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Axion inflation
Pseudoscalar, quasi-shift symmetric inflaton, radiatively stable 


theoretically very attractive
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EOM for helicity-λ   

modes of photon

“natural“ coupling to U(1) gauge fields:
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Amplification of chiral vectors

for λ=-, the “mass term” is negative 
and large for ~1 Hubble time:

Exponential amplification of left-handed modes only 
(parity violation)
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Phenomenology

Very rich phenomenology, including…

•Cosmological magnetic fields

•Baryogenesis

•Nongaussianities

•Features in scalar and tensor power spectrum

•Blue tensors

•Primordial Black Holes

•Parity violation in CMB

•…



Phenomenology

(Chiral) gravitational waves
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Phenomenology
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parity-invariant part parity-violation

α

(Chiral) gravitational waves
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Phenomenology

…but also, very large fNL
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FIG. 1: Values of parameters leading to the observed COBE
normalization of the power spectrum (red line), and reference
values for the nongaussianity parameter fequil

NL = 10, 266, 8000
along this curve. See the main text for details.

strong, then it will affect the inflaton dynamics. The re-
gion of parameter space where this occurs is above the
black solid line (P1/2 > 13ξ3/2 e−πξ) shown in Figure 1.
We have also disregarded the impact of the energy den-
sity of the produced quanta on the expansion rate, H .
This is justified provided e2πξ/ξ3 ! 2 · 104M2

p/H
2. This

constraint is not expressed in terms of ξ and P1/2, so
we have not included it in Figure 1. However, it can be
studied on a case-by-case basis.
The gauge quanta also source gravity waves (GW). It

is customary to normalize the power of GW to that of
the density perturbations. Proceeding analogously to the
computation of the density perturbations, we find
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The tensor-to-scalar ratio, r, is an important quantity to
discriminate between different inflationary models. The
current observational limit is r <∼ 0.2 [14], and activity is
underway to probe r >∼ 0.01 [15].

III. PREDICTIONS FOR SPECIFIC MODELS

We now focus our attention on the power-law potential

V (φ) = µ4−pφp (11)

which subsumes many interesting scenarios. Inflation
proceeds at large field values φ >∼ Mp and ends when
φ ∼ Mp. For this model, the values of H , φ̇ and ns

are uniquely determined by the number of e-foldings of
observable inflation Ne, according to the standard slow
roll inflaton evolution (ε, η ! 1). In the following, we fix
Ne = 60, which is the typical value taken in large field
models. Once we do so, we are left with the two param-
eters f/α, and µ. For any given value of f/α, the mass
scale µ is uniquely determined by fixing the power spec-
trum (8) to the COBE value. We can then plot the other
observational predictions as a function of f/α only. We

do so in Figure 2, where we take p = 1, 2 for illustration.
In both cases, backreaction effects can be neglected.
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FIG. 2: Observational predictions for the large-field power-
law inflation model (11) with p = 1, 2 and assuming Ne

∼= 60.
The spectral index is ns = 0.975, 0.967 for p = 1, 2. At small
f/α the coupling of φ to FF̃ is stronger and nongaussianity is
large. The tensor-to-scalar ratio decreases at strong coupling;
however, the decrease is important only at values of f/α which
are ruled out by the current bound on fequil

NL .

Figure 2 shows that large nongaussianity is rather
generic for large-field axion inflation. The current bound
is saturated for decay constants f/α <∼ 10−2Mp, which is
natural in a model that admits a UV completion. Cur-
rent limits on nongaussianity therefore provide an upper
bound on the strongest couplings of the type φFF̃ be-
tween the inflaton and any gauge field.
We see also that r decreases at strong coupling. This

modifies the usual predictions of large field inflation and
implies, for example, that p = 4 could be made compati-
ble with observation, at the level of the 2-point function.
Natural Inflation: The original natural inflation

model [1] was based on the potential (1). If we require
ns

>∼ 0.95, as suggested by recent data [14], then the
model requires a large decay constant f >∼ 5Mp [17]. In
this regime inflation proceeds near the minimum φ = 0
and is indistinguishable from the model (11) with p = 2.
Large values of f weaken the coupling of φ to FF̃ , hence
inverse decay is negligible unless α >∼ 200, whereas we
expect α = O(1) in the simplest (single-axion) scenario.
On the other hand, f >∼ Mp may be problematic and it
seems that a UV completion of axion inflation requires
f < Mp. We now turn our attention to such scenarios.
Axion Monodromy: In [5] an explicit, controlled

realization of axion inflation was obtained from string
theory. The potential has the form V (φ) = µ3φ +
Λ4 cos(φ/f) where the linear contribution arises because
the shift symmetry is broken by wrapping an NS5-brane
on an appropriate 2-cycle, and the periodic modulation
is due to nonperturbative effects. The former typically
dominates [5, 6] so we have the model (11) with p = 1,
to first approximation. The decay constant is bounded

[5] as 0.06V−1/2g1/4s < f/Mp < 0.9gs with gs < 1 the

When effect of photons 

is large enough, fNL~104

LARGE AXION INDUCED 
TENSORS AT CMB SCALES 

RULED OUT
(at least in simple models)



GWs at smaller scales

But constraints on fNL on CMB scales only!
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ξ typically increases during inflation

GWs produced towards the end of inflation 

(i.e., at smaller scales) have larger amplitude

might be detected by GW interferometers!

Cook LS 11



GWs at smaller scales

But constraints on fNL on CMB scales only!
Inflationary gravitational waves for LIGO (LISA…)?
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FIG. 5: ⌦GW h2 as function of the frequency f , for N = 60 e-foldings of observable inflation, a linear slow roll inflaton potential,
and ⇠CMB = 0, 2.33, 2.66 (the value of ⇠ when the large scale CMB modes left the horizon). For reference we also show the
expected sensitivity of LISA, Advanced LIGO/VIRGO and Einstein Telescope (at their most sensitive frequency).
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FIG. 6: Region in the {NCMB , ⇠CMB} plane (values assumed by these quantities when the large scale CMB modes left the
horizon) for which the gravity wave signal is detectable at Advanced LIGO/VIRGO and Einstein Telescope. The left and right
panel refer to a linear and quadratic inflaton potential, respectively.

IV. GRAVITATIONAL WAVES AT INTERFEROMETERS

In Section III we discussed the observable cosmological fluctuations on CMB/LSS scales. Such scales left the horizon
roughly 55 to 60 e-foldings before the end of inflation, during the phase where backreaction e↵ects are negligible. In
this section, we instead study scalar and tensor fluctuations on much smaller scales. These modes left the horizon
closer to the end of inflation, when backreaction e↵ects start to play an important role in determining the evolution
of the homogeneous background, �(t) and H(t). Our main results are summarized in figure 6, where we show that
Advanced LIGO/VIRGO could detect a stochastic background of gravitational waves from inflation for ⇠CMB as small
as 2.33 (equivalent to f/(Mp↵)  0.021) in the case of a linear inflaton potential, and as small as 2.23 (equivalent to
f/(Mp↵)  0.031) in the case of a quadratic potential.
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Parity violation

Is parity violation in stochastic GWs 
detectable by interferometers?

Not as long as system is Z2-symmetric!

≡

Seto Taruya 07



Parity violation

The presence of cosmic GW background 

dipole breaks the symmetry

Is parity violation in stochastic GWs 
detectable by interferometers?
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Next, we have to estimate the integral
R T

1 year

0 cos2 ↵(x) dx. LISA will be orbiting the Sun with its
normal vector at 30o with respect to the ecliptic plane, pointing south [36]. Placing the ecliptic
on the xy plane, and approximating that the orbit of the Earth with a circle, the unit vector
normal to LISA’s plane has components
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The integral of cos2 ↵ over 1 year gives the result
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that, depending on the value of cos ✓v, ranges between .5 and .61. The value of the integral over
the total time T of observation, which appears in eq (41), can then be found multiplying the
result of eq (44) by

p
T/(1 year).

Thus, approximating
hR 1

0 cos2 ↵(x) dx
i1/2
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mately by

SNR '

⇣ v

10�3

⌘ ����

P
� �⌦�

GWh2

1.4 · 10�11

����

s
T

3 years
. (45)

This is one order of magnitude larger than the estimate obtained in [25].
For definiteness, given that we use a di↵erent notation, we present in Appendix B a detailed

comparison among our computation and Seto’s results of [25]. On the other hand, we stress that
for our analysis we use the most up-to-date LISA instrument specifications, and more complete
formulas valid for the entire frequency band of the interferometer.
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for LISA

Seto 06, Domcke et al 19

Additional detectors break the Z2

symmetry

for maximal chirality need ΩGW~10-8 
for LIGO/Virgo/Kagra


(already ruled out)

Crowder et al 12

Domcke et al 19

Figure 5: The location of all existing detectors on Earth, together with a LIGO-India detector in
Maharashtra, and a hypothetical optimal-for-chiral-SGWB detector in Perth. We also show the
antipodes of the LIGO-Livingston detector (green dot), which is not far from the Perth detector.
We note that the Figure shows the point of view of an observer at a specific location in space,
who sees less than half of the Earth. Lighter lines (red dots) are used to indicate continents
(interferometers) that are not seen by this observer.

halfway between the two detectors. As a consequence, a right-handed gravitational wave coming
from one side of this plane is indistinguishable from a left-handed one coming from the opposite
direction, so that the system, after selecting the isotropic monopole contribution, is insensitive to
chirality. This argument is analogous to, and generalizes, that given in [24], where it was shown
that coplanar detectors are insensitive to chirality (in that case, the symmetry plane coincided
with the plane of the two detectors).

In particular, if the detectors are located at the antipodes (� = ⇡), the absolute value of
eq. (58) is maximized and reduces to

�Mantipodes =
�2 j0 () +

�
3� 2

�
j2 ()

6
sin [2 (↵+ �)] . (59)

In what comes next, using our formulas we discuss more quantitatively the best choices of location
for antipodal ground based detectors in order to detect parity violating e↵ects in the SGWB.
Similar considerations can also be found in [22,23].

Choice of Earth location for optimal detection of a chiral SGWB

If we search for the antipodes of the four known detectors (Hanford, Livingston, Virgo, KAGRA),
we see that all of them fall in the Ocean (Pacific, Atlantic and Indian). The antipode of LIGO-
Livingston (L) falls in the Indian Ocean near Australia. The closest large city to it is Perth

20

an extra interferometer

to maximize 

sensitivity? 



Strong backreaction

Anber LS 09Accounting for backreaction of vectors

with

Strong backreaction regime:
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Strong backreaction

NOTE: strong backreaction happens quite generally 

towards the end  of inflation 


in phenomenologically interesting models

IMPORTANT 

that we understand it well!



Strong backreaction

Looking more carefully into the backreacted equations…

with
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FIG. 1: Evolution of the inflaton as a function of the number of e-foldings to the end of inflation, starting from |�CMB | =
�9.9Mp, with (red solid line) and without (green dashed line) the coupling to gauge fields. For the first line, the strength of
the inflaton-gauge field coupling is chosen so to lead to observable non-Gaussianity from inverse decay. For the second line, we
have shifted the number of e-foldings to make manifest that the two evolutions coincide at early times.

We obtained |�CMB | ' 9.9Mp ; this is smaller than the value (|�CMB | ' 10.9Mp) leading to 60 e-foldings of
inflation without gauge production, confirming that the backreaction of the produced quanta increases the amount of
inflation.

In figure 1 we show the evolution of the inflaton field as a function of the number of e-foldings to the end of inflation
for ⇠CMB = 2.5 (red solid curve) and for ⇠ = 0 (green dashed line), i.e the standard slow-roll case. The backreaction of
the produced quanta on the background evolution becomes noticible during the last ⇠ 25 e-foldings of inflation, while
it is negligible at earlier times. The two trajectories reach � = 0 at di↵erent times, showing that the backreaction
increases the duration of inflation by about 10 e-foldings.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

-60 -50 -40 -30 -20 -10  0

-N

| 3 H !’ / V’ |

| "/f < E.B > / V’ |

 1e-08

 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1

-60 -50 -40 -30 -20 -10  0

!
g

a
u
g

e
 /

 !
to

t

-N

FIG. 2: Left panel: Friction terms in the equation of motion for �. Right panel: relative strength of the energy density of the
produced quanta; this term is neglected in the numerical evolution of the background equations.

This change in behavior during the last ⇠ 25 e-foldings of inflation is also visible in the left panel of figure 2, where
we show the evolution of the two friction terms in the inflaton equation as a function of the number of e-foldings
to the end of inflation. The standard Hubble friction controls the earliest stages, but the system gradually evolves
towards a regime in which the backreaction of the produced gauge quanta dominates the evolution. Namely, the
system approaches the strong backreaction regime studied in [32]. Let us stress that in the our case the observable

…an equation for φ only? 

Backreaction 

in action

Increases 

during inflation

Barnaby Pajer Peloso 11
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Strong backreaction

Cannot use single equation local in time, need numerics!
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(neglecting inflation gradients and non-amplified helicity of gauge field)

But remember
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Strong backreaction

Numerical result with uniform inflaton  
and one helicity of photon only
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Figure 6: Top: 1/f = 20. Bottom: 1/f = 25. The left panels show the numerical results of ⇢EB and h ~E ~Bi (solid lines)

compared to their analytical estimate (13), (14) (dashed lines). The vertical lines refer to the end of inflation in absence

of backreaction (black line) and for the full numerical analysis (red line). The right panels show the oscillatory behaviour

of the ⇠ parameter (solid black line) compared to its analytical result coming from the solution of the inflaton equation

of motion when the gauge field backreaction is given by (13) (dashed red line). For better visibility, we display only the

last ⇠ 20 e-folds of inflation.

The results of our analysis for 1/f = {20, 25} are shown in Fig. 6 where we compare the final

solution for h ~E ~Bi and ⇢EB = h
E

2+B
2

2 i with the analytical estimate of Eqs. (13) and (14). We also

plot the ⇠ parameter which shows that the oscillatory behaviour of the inflaton speed becomes more

apparent in case of strong backreaction.6 We see that the numerical solution including the backreaction

oscillates around the analytical estimate, with an oscillation period of �N⇠ ⇠ 3, in accordance with

our estimate in Sec. 3. For f = 1/25 the value of �
0 temporarily changes sign (at N ' 62). The reason

for this is the delay in gauge friction term discussed in Sec. 3. As |�
0
| drops, the gauge friction drops

and the opposite sign of �
0 (encoded by �) entails the opposite sign for the gauge friction term as one

would expect of a friction term. However, since the gauge friction term is dominated by modes which

are controlled by the value of �
0 some �N⇠ e-folds earlier, the sign change in the gauge friction term

is delayed, allowing �
0 to temporarily change sign.

Our results are in accordance with those previously found in Refs. [25–27], which reported oscilla-

tory features in the inflaton velocity with a period of 3� 5 e-folds. All these studies are based on fully

6At the maxima of these oscillations, the value of ⇠ exceeds the threshold ⇠ ' 4.7 bounding the perturbative regime

for approximately constant ⇠ [36, 37]. This threshold cannot be immediately applied to a strongly oscillating ⇠ and we

will comment on perturbativity constraints in more detail in Sec. 5.
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Peloso, LS, 2209.081313 Linearized system of perturbations

We now study analytically small departures from the AS solutions of the system (2.4). To
this goal, we decompose the inflaton and the gauge modes into the AS ones (those obtained
in the previous section) plus small perturbations,

� = �̄+ �� , A = Ā+ �A , (3.1)

and we solve the system (2.4) to first order in �� and �A. This procedure is not a complete
perturbative study on the stability of the AS solution, since we disregard metric perturbations
and spatial inhomogeneities of the inflaton. Nonetheless it captures the cases studied in the
works [12–16], where the stability was studied numerically also assuming a homogeneous
inflaton and no metric perturbations. It is hard to imagine that the inclusion of these two
ingredients can make the AS solution stable, if an instability will emerge from the present
analysis. In fact, the instability observed in [12–16] persists also in the lattice analysis of [17]
which does include spatial fluctuations in the inflaton.

At first order in the perturbations (3.1), the system (2.4) reads

��00 + 2aH��0 + a
2
V

00
�� = � ↵

fa2

Z
d
3
k

(2⇡)3
k

2

@

@⌧

⇥
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where we note that we are also disregarding perturbations of H. As done in the previous
section, we first formally solve the second equation for the gauge field modes as a functional
of the inflaton derivative. This can be done via the Green function method, resulting in
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where the Green function Gk (⌧, ⌧ 0) is introduced and computed in Subsection 3.1. We then
insert this formal solution into the first of eqs. (3.2), that in this way becomes an integro-
di↵erential equation for the inflaton and its time derivatives
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⌧
0�+ c.c.

⇤
. (3.4)

In Subsection 3.2 we then work out the source term, and we obtain approximate ana-
lytical solutions for this equation.

3.1 Green function

Eq. (3.3) follows from eq. (3.2), with the Green function satisfying
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where � denotes the Dirac ��function. If Ā1,2 are two solutions of the associated homogeneous
equation, it is immediate to see that the combination
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Gravitational waves for interferometers

Garcia-Bellido, Papageorgiou, Peloso, LS 23

Need numerical solution of background
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Figure 1. Plot of the five branch potential defined in (4.1). The red vertical lines denote the field
value sixty e-folds before the end of inflation, and at the end of inflation respectively. The black
dashed lines denote the transition points between the various branches. The parameters in this
example are �̃0 = 57, �̃1 = 112, �̃2 = 186, �̃3 = 221, �̃4 = 317, c1 = 9.48 · 10�4, c2 = 2.39 · 10�6, c3 =
9.05 · 10�9, c4 = 3.97 · 10�11 and the two straight line slopes are c5 = 4.95 · 10�3 and c6 = 3.68 · 10�4,
respectively.

backreaction regime.

The first panel shows an early moment in time while the backreaction is negligible. The
evolution of the backreaction spectrum is relatively straightforward during the stage of negli-
gible backreaction, with the term dominated by the modes that have become unstable in the
moments immediately before the one shown, and that are therefore close to the cut-o↵. The
outmost left vertical solid (green) line corresponds to the horizon scale, k̃ = eNH̃ (N), while
the other vertical solid (red) line, k̃ = k̃thr (N), separates the unstable from the stable modes.
These lines monotonically move to the right in this stage, analogously to the dashed vertical
line k̃ = k̃reg (N), that indicates the upper limit of the modes included in the backreaction.
This dashed line is defined as the greatest value ever assumed by the second solid (red) line,
and therefore the two lines coincide as long as the second solid (red) line is moving mono-
tonically to the right. We recall that modes between the dashed and the dotted vertical line,
k̃ = k̃vac (N), are evolved by the code, but are not included in the backreaction, as these are
still vacuum modes that need to be renormalized away. Finally, the gray, horizontal, dashed
line is a visual reference point that denotes the value one in the vertical axis, to indicate
when backreaction becomes important.

The second and third panel are both taken at N ' 30. The backreaction term is now
dominant, as shown by the fact that the backreaction spectra have reached the horizontal
dashed line. We see from Figure 2 that at this moment the inflaton is experiencing a maximum
of its speed for the third time. These three times have created three peaks in the gauge field
spectrum, that in turn create the three peaks in the backreaction term that are visible in the
two panels. We notice from the second panel that the backreaction has started to decrease
the inflaton speed from this third maximum. This is testified by the fact that the vertical
red line (corresponding to the value of ⇠ / �̇ at the moment shown) has moved to the left of
the vertical dashed line (corresponding to the maximum value tht ⇠ / �̇ has ever attained
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Figure 2. The two upper panels display, respectively, the evolution of the Hubble rate H and the
Hubble slow-roll parameter ✏H for the model example described in the main text. The bottom panel
displays the evolution of the parameter ⇠ / �̇/H controlling the gauge field amplification. In all
panels, the black solid lines take properly into account the backreaction of the produced gauge fields,
while the black dashed lines show the evolution that would take place in the same potential if the
backreaction were incorrectly disregarded. The evolution is shown as a function of the number of
e-folds N ⌘ ln a, where the scale factor a is normalized to 1 at the start.

up to that moment).

The third panel corresponds to a moment �N = 0.1 subsequent to the second one.
The backreaction spectrum is nearly unchanged, but the red line has disappeared from the
figure. This is due to the fact that the backreaction actually causes the inflaton speed to
momentarily become negative for a very narrow interval of times around the one shown.
The backreaction term can indeed dominate and overwhelm the equation of motion of the
inflaton, practically eliminating its kinetic energy and in certain cases reversing its motion
for brief instances (this has previously been noticed by the numerical analyses [17, 20, 21]).

Lastly, the fourth panel corresponds to a late time in which the backreaction has again
become negligible. The backreaction spectrum exhibits a series of peaks corresponding to
number of times in which �̇ reached a maximum during its evolution. This is again a stage

of standard slow roll inflation, with ⇠ / �̇

H
monotonically increasing, as witnessed by the

superposition of the two red and dashed vertical lines.

We note that the di↵erent panels show a di↵erent range of momenta. We also note that,
at any fixed comoving momentum, the backreaction term decreases at late times (once the
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Example for steep-ish potential @ intermediate times 
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Flashes of gravitational waves from axion inflation
Garcia-Bellido, Papageorgiou, Peloso, LS 23

Example for steep-ish potential @ intermediate times 

•Peaks! 
•Parity violation! 
•PTAs! 
•LISA!



Lattice studies show that oscillations do not last
Caravano, Komatsu, Lozanov, Weller 22

Figueroa et al  23, 24

(but, see also Caravano Peloso 24)

One more

Inflaton gradients 

appear to 


be large and to affect 

the dynamics


a lot! 

Only one oscillation 


or so in ξ

Gravitational waves for interferometers
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FIG. 9. The energy components normalised to the total energy density, for the couplings ↵⇤ = 12, 14 and 18, representative,
respectively, of the weak, mild and strong backreaction regimes. Colours represent di↵erent components: black for potential,
red for kinetic, blue for gradients, and purple for electromagnetic. The solid vertical lines corresponds to the end of inflation
in each case. The dash-dotted line for ↵⇤ = 14 corresponds to the re-entering into the inflationary period.

↵⇤
�Nbr

linear (77) power-law (78) linear (79) power-law (80)

20 6.21±0.07 6.03+0.61
�0.57 5.9±0.1 5.85+0.45

�0.45

22.5 8.46±0.09 8.04+0.90
�0.83 7.9±0.2 8.88+0.81

�0.77

25 10.7±0.1 10.0+1.21
�1.08 9.9±0.2 12.06+1.20

�1.12

30 15.2±0.2 13.9+1.80
�1.67 13.8±0.3 18.75+2.11

�1.94

35 19.7±0.2 17.6+2.53
�2.16 17.8±0.4 25.76+3.15

�2.84

TABLE II. Estimated amount of extra e-folds in inflation
for selected couplings, obtained by extrapolating the fits of
Eq. (77)-(80).

suspect that the linear growth may slow down, mean-
ing that our extrapolations in Table II could be viewed
as upper bounds on the inflation extension for the given
couplings. Investigating this in detail requires however
larger computational resources than our present capabil-
ities.

The separation between di↵erent regimes and, in par-
ticular, the return to inflation during mild-backreaction
after N = 0, can be qualitatively understood by
analysing the inflationary parameter ✏H in terms of en-
ergy density components,

✏H = � Ḣ

H2
= 1 +

2⇢K � ⇢V + ⇢EM

⇢tot
. (81)

In Fig. 9 we show the evolution of di↵erent energy con-
tributions for couplings representative of each regime,
↵⇤ = 12, 14 and 18, which correspond (from left to right
in the figure), to the weak, mild and strong coupling
regimes, respectively. More specifically, we plot the evo-
lution of di↵erent energy densities with respect the total
one, where ⇢K/⇢tot is depicted in red, ⇢V/⇢tot in black,
⇢G/⇢tot in blue and ⇢EM/⇢tot in purple. The vertical grey

solid lines in each panel indicate the point where ✏H = 1,
signalling the end of inflation for each coupling.

In the left panel of Fig. 9, we see that in the weak
coupling regime the e↵ect of the electromagnetic energy
density is almost negligible during inflation; in the ex-
ample, it only reaches a value ⇠ 2 orders of magnitude
smaller than the kinetic at N = 0. In fact, if the electro-
magnetic contribution is neglected in Eq. (81), we observe
that 2⇢K = ⇢V corresponds to the end of inflation, which
coincides with the observed behaviour in the figure and
with the end of standard slow-roll. In this regime the
inflaton’s dynamics remain barely a↵ected by the growth
of the gauge field and follows the backreactionless trajec-
tory during inflation. It is in the post-inflationary period,
for N > 0, where the weight of the gauge field increases
considerably and backreacts on the inflaton and back-
ground dynamics. Similarly, we observe that in the weak
coupling regime, the inflaton gradients are not relevant
during inflation, but as with the electromagnetic part,
they become relevant afterwards. In fact, we see how
both growths are completely correlated.

In the middle panel of Fig. 9, we observe that in the
mild coupling regime the electromagnetic energy density
weights in earlier in the dynamics than in the weak cou-
pling regime. As indicated in Fig. 7, this regime ex-
hibits an interesting feature where ✏H = 1 is reached at
N ⇡ 0, but due to backreaction e↵ects, there is after-
wards another additional inflationary period that lasts
approximately ⇠ 1 efold. Contrary to the weak regime,
where inflation ends solely as a consequence of the growth
of the axion kinetic energy, in this regime ⇢EM can-
not longer be neglected and ✏H = 1 is obtained when
⇢V = 2⇢K+⇢EM is satisfied. Subsequently, ⇢EM surpasses
⇢K, which decreases considerably and becomes compara-
ble to ⇢G, both contributing around 5% percent to the
total energy density around N = 0.5. From then on the
second most dominant contribution becomes ⇢EM (after
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as upper bounds on the inflation extension for the given
couplings. Investigating this in detail requires however
larger computational resources than our present capabil-
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ticular, the return to inflation during mild-backreaction
after N = 0, can be qualitatively understood by
analysing the inflationary parameter ✏H in terms of en-
ergy density components,
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2⇢K � ⇢V + ⇢EM

⇢tot
. (81)
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↵⇤ = 12, 14 and 18, which correspond (from left to right
in the figure), to the weak, mild and strong coupling
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one, where ⇢K/⇢tot is depicted in red, ⇢V/⇢tot in black,
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solid lines in each panel indicate the point where ✏H = 1,
signalling the end of inflation for each coupling.

In the left panel of Fig. 9, we see that in the weak
coupling regime the e↵ect of the electromagnetic energy
density is almost negligible during inflation; in the ex-
ample, it only reaches a value ⇠ 2 orders of magnitude
smaller than the kinetic at N = 0. In fact, if the electro-
magnetic contribution is neglected in Eq. (81), we observe
that 2⇢K = ⇢V corresponds to the end of inflation, which
coincides with the observed behaviour in the figure and
with the end of standard slow-roll. In this regime the
inflaton’s dynamics remain barely a↵ected by the growth
of the gauge field and follows the backreactionless trajec-
tory during inflation. It is in the post-inflationary period,
for N > 0, where the weight of the gauge field increases
considerably and backreacts on the inflaton and back-
ground dynamics. Similarly, we observe that in the weak
coupling regime, the inflaton gradients are not relevant
during inflation, but as with the electromagnetic part,
they become relevant afterwards. In fact, we see how
both growths are completely correlated.

In the middle panel of Fig. 9, we observe that in the
mild coupling regime the electromagnetic energy density
weights in earlier in the dynamics than in the weak cou-
pling regime. As indicated in Fig. 7, this regime ex-
hibits an interesting feature where ✏H = 1 is reached at
N ⇡ 0, but due to backreaction e↵ects, there is after-
wards another additional inflationary period that lasts
approximately ⇠ 1 efold. Contrary to the weak regime,
where inflation ends solely as a consequence of the growth
of the axion kinetic energy, in this regime ⇢EM can-
not longer be neglected and ✏H = 1 is obtained when
⇢V = 2⇢K+⇢EM is satisfied. Subsequently, ⇢EM surpasses
⇢K, which decreases considerably and becomes compara-
ble to ⇢G, both contributing around 5% percent to the
total energy density around N = 0.5. From then on the
second most dominant contribution becomes ⇢EM (after
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FIG. 9. The energy components normalised to the total energy density, for the couplings ↵⇤ = 12, 14 and 18, representative,
respectively, of the weak, mild and strong backreaction regimes. Colours represent di↵erent components: black for potential,
red for kinetic, blue for gradients, and purple for electromagnetic. The solid vertical lines corresponds to the end of inflation
in each case. The dash-dotted line for ↵⇤ = 14 corresponds to the re-entering into the inflationary period.

↵⇤
�Nbr

linear (77) power-law (78) linear (79) power-law (80)

20 6.21±0.07 6.03+0.61
�0.57 5.9±0.1 5.85+0.45

�0.45

22.5 8.46±0.09 8.04+0.90
�0.83 7.9±0.2 8.88+0.81

�0.77

25 10.7±0.1 10.0+1.21
�1.08 9.9±0.2 12.06+1.20

�1.12

30 15.2±0.2 13.9+1.80
�1.67 13.8±0.3 18.75+2.11

�1.94

35 19.7±0.2 17.6+2.53
�2.16 17.8±0.4 25.76+3.15

�2.84

TABLE II. Estimated amount of extra e-folds in inflation
for selected couplings, obtained by extrapolating the fits of
Eq. (77)-(80).

suspect that the linear growth may slow down, mean-
ing that our extrapolations in Table II could be viewed
as upper bounds on the inflation extension for the given
couplings. Investigating this in detail requires however
larger computational resources than our present capabil-
ities.

The separation between di↵erent regimes and, in par-
ticular, the return to inflation during mild-backreaction
after N = 0, can be qualitatively understood by
analysing the inflationary parameter ✏H in terms of en-
ergy density components,

✏H = � Ḣ

H2
= 1 +

2⇢K � ⇢V + ⇢EM

⇢tot
. (81)

In Fig. 9 we show the evolution of di↵erent energy con-
tributions for couplings representative of each regime,
↵⇤ = 12, 14 and 18, which correspond (from left to right
in the figure), to the weak, mild and strong coupling
regimes, respectively. More specifically, we plot the evo-
lution of di↵erent energy densities with respect the total
one, where ⇢K/⇢tot is depicted in red, ⇢V/⇢tot in black,
⇢G/⇢tot in blue and ⇢EM/⇢tot in purple. The vertical grey

solid lines in each panel indicate the point where ✏H = 1,
signalling the end of inflation for each coupling.

In the left panel of Fig. 9, we see that in the weak
coupling regime the e↵ect of the electromagnetic energy
density is almost negligible during inflation; in the ex-
ample, it only reaches a value ⇠ 2 orders of magnitude
smaller than the kinetic at N = 0. In fact, if the electro-
magnetic contribution is neglected in Eq. (81), we observe
that 2⇢K = ⇢V corresponds to the end of inflation, which
coincides with the observed behaviour in the figure and
with the end of standard slow-roll. In this regime the
inflaton’s dynamics remain barely a↵ected by the growth
of the gauge field and follows the backreactionless trajec-
tory during inflation. It is in the post-inflationary period,
for N > 0, where the weight of the gauge field increases
considerably and backreacts on the inflaton and back-
ground dynamics. Similarly, we observe that in the weak
coupling regime, the inflaton gradients are not relevant
during inflation, but as with the electromagnetic part,
they become relevant afterwards. In fact, we see how
both growths are completely correlated.

In the middle panel of Fig. 9, we observe that in the
mild coupling regime the electromagnetic energy density
weights in earlier in the dynamics than in the weak cou-
pling regime. As indicated in Fig. 7, this regime ex-
hibits an interesting feature where ✏H = 1 is reached at
N ⇡ 0, but due to backreaction e↵ects, there is after-
wards another additional inflationary period that lasts
approximately ⇠ 1 efold. Contrary to the weak regime,
where inflation ends solely as a consequence of the growth
of the axion kinetic energy, in this regime ⇢EM can-
not longer be neglected and ✏H = 1 is obtained when
⇢V = 2⇢K+⇢EM is satisfied. Subsequently, ⇢EM surpasses
⇢K, which decreases considerably and becomes compara-
ble to ⇢G, both contributing around 5% percent to the
total energy density around N = 0.5. From then on the
second most dominant contribution becomes ⇢EM (after
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Figure 9: Estimated LISA sensitivity to a given multipole ` of the SGWB, for multipoles

up to ` = 10. Even (odd) multipoles are shown with solid (dashed) lines. The sensitivity is

obtained by optimally summing over the LISA channels, see Eqs. (4.42) and (4.43).

The functions of frequency M , Q, D, control respectively the contributions of kinematic

e↵ects to the monopole, dipole, and quadrupole of GW energy density in the detector

frame. They read

M(f) =
�2

6
(8 + n⌦ (n⌦ � 6) + ↵⌦) , (4.46)

D(f) = � (4 � n⌦) , (4.47)

Q(f) = �2

✓
10 � 9n⌦

2
+

n2

⌦

2
+

↵⌦

2

◆
. (4.48)

In analogy with CMB literature, we introduce the SGWB spectral tilts

n⌦(f) =
d ln ⌦0

GW
(f)

d ln f
, (4.49)

↵⌦(f) =
d n⌦(f)

d ln f
. (4.50)

– 39 –
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for ⇠ & 3 and in the regime P⇣,S ⌧ P⇣,V. In the regime of large ⇠, where P⇣,S � P⇣,V, f equil
NL

converges to a value of the order of 104, which exceeds by a O(103) factor the constraints from
Planck. This limits severely the value ⇠CMB taken by ⇠ when Cosmic Microwave Background
scales are leaving the horizon, leading to ⇠CMB . 2.5 [33, 34].

The excited modes of the vector field are also a source of gravitational waves. To leading
order, production of gravitational waves via this process is described by the equation

H 00
ij(q, ⌧) + q2Hij(q, ⌧)�

2

⌧2
Hij(q, ⌧)

=
H ⌧

MP

Z
dp

(2⇡)3/2
�
A0

i(p, ⌧)A
0
j(q� p, ⌧)� Fik(p, ⌧)Fjk(q� p, ⌧)

�
, (2.24)

where Fij(p, ⌧) ⌘ ipiAj(p, ⌧)� ipjAi(p, ⌧). As a consequence of the functional dependence
of A+ on k ⌧ and on ⇠, the electric field is stronger than the magnetic field by a factor ⇠ ⇠ & 1.
For this reason we will neglect the term Fik(p, ⌧)Fjk(q�p, ⌧) in eq. (2.24). Using again the
Green’s function (2.20) we eventually obtain

Hij,S(q, ⌧) ⌘

Z
d⌧ 0Gq(⌧, ⌧

0)
H ⌧ 0

MP

Z
dp

(2⇡)3/2
A0

i(p, ⌧
0)A0

j(q� p, ⌧ 0) . (2.25)

The resulting power spectrum for the tensor modes reads [5]

Ph = Ph,V + Ph, S '
2H2

⇡2M2
P

+ 8.7⇥ 10�8 H
4

M4
P

e4⇡⇠

⇠6
. (2.26)

It is worth stressing that the sourced component of the gravitational waves is almost fully
chiral, as a consequence of the fact that only the + helicity of the gauge field is excited. While
this fact can lead to a rich and interesting phenomenology, we will not be concerned with it
here.

The constraint on the parameter ⇠ coming from the limits on nongaussianities implies
that Ph,V � Ph, S. This constraint, however, holds only for the value ⇠CMB taken by ⇠ when
CMB scales left the horizon. The quantity ⇠ is slowly evolving, typically increasing, during
inflation. Since the sourced component of the gravitational wave spectrum has an exponential
dependence on ⇠, it is possible that at later times Ph,V is actually overwhelmed by Ph, S. We
will denote by ⇠INT > ⇠CMB the value taken by ⇠ at this later stage, where the subscript INT

refers to the fact that we are thinking of frequencies probed by gravitational interferometers.
In particular, this leads to the possibility that gravitational waves sourced by the vector
field have such large amplitude to be directly detectable by current or future gravitational
detectors [6].

In the next section we will describe two mechanisms that induce correlation between the
curvature perturbation and the gravitational waves produced in axion inflation.

3 The correlator between scalar fluctuations and gravitational waves

We define the normalized correlator of scalar fluctuations and gravitational waves as

C⌦⇣(k, t0) ⌘
1

⌦INT
GW

q
PCMB
⇣

k3

2⇡2

Z
dy e�iky

h⌦GW (x+ y, t0) ⇣(x, t0)i

=
1

⌦INT
GW

q
PCMB
⇣

k3

2⇡2
h⌦GW (k, t0) ⇣(�k, t0)i

0 , (3.1)

– 7 –

Assuming �̇0 > 0, V 0 < 0, we have

⇠ ⌘
�̇0

2 fH
' �

V 0

6 fH2
= �

M2
P

2 f

V 0

V
, (3.6)

so that
d⇠

d�0
= �

M2
P

2 f

✓
V 00

V
�

V 02

V 2

◆
=

⇣
✏�

⌘

2

⌘ 1

f
, (3.7)

where we have defined as usual the slow-roll parameters as

✏ =
M2

P

2

V 02

V 2
, ⌘ = M2

P

V 00

V
. (3.8)

The correlator therefore becomes

(C⌦⇣)V = �

p
P⇣

12H2
0 ⌦

INT
GW

Z
dp

p3
⇠ (2✏� ⌘) T̂ (p)2 Ph, S(p) . (3.9)

To proceed we note that, since typically the amplitude of the induced tensor modes in-
creases as inflation progresses, the integral in eq. (3.5) is dominated by the largest frequencies,
that are typically close to those probed by the interferometers. For those wavelengths, that
re-entered the horizon well into the radiation dominated regime, we have

T̂ (p)2 Ph, S(p)

12H2
0 ⌦

INT
GW

=
Ph, S(p)

Ph, S(pINT)
. (3.10)

Using again the fact that the integral in eq. (3.5) is dominated by values of p of the order of
pINT, we can estimate

(C⌦⇣)V ' �4⇡ ⇠�N⇤ (2✏� ⌘)
p
P⇣ , (3.11)

where both ⇠ and the slow-roll parameters ✏ and ⌘ are evaluated at the time when the scales
probed by interferometers have left the horizon. In eq. (3.11) the parameter �N⇤ accounts for
the number of efoldings during which the tensor power spectrum is approximately constant.
Numerical simulations indicate that this is the case in the strong backreaction regime, which
usually lasts �N⇤ ' 10 ÷ 30 efoldings. At this stage the parameter ⇠ takes values that are
typically of the order of 5 ÷ 10. The quantity (2✏ � ⌘) has to be smaller than unity and
is typically of the order of 10�2

÷ 10�1. So by putting everything together we obtain that
(C⌦⇣)V is typically of the order of 10�4

÷ 10�2.

3.2 Correlation with sourced scalar fluctuations

In order to calculate the correlator between the sourced scalar and tensor fluctuations, that we
denote as (C⌦⇣)S, we use eqs. (2.4), (2.19) and (2.25) to find hhab, S(k1, ⌧)hab, S(k2, ⌧) ⇣S(k3, ⌧)i
in terms of the canonically normalized perturbations as

hhab, S(k1, ⌧)hab, S(k2, ⌧) ⇣S(k3, ⌧)i = �
4H(⌧)

M2
P
�̇0(⌧) a3(⌧)

hHab, S(k1, ⌧)Hab, S(k2, ⌧)�S(k3, ⌧)i

=
4H(⌧)

M4
P
�̇0(⌧) a3(⌧) f

Z
⌧

�1

d⌧1
a(⌧1)

d⌧2
a(⌧2)

d⌧3
a(⌧3)

Gk1(⌧, ⌧1)Gk2(⌧, ⌧2)Gk3(⌧, ⌧3)

⇥

Z
dq1 dq2 dq3

(2⇡)9/2
e+a (cq1) e

+
b
( \k1 � q1) e

+
a (cq2) e

+
b
( \k2 � q2) e

+
i
(cq3) e

+
i
( \k3 � q3) |k3 � q3|

⇥ hA0
+(q1, ⌧1)A

0
+(|k1 � q1|, ⌧1)A

0
+(q2, ⌧2)A

0
+(|k2 � q2|, ⌧2)A

0
+(q3, ⌧3)A+(|k3 � q3|, ⌧3)i ,

(3.12)
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3 The correlator of the gravitational wave energy densities

The normalized correlator of the gravitational wave energy densities is defined as

C⌦⌦(k) =
1

⌦ 2
GW

k3

2⇡2

Z
dy e�iky

h⌦GW (x+ y, t0)⌦GW (x, t0)i

=
1

⌦ 2
GW

k3

2⇡2
h⌦GW (k, t0)⌦GW (�k, t0)i

0 , (3.1)

where t0 is the present value of the cosmic time, ⌦GW '
⌦0

rad
24 Ph(kINT) with ⌦0

rad ' 8.2⇥10�5

is the fractional energy in gravitational waves at interferometer frequencies [6] and h. . . i0

represents the correlator stripped of the Dirac delta. Considering the explicit expression
⌦GW (k, t0) =

1
12H2

0

R
dp

(2⇡)3/2
|k�p| p hab(k�p, t0)hab(p, t0) for the gravitational wave energy

density, and defining ⌦ = 12H2
0 ⌦GW , the correlator becomes

C⌦⌦(k) =
1

⌦2

k3

2⇡2

Z
dp1 dp2

(2⇡)3
|k� p1| p1 |k+ p2| p2

⇥ hhab(k� p1, t0)hab(p1, t0)hcd(�k� p2, t0)hcd(p2, t0)i
0 . (3.2)

The current gravitational wave amplitude is related to its primordial value, calculated at the
time te when inflation ends, through the transfer function: hab(k, t0) = T (k)hab(k, te). For
simplicity, from now on we will write hab(k, te) simply as hab(k), with the understanding
that it refers to the value the tensor mode takes at the end of inflation. If we further define
T̂ (k) = k T (k), we can eventually express the correlator as

C⌦⌦(k) =
1

⌦2

k3

2⇡2

Z
dp1 dp2

(2⇡)3
T̂ (k1) T̂ (k2) T̂ (k3) T̂ (k4) hhab(k1)hab(k2)hcd(k3)hcd(k4)i

0 ,

(3.3)

with k1 = k� p1, k2 = p1, k3 = �k� p2 and k4 = p2. The integration must be performed
in the regime of large momenta, i.e. p � keq, where keq is the scale that reentered the
horizon at matter-radiation equality [6], since these are the momenta to which gravitational
wave detectors are sensitive. For these modes, which exited the horizon towards the end of
inflation and reentered during radiation domination, the transfer function takes the form

T̂ (k) = T̂r =
3H0

q
⌦0
rad

4
p
2

. (3.4)

In the following, when we explicitly evaluate the integrals in the large-momentum regime,
we will denote the corresponding correlator with the subscript l.m.. Finally, since we are
interested in large scales, the momentum k at which we evaluate the correlator is very small
compared to the momenta over which we integrate, and is of the order of the scalar large-scale
perturbation scale, i.e. k ⇠ kCMB.

4 Sourced correlator

For the normalized sourced correlator eq. (3.1) takes the form

C
S
⌦⌦(k) =

1

⌦ 2
GW,S

k3

2⇡2

Z
dy e�iky

h⌦GW,S(x+ y, t0)⌦GW,S(x, t0)i , (4.1)
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For large momenta, we use the parametrization (4.18) for the ⇠ functions in the expo-
nents, while in the denominators we approximate them as simply ⇠BR. The transfer function
takes the form (3.4), and we simplify the integral by neglecting the contribution of the small
k, wherever it appears. The scale-invariant correlator then takes the form

�
C
S.I.
⌦⌦ (k)

�
l.m.

=
H8 �(7)4 e8⇡ ⇠BR T̂ 4

r

⌦2
S 3

4 234M8
P
(2⇡)12 ⇠12

BR

 
2⇡

d⇠

d�0

�̇0

H

!2

P⇣,V ⇥ IS.I. , (4.27)

with the integral IS.I. given in (C.3). Using P⇣,V ' 2 ⇥ 10�9 and equations (3.4), (4.2) and
(4.3), we eventually obtain the correlator

�
C
S.I.
⌦⌦ (k)

�
l.m.

'
9.8⇥ 10�5

�2

 
2⇡

d⇠

d�0

�̇0

H

!2

. (4.28)

Considering (2.34) and the fact that the parameter � takes values in the interval 0.06 ÷ 0.2,
the sourced scale-invariant extrinsic correlator is found to lie within the range

�
C
S.I.
⌦⌦ (k)

�
l.m.

' 2.4⇥ 10�5
÷ 2.4⇥ 10�1 . (4.29)

This result will constitute the only relevant component of the sourced correlator, as it is
many orders of magnitude larger than the intrinsic correlator, studied in Subsection 4.1, and
all other contributions to the extrinsic correlator, which we present for completeness in the
next Subsection.

4.2.2 Extrinsic correlator: Terms C
E
⌦⌦,1(k), C

E
⌦⌦,2(k), C

E
⌦⌦,3(k)

0

In order to find all the other terms contributing to the extrinsic correlator, which we antici-
pated to be very small and unobservable, we start by expanding the terms C in (4.22) using
eqs. (4.13), (4.17) and (A.3). Using again the transfer function (3.4) and the parametrization
(4.18) we find

�
C
E
⌦⌦,1(k)

�
l.m.

=
k3H8 �(7)4 e8⇡ ⇠BR T̂ 4

r P⇣,V

⌦2
S 3

4 236M8
P
(2⇡)12 ⇠12

BR

 
2⇡

d⇠

d�0

�̇0

H

!2

⇥ IE,1 ' 5.5⇥ 10�1

✓
k

kBR

◆3

,

(4.30)

�
C
E
⌦⌦,2(k)

�
l.m.

=
k3H8 �(7)4 e8⇡ ⇠BR T̂ 4

r P⇣,V

⌦2
S 3

4 236M8
P
(2⇡)12 ⇠12

BR

 
2⇡

d⇠

d�0

�̇0

H

!2

⇥ IE,2 ' 4.9⇥ 10�1

✓
k

kBR

◆3

,

(4.31)

�
C
E
⌦⌦,3(k)

0�
l.m.

=
k3H8 �(7)4 e8⇡ ⇠BR T̂ 4

r P⇣,V

⌦2
S 3

4 234M8
P
(2⇡)12 ⇠12

BR

 
2⇡

d⇠

d�0

�̇0

H

!2

⇥ IE,3 ' 1.7

✓
k

kBR

◆3

, (4.32)

where in the final expressions we have used (2.34), (4.2), (4.3) and the integrals IE,1, IE,2
and IE,3 evaluated, respectively, in (C.6), (C.9), (C.13). These correlators are all very small
because of the presence of (k/kBR)3, as in the case of the intrinsic correlator.
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� ⇡ .05÷ .2



To sum up…

Axion inflaton/gauge dynamics very rich, even if consider only

the GW sector 


Motivates search in data!


