkz
2π

1
2k0

∫ k2
⊥,max

0

dk2
⊥

4π ·
1

2pz

[
1

2|qz| |MI |2∆pzI
]
qz=±qz

k
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Beyond step wall → WKB

When does the step wall approximation break?

If the z momentum is large enough (kzLw ≳ 1) there will be mostly transmission! → WKB

kz ≲ L−1
w L−1

w ≲ kz ≤ kzmax

 

 

Step wall: ζR,L

 

 

WKB: χR(z) =

√
kz

kz(z)e
−i
∫ z

0
dz′kz(z′)z′

When ∆pLw ≫ 1 then M→ 0 (z−momentum conservation is restored!)
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Scalar emission: Quantisation

Having a complete set of states {ϕR,kz , ϕL,kz} we can expand the field

ϕ =
∑
I=R,L

∫
dk3

(2π)3
√

2k0
(aI,kzϕI,kz + h.c.) ,

{
[aI,kz , a†J,qz ] = (2π)3δIJδ

(3)(k − q)
[aI,kz , aJ,qz ] = [a†I,kz , a

†
J,qz ] = 0

We can define two types of states

|kzR⟩ =
√

2k0a
†
R,kz |0⟩,

|kzL⟩ =
√

2k0a
†
L,kz |0⟩,

which should be thought as independent states in any process.
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Scalar emission: complete basis for outgoing states

To compute ⟨∆p⟩ we need states with definite final momentum!

How we interpret the emission of a R movers?

 

 

 

 

 

 

 

Definite initial momentum, but not P̂ eigenstate for t→ +∞
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Scalar emission: complete basis for outgoing states
To compute ⟨∆p⟩ we need states with definite final momentum!
Then we define basis for outgoing states

|kout
R ⟩ = t∗k

√
k̃z

kz
|kin
R ⟩ − r∗k |kin

L ⟩,

|kout
L ⟩ = r∗k |kin

R ⟩+ t∗k

√
k̃z

kz
|kin
L ⟩ θ(k̃)
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Scalar emission: complete basis for outgoing states
To compute ⟨∆p⟩ we need states with definite final momentum!
Then we define basis for outgoing states → {ζR,kz , ζL,kz}

ζR = t∗k

√
k̃z

kz
χR − r∗k χL ≡ χ∗L,

ζL = r∗k χR + t∗k

√
k̃z

kz
χL θ(k̃) ≡ χ∗R
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Results: Broken → Broken with transient regimes

We are also able to capture transient regimes → ultimately matter to determine equilibrium velocity
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Results: Broken → Symmetric with transient regimes
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Vector boson emission: λ interpolates between h2 and A(λ)

EOM for Az:
[
−E2 − ∂2

z +m(z)2 − 2
(
m′

m

)
∂z + 2

(
m′

m

)2
− 2m

′′

m

]
Az = 0

Now defining Az = E

m(z)λ we get

[
−E2 − ∂2

z + Uλ(z)
]
λ = 0

Symmetric → Broken

 

 

Uλ(−∞) = m2
h,s

z→+∞
←−−−−−−−−−→

−∞←z
Uλ(+∞) = m̃2

Can be proven ∀ V (v)
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Vector boson emission: λ interpolates between h2 and A(λ)
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[
−E2 − ∂2

z +m(z)2 − 2
(
m′

m

)
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(
m′

m

)2
− 2m

′′

m

]
Az = 0

Now defining Az = E

m(z)λ we get

[
−E2 − ∂2

z + Uλ(z)
]
λ = 0

Broken → Broken

 

 

 

Uλ(−∞) = m2
h,s

z→+∞
←−−−−−−−−−→

−∞←z
Uλ(+∞) = m̃2

Can be proven ∀ V (v)
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Relations between (τ, λ) and (T, L)

Conventional pol. vectors:

ϵT1 = (0, 0, 1, 0), ϵT2 = 1√
k2
⊥ + k2

z

(0, kz, 0,−k⊥), ϵL = k0

m
√
k2

0 −m2

(
k2

0 −m2

k0
, k⊥, 0, kz)

)


ϵT1

ϵT2

ϵL


=



1 0 0

0 k0k
z

E
√
k2
z + k2

⊥
− k0m

E
√
k2
z + k2

⊥

0 k0m

E
√
k2
z + k2

⊥

k0k
z

E
√
k2
z + k2

⊥





ϵτ1

ϵτ2

ϵλ


For kz, E ≫ k⊥,m mixing between τ, λ scales as m/E
We are interested in the sum of all contributions → all computations in (τ, λ) basis
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Vector boson emission: step wall solution

τ−polarisations: Aτµ =
∑

aτ1,2ϵ
τ1,τ2
µ , only τ2 gives a contribution, then

aτ2
R,kz = e−ik0t+ik⊥x⊥

{
eik

zz + rke
−ikzz z < 0

tke
ik̃zz z > 0

aτ2
L,kz = e−ik0t+ik⊥x⊥

√
kz

k̃z


k̃z

kz
tke

ikzz z < 0

−rkeik̃
zz + e−ik̃

zz z > 0

where k0 =
√
k2
z −m2 − k2

⊥, k̃z =
√
k2
z +m2 − m̃2 and E =

√
k2

0 − k2
⊥.

Matching conditions:
{
aτ2 |<0 = aτ2 |>0

∂za
τ2 |<0 = ∂za

τ2 |>0
⇒


rk = k̃z − kz

k̃z + kz

tk = 2kz

k̃z + kz
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Vector boson emission: step wall solution

λ−polarisations: Aλµ = ∂µa+ m(z)2

E2 (0, 0, 0, Az) where Az = E

m(z)λ.

λR,kz = e−ik0t+ik⊥x⊥

{
eik

zz + rke
−ikzz z < 0

tke
ik̃zz z > 0

λL,kz = e−ik0t+ik⊥x⊥

√
kz

k̃z


k̃z

kz
tke

ikzz z < 0

−rkeik̃
zz + e−ik̃

zz z > 0

where k0 =
√
k2
z −m2 − k2

⊥, k̃z =
√
k2
z +m2 − m̃2 and E =

√
k2

0 − k2
⊥.

Matching conditions:

λv(z)|<0 = λv(z)|>0
∂zλ

v(z)

∣∣∣∣
<0

= ∂zλ

v(z)

∣∣∣∣
>0

⇒


rk = ṽ2kz − v2k̃z

ṽ2kz + v2k̃z

tk = 2kzvṽ
ṽ2kz + v2k̃z
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Vector boson emission: Quantisation

Aµ =
∑
I,ℓ

∫
d3k

(2π)3
√

2k0

(
aout
ℓ,I,k e

−i(k0t−k⃗⊥x⃗) ζµℓ,I,k(z) + h.c.
)
,

where I = R,L and ℓ = τ1, τ2, λ. The wave modes are constructed as follow

Outgoing states:
ζµτi,I,k

= ϵµτi
χ∗τi,I,k(z) ,

ζµλ,I,k =
(−ikn∂z(vλ∗I,k)

gEv2 ,
E

gv
λ∗I,k

)
on shell= ∂̄µ

(
∂z(vλ∗I,k)
Eg v2

)
+ gv(z)

E
λ∗I,k δ

µ
z .
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Anti–friction?
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Anti–friction?

Is it possible to have negative friction?

Naive expectation: PLO ∼ −miT
2
nuc for particles loosing mass in symmetry restoring PT

Q: What can be negative in ⟨∆p⟩ =
∫
dΠBTPH |M|2 ∆p ?

BTPH: broken translation phase space

∆p ≥ ∆pMin = pz − p0 = −m
2
a

2pz +O
(

1
p2
z

)
=⇒ ⟨∆p⟩ ≥ ∆pMin

∫
dΠBTPH |M|2 = ∆pMin P

where M and P are the matrix element and total integrated probability for the corresponding process.

Asymptotic friction will never dominate the LO contribution!

but nothing said about transient regimes ...
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Phase space for vector emission:
thermal masses
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Phase space for vector emission: thermal masses (vectors)

When thermal corrections become important? We cut the phase space at momentum |⃗k|2 ∼ g2T 2,
which is equivalent to use the following thermal masses for the vectors (symmetric → broken)

(τ) :
{
m̃ = mτ (z = +∞) ≈ g

√
ṽ2 + T 2 ,

m = mτ (z = −∞) ≈ gT ,
(λ) :

{
m̃ = mλ(z = +∞) ≈ g

√
ṽ2 + T 2 ,

m = mλ(z = −∞) = mh,s(T ) .

gT is not the only scale possible. The self energy for transverse vectors receives (‘magnetic mass’)
thermal corrections only at two loops of parametric order ∼ g2T from charged matter.
For broken to broken transitions the vector masses are, for both λ and τ fields

m ≈ g
√
v2 + T 2 , m̃ ≈ g

√
ṽ2 + T 2 , (broken to broken) .
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WKB approximation

KG eom in Fourier space: χ′′(z) + p2
z

ℏ2χ(z) = 0

WKB ansatz: χ(z) = exp
[
i

ℏ
(
S0 + S1ℏ + S2ℏ2 . . .

)]
, put in the differential equation and match terms

of the same order in ℏ.
=⇒ Validity: ℏ|S′′0 (z)| ≪ |S′0(z)| & 2ℏ|S′0S′1| ≪ |(∂zpz(z))2|

χ(z) =
√

pzs
pz(z) exp

[
i

∫ z

0
dẑ pz(ẑ) + i

∫ z

0
dẑ

(
1
2

(
∂zp

z

pz

)2
− ∂2

zp
z

4pz

)
. . .

]


