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Via Dodecaneso 33, 16146 Genova, Italy
2 CNR-SPIN, Via Dodecaneso 33, 16146 Genova, Italy

3 Center for Nonlinear and Complex Systems,
Dipartimento di Scienza e Alta Tecnologia,
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The development of fast and efficient quantum batteries is crucial for the prospects of quantum
technologies. We show that both requirements are accomplished in the paradigmatic model of a
harmonic oscillator strongly coupled to a highly non-Markovian thermal reservoir. At short times,
a dynamical blockade of the reservoir prevents the leakage of energy towards its degrees of freedom,
promoting a significant accumulation of energy in the battery with high efficiency. The possibility
of implementing these conditions in LC quantum circuits opens up new avenues for solid-state
quantum batteries.

The progressive broadening of the horizons of thermo-
dynamics towards individual quantum mechanical sys-
tems out-of-equilibrium opened the way to the new field
of quantum thermodynamics [1–4]. In this context,
the possibility to properly characterize the energetics
of miniaturized thermal machines represented a major
boost for the development of quantum technologies de-
voted to energy storage and manipulation. Among them,
quantum batteries (QBs) are currently assuming a piv-
otal role [5, 6].

After the first appearance of the concept more than
ten years ago [7], these devices have been characterized
by a frantic theoretical investigation [8] followed recently
by the first experimental realizations [9]. The major-
ity of the proposals discussed so far identify the QB as a
collection of two-level systems charged by means of quan-
tum [7, 9–20] or classical [21–24] external sources. How-
ever, in recent years, the possibility to address multilevel
QBs in view of achieving high storage capacity has been
discussed [25, 26].

Indubitably, among multilevel systems the quantum
harmonic oscillator plays a prominent role due to its
versatility. Indeed, a plethora of different physical sys-
tems can be ultimately described in terms of this sim-
ple and universal model. It is therefore not a surprise
that also in the QB domain proposals for implementable
multilevel devices based on quantum harmonic oscilla-
tors have appeared [13, 27–33]. Among the others, inter-
esting schemes have considered the possibility to charge
a harmonic oscillator QB by switching on the coupling
with a reservoir for a suitable period of time [27, 34].
However, in previous investigations the efficiency of these
protocols, defined as the ratio between the maximum ex-
tractable energy through unitary operations (known as
ergotropy [35]) and the energy required to switch on and
off the coupling with the charger, remained very poor.

In this paper, we show that this limitation can be over-
come and that both high efficiency and fast charging can
be achieved, provided that: (i) the reservoir is engineered
in a strongly non-Markovian regime characterized by a
cut-off frequency ωD ≳ ω0, with ω0 frequency of the oscil-
lator and, counter-intuitively, (ii) the dissipation is very
strong, with intensity γ0 ≫ ω0. In such a regime, at short
enough times, the switch-on coupling energy between QB
and reservoir is almost completely transferred directly
to the QB itself with only marginal dissipation onto the
reservoir degrees of freedom, due to a dynamical blockade
of the reservoir. Consequently, the unit efficiency limit
predicted for a QB and a reservoir initially in a thermal
state [36] can be saturated. We explain this dynamical
blockade in terms of the hybridization between the QB
and the reservoir modes with frequency close to a new
emergent frequency Ω =

√
γ0ωD ≫ ω0. We point out

that, in this underdamped regime, almost all the energy
accumulated in the QB can be extracted. In addition,
for sufficiently short times the energy oscillates back and
forth in an almost periodic and coherent way between the
coupling energy and the QB, and the robustness of this
effect over various periods of these energy oscillations can
be exploited to mitigate the need for precise fine-tuning
of the charging time. Furthermore, our results are aston-
ishingly robust up to the thermal energies comparable
with ℏΩ.

Due to the robustness of our protocol and the pos-
sibility to experimentally implement it by means of a
quantum LC circuit, playing the role of the QB, em-
bedded in a dissipative environment, with suitably en-
gineered cut-off frequency and dissipation strength [37–
39], we strognly believe that the present study can open
new and fascinating perspectives towards the realization
of fast and highly efficient energy manipulation in solid-
state devices.
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Results
Model of the quantum battery, charger and envi-
ronment
The QB is a quantum harmonic oscillator, strongly cou-
pled to a many–modes reservoir described as a large col-
lection of quantum harmonic oscillators in the framework
of the Caldeira-Leggett model [40–42]. The Hamiltonian
of the system consists of three terms

Ĥ(t) = ĤB + ĤR + θ(t)ĤC , (1)

where θ(t) = 0 for times t ≤ 0 while θ(t) = 1 for t > 0.
The QB is described by

ĤB =
p̂2

2m
+
mω2

0

2
x̂2, (2)

with x̂ and p̂ position and momentum operators, and m
and ω0 respectively its mass and characteristic frequency.
The reservoir Hamiltonian reads

ĤR =
∑

k

Ĥ
(k)
R =

∑

k

(
p̂2k
2mk

+
mkω

2
k

2
x̂2k

)
, (3)

where x̂k and p̂k are the position and momentum of the
k–th mode, with mass mk and characteristic frequencies
ωk. The QB and the reservoir are coupled through the
term

ĤC =
∑

k

Ĥ
(k)
C = −

(∑

k

ckx̂k

)
x̂+

1

2
mΩ2x̂2 (4)

which, as will be shown, plays the role of a quantum
charger. Eq. (4) is composed of two terms: a bilinear
coupling between x̂ and x̂k – with ck coupling constants
which will be specified later on – and a counter–term
∝ x̂2, where

Ω2 =
∑

k

c2k
mmkω2

k

, (5)

which prevents the renormalization of the static poten-
tial of the QB [40, 41].

The equations of motion for the QB and reservoir posi-
tion operators in the Heisenberg picture read (from now
on, ℏ = kB = 1):

ˆ̈x(t) + (ω2
0 +Ω2)x̂(t) =

∑

k

ck
m
x̂k(t) , (6)

ˆ̈xk(t) + ω2
kx̂k(t) =

ck
mk

x̂(t) . (7)

Eq. (7) can be formally solved considering x̂(t) a given
external field, yielding

x̂k(t) = x̂k(0) cos (ωkt) +
p̂k(0)

mkωk
sin (ωkt)

+
ck

mkωk

∫ t

0

dt′ sin [ωk(t− t′)] x̂(t′). (8)

Replacing this solution into Eq. (6) one obtains the full
operatorial quantum Langevin equation for the QB [41,
43, 44]

ˆ̈x(t)+ω2
0 x̂(t)+

∫ t

0

dt′γ(t−t′)ˆ̇x(t′)+γ(t)x̂(0) = ξ̂(t)

m
, (9)

where the damping kernel

γ(t) =
1

m
θ(t)

∑

k

c2k
mkω2

k

cos (ωkt) (10)

and the reservoir fluctuating noise operator

ξ̂(t) =
∑

k

ck

[
x̂k(0) cos (ωkt) +

p̂k(0)

mkωk
sin (ωkt)

]
(11)

have been introduced. Notice that the momentum
operator is directly p̂(t) = mˆ̇x(t).

The solution of Eq. (9) can always be decomposed into
a transient homogeneous (h) and a non-homogeneous or
thermal part (th):

x̂(t) = x̂h(t) + x̂th(t). (12)

The first term is independent of the fluctuating field ξ̂(t)
and is expressed via the response function χ(t) in terms
of the initial conditions at time t = 0 as

x̂h(t) = ˆ̇x(0)χ(t) + x̂(0)χ̇(t) . (13)

All the properties of χ(t), which satisfies initial conditions
χ(0) = 0, χ̇(0) = 1 and χ̈(0) = 0, are encoded into its

Laplace transform (defined as ˆ̃x(λ) =
∫ +∞
0

dte−λtx̂(t))

χ̃(λ) =
1

λ2 + ω2
0 + λγ̃(λ)

, (14)

where γ̃(λ) is the Laplace transform of Eq. (10).
The term x̂th(t) in Eq. (12) depends instead on the fluc-

tuating field ξ̂(t) and is given by

x̂th(t) =

∫ t

0

dt′

m
χ(t− t′)ξ̂(t′) . (15)

The charging/discharging protocol: energy bal-
ance and figures of merit
The charging/discharging protocol is comprised of four
steps:

(I) At t = 0, switching on ĤC the QB and the reservoir
are connected;
(II) Energy flows for a short amount of time t;

(III) Switching off ĤC, the QB and the reservoir are
disconnected;
(IV) The maximum amount of energy is extracted from
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the QB, to be employed elsewhere.

A suitably engineered reservoir, especially within the
protocol described above, will prove to be a valuable
resource allowing fast and optimal charging of the QB.
In the following we will introduce the energy exchanges
involved in the protocol and suitable figures of merit to
quantify its performances.

Energy accumulated into the QB and ergotropy. To
begin with, let us introduce the energy accumulated into
the QB over the charging time t as [12]

∆EB(t) = ⟨ĤB(t)⟩ − ⟨ĤB(0)⟩ (16)

where ⟨...⟩ ≡ Tr [...ρ̂(0)] with ρ̂(0) the total initial density
matrix of the system, which will be specified in the
following, and where ⟨ĤB(t)⟩ is the energy stored in the
QB at time t. Here and in what follows, all operators
evolve in the Heisenberg picture.

Clearly, not all the accumulated energy can actually be
extracted from it. The ergotropy is defined as the max-
imum energy that can be extracted from the QB act-
ing only with unitary operations [7, 35]. For a general
setup the evaluation of the ergotropy is only possible via
numerical approaches. However, for Gaussian states a
closed expression is present [31, 34]. To this effect we
notice that the time evolution of the model under con-
sideration maps Gaussian states at t = 0 into Gaussian
states at any later time t. Therefore, anticipating our
choice of a Gaussian initial condition, the ergotropy of
the QB at time t is given by

E(t) = ⟨ĤB(t)⟩ − ω0

√
detσB(t), (17)

where σB(t) is the covariance matrix [45] at time t.

Work performed by the quantum charger. Switching
on and off of the quantum charger over a time t requires
a finite amount of work

W (t) =Won +Woff(t) , (18)

where

Won = ⟨ĤC(0)⟩ ; Woff(t) = −⟨ĤC(t)⟩ , (19)

with ⟨ĤC(t)⟩ the coupling term in Eq. (4). Notice that,

using the Langevin equation (6), ⟨ĤC(t)⟩ can be ex-
pressed in terms of the QB variables only as

⟨ĤC(t)⟩
m

= ⟨ˆ̇x2(t)⟩ − 1

2

d2

dt2
⟨x̂2(t)⟩ −

(
ω2
0 +

Ω2

2

)
⟨x̂2(t)⟩ .

(20)
In full analogy with what defined in Eq. (16), the total

work can be alternatively written as

W (t) = −
[
⟨ĤC(t)⟩ − ⟨ĤC(0)⟩

]
= −∆EC(t) . (21)

Energy balance and spectral decomposition. Since the
total system is closed, after the switching on, we can
easily write the total energy balance

∆EB(t) + ∆ER(t) =W (t) (22)

with a clear meaning: the total work W (t) is distributed
among the accumulated energy of the battery ∆EB(t)
and the energy exchanged with the reservoir during the
time t:

∆ER(t) = ⟨ĤR(t)⟩ − ⟨ĤR(0)⟩ . (23)

Eq. (22) further underlines the role of ĤC as a quantum
charger. In this respect, an efficient charging protocol
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ĤR

FIG. 1: Scheme of operation of ĤC as a quantum
charger. Panel (a) efficient and panel (b) inefficient
charging protocol.

predominantly exchanges energy between the charger
and the QB, see Fig. 1(a), while an inefficient protocol
wastes most of its energy in the reservoir with little
power delivered to the QB, as shown Fig. 1(b). Even
though achieving an efficient charging seems almost
hopeless in this context, given that the reservoir has
a very large number of degrees of freedom which can
collect energy with respect to the single one of the QB,
we will show that this is indeed possible via a careful
engineering of the reservoir spectral density at strong
coupling.

For later convenience we also introduce the contribu-
tions to the charger and to the reservoir energy due to
the k–th mode of the latter, defined as (ν = C,R)

∆Eν(t, ωk) = ⟨Ĥ(k)
ν (t)⟩ − ⟨Ĥ(k)

ν (0)⟩ (24)

which satisfy the sum rules

∆Eν(t) =
∑

k

∆Eν(t, ωk) . (25)
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Performances of the charging/discharging protocol.

In order to assess the performances of the charging pro-
cedure, two different efficiencies are usually considered.
The first is

ηB(t) =
E(t)

⟨HB(t)⟩
= 1− ω0

√
detσB(t)

⟨HB(t)⟩
, (26)

the ratio between the ergotropy and the energy stored in
the QB. The second figure of merit, which is the most rel-
evant when energy to connect and disconnect the charger
is paid off (W (t) > 0, see below and Ref. [27] for a dis-
cussion on this condition), is

ηW(t) =
E(t)
W (t)

(27)

representing the ratio between the maximum work that
can be extracted from the QB and the work paid to
switch on and off the charger.

Engineered reservoir and operating regimes
The response function. To proceed further we need to
specify the couplings ck in the charging Hamiltonian ĤC.
Among the possible choices, we consider the paradig-
matic case of Ohmic coupling which is the most common
dissipation, especially when the reservoir is represented
by quantum circuits [46]. We have [41, 47–49]

ck = ωk

√
2γ0mmk∆

π

ω2
D

ω2
D + ω2

k

. (28)

Here, γ0 is the coupling strength, ωD the Drude cut-off,
and ωk = k∆ (k positive integer) with ∆ the constant
level spacing of the modes of the reservoir. The behavior
of the couplings defines the spectral density

J(ω) =
π

2

∑

k

c2k
mkωk

δ(ω − ωk) , (29)

and the damping kernel – see Eq.(10). Letting the num-
ber of modes to infinity, with ∆ → 0, one eventually gets
the continuum limit

J(ω) = mγ0ω
ω2
D

ω2 + ω2
D

(30)

γ(t) = γ0ωDe
−ωDtθ(t) ; γ̃(λ) =

γ0ωD

λ+ ωD
. (31)

We can also identify the frequency scale Ω in Eq. (5) as

Ω =
√
γ0ωD , (32)

which, as we will see, will play a crucial role on the charg-
ing dynamics of the QB.
As clear from the shape of γ(t), the reservoir is highly
non–Markovian when ωD, the inverse of a memory time
scale, is small ωD ≈ ω0, a regime of particular interest
for this work. Such a regime has in the past drawn

theoretical attention [27, 50–52], and has recently been
shown to be a resource in quantum thermodynamics [53].
It is also important to stress that such a strong non–
Markovian environment can nowadays be experimentally
engineered in the context of quantum circuits [39, 54–56].

We can now explicitly write the Laplace transform of
the response function in Eq. (14) [41]

χ̃(λ) =
λ+ ωD

(λ2 + ω2
0) (λ+ ωD) + λγ0ωD

(33)

which, in the time domain, can be written as

χ(t) =
3∑

j=1

χje
−λjt . (34)

Here, λj satisfies

λ3 − λ2ωD + λ
(
ω2
0 + γ0ωD

)
− ωDω

2
0 = 0, (35)

and

χj = (ωD − λj)
∏

j′ ̸=j

1

λj′ − λj
. (36)
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FIG. 2: Operating regimes. As inferred by the na-
ture of the zeroes of Eq. (35), as a function of γ0 and
ωD (units ω0), the red area denotes the overdamped
(OD) regime, while the blue one corresponds to the
underdamped (UD) one. The bottom corner of the
OD regime, marked as a yellow dot, has coordinates
γ0 = 8

3
√
3
ω0 and ωD = 3

√
3ω0. The dash–dotted and

dashed lines denote the boundaries between UD and
OD for ωD ≫ ω0.

Operating regimes. As clear from Eq. (34), the nature
of the roots λj – governed by the system parameters –
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determines the characteristics of χ(t). From now on, we
will elect ω0 as a typical energy scale and thus consider
γ0 and ωD as free parameters. As shown in Fig. 2, due
to the third degree polynomial with real coefficients,
only two regimes can occur:

– a underdamped (UD) regime (blue part), characterized
by one purely real and two complex conjugate roots.
– a overdamped (OD) regime (red part), where three
real solutions occur.

To enter more into the details let us begin discussing
the underdamped regime, by identifying the two repre-
sentative regions. The first is the weakly underdamped
one, with γ0 ≪ ω0, ωD, to the left of the OD part. Here,
to leading order in ωD, χ(t) exhibits oscillations at the
bare frequency ω0, damped by the coupling with the
reservoir [41, 49]

χ(t) ≈ 1

ω0
e−

γ0
2 t sin (ω0t) . (37)

This regime has already been discussed at large in the
literature also about QBs, typically employing a Lindblad
master equation approach [30, 31, 34, 57]. Due to the
small coupling, the charging performances are here very
poor. Therefore we are not going to investigate it in the
rest of the paper.
The second region is to the right of OD at large cou-
pling γ0 ≫ ωD, ω0: it corresponds to a strongly under-
damped (SUD) case. This region, has seldomly been
discussed [58], however it presents a peculiar behavior
which, as we will see, will play a fundamental role in
the QB dynamics. Here we have (see first part of the
Methods for details)

χ(t) ≈ 1

Ω
e−

ωD
2 t sin (Ωt) . (38)

As is clear, in this regime Ω =
√
γ0ωD takes the role of

the new natural frequency of the QB. Notice that since
the strong coupling γ0 ≫ ωD, ω0 implies Ω ≫ ωD, ω0,
this frequency is strongly renormalized with respect to
the bare one. In addition, its value is outside the band–
width of the reservoir (Ω ≫ ωD). As we will see, this
point is crucial to achieve the best charging protocol, dis-
cussed in Fig. 1 since the reservoir is dynamically block-
aded around the frequency Ω of the QB preventing the
energy absorption. For this reason in the rest of the paper
we will mainly focus on this regime showing that it indeed
produces the best short–time charging performances.
We close commenting on the overdamped regime (red
region), where χ(t) displays no oscillations. As a typical
example we remind the leading order behavior in ωD,
with γ0 > 2ω0 (dashed-dotted line in the figure) [41, 49]

χ(t) ≈ e−
γ0
2 t

√
(γ0/2)2 − ω2

0

sinh

[
t
√
(γ0/2)2 − ω2

0

]
. (39)

Here, the dynamics of the QB is damped and, as shown
in Supplementary Note 1, it is not very useful for our

purposes since the reservoir absorbs the main part of
the incoming energy with an inefficient charging protocol
similar to Fig. 1(b).

Main achievements

Relevant quantities. To study in details the charging
dynamics we start by specifying the initial conditions.
We assume that, prior to the charge phase, the QB
and the reservoir are disconnected. In addition, we con-
sider an initial Gaussian state with the QB in its ground
state |g⟩ (i.e. a completely depleted battery) and the
reservoir in its thermal equilibrium at temperature T .
This corresponds to a factorized initial density matrix
ρ̂(0) = ρ̂B(0)⊗ ρ̂R(0) with (β = 1/T ):

ρ̂B(0) = |g⟩⟨g| ; ρ̂R(0) =
e−βĤR(0)

Tr
{
e−βĤR(0)

} . (40)

With this choice, the averages of position and momen-
tum of both the QB and the reservoir variables are zero
at t = 0, while the second moments are ⟨x̂2(0)⟩ = 1

2mω0
,

⟨p̂2(0)⟩ = mω0

2 , ⟨{x̂(0), p̂(0)}⟩ = 0, for the QB and

⟨xk(0)xk′(0)⟩ = 1
2mωk

coth (βωk/2) δk,k′ , ⟨pk(0)pk′(0)⟩ =
1
2mωk coth (βωk/2) δk,k′ , and ⟨{xk(0), pk′(0)}⟩ = 0 for
the reservoir. Due to these conditions the fluctuating

noise ξ(t) in Eq.(11) has zero average ⟨ξ̂(t)⟩ = 0 and
time–translational invariant autocorrelation function [41]

⟨ξ̂(t)ξ̂(0)⟩=
∫ ∞

0

dω

π
J(ω)

∑

n=±1

einωt

2

[
coth

(
βω

2

)
− n

]
.

(41)

Since the initial density is Gaussian, all previous con-
siderations about the ergotropy hold true. All relevant
quantities can be then evaluated from the covariance ma-
trix σB(t), given here by

σB(t) = m



ω0⟨x̂2(t)⟩ 1

2
d
dt ⟨x̂2(t)⟩

1
2

d
dt ⟨x̂2(t)⟩ 1

ω0
⟨ˆ̇x2(t)⟩


 . (42)

Much like the decomposition of x̂(t) into a homogeneous
and thermal part, given in Eq. (12), the same holds for
the covariance matrix: σB(t) = σB,h(t) + σB,th(t) where
the h (th) term only contains the homogeneous (thermal)

contributions to ⟨x̂2(t)⟩ and ⟨ˆ̇x2(t)⟩.
The homogeneous terms are easily written in terms of
the response function



⟨x̂2h(t)⟩

⟨ˆ̇x2h(t)⟩


 =

ω0

2m



χ2(t)

χ̇2(t)


+

1

2mω0



χ̇2(t)

χ̈2(t)


 . (43)

More cumbersome are the thermal contributions, which
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can be written in the compact form



⟨x̂2th(t)⟩

⟨ˆ̇x2th(t)⟩


=

∑

j,j′




1

λjλj′



∫ ∞

−∞

dω

2πm2

{
J(ω) coth

(
βω
2

)

(λj − iω)(λj′ + iω)

·χjχj′

[
1− e−(λj−iω)t − e−(λj′+iω)t + e−(λj+λj′ )t

]}
. (44)

Details are presented in the second part of the Methods
and in Supplementary Note 2.

Concerning the efficiencies in Eqs. (26-27) we can de-
duce their constraints. For ηB it follows directly that
ηB(t) ≤ 1. Moreover, in the considered case, one also has
ηW(t) ≤ 1 as can be seen reasoning as follows. Starting
from Eqs. (17) and (22) one can write

W (t)− E(t) =
[
ω0

√
detσB(t) + ⟨ĤR(t)⟩

]

−
[
⟨ĤB(0)⟩+ ⟨ĤR(0)⟩

]
, (45)

where the first line on the right hand side represents
the total energy of QB+reservoir after the disconnection
and the ergotropy extraction, while the second one is
the initial internal energy. Assuming, consistently with
what done in Eq. (40), a passive initial state for the
system and taking into account the fact that all the
considered operations (time evolution of the system and
ergotropy extraction) are unitary the internal energy
can only increase or at most remain constant [36]. Since
E(t) ≥ 0, one has W (t) ≥ E(t) ≥ 0 finally proving the
bound on ηW(t).

Finally, the (initial) work required to switch on the
interaction (see Eq. 19) is

Won =
γ0ωD

4ω0
=

Ω2

4ω0
. (46)

The underdamped strong coupling regime. We can
now study the charging/discharging protocol, at short
times in the underdamped strong coupling regime, which
– as will be shown – provides the best performances. All
results are obtained numerically. However, we will also
provide analytical expressions to support our results.
In addition, we will focus on custom tailored reservoirs
with quite small ωD ≳ ω0, i.e. with a narrow band and
thus strongly non–Markovian, as this choice is one of the
keys to obtain the best short–time performances among
all the operating regimes.

To begin our discussion, Fig. 3(a) shows the en-
ergy accumulated in the QB ∆EB(t) (blue line), the
energy delivered by the charger ∆EC(t) = −W (t)
(red line) and the energy dissipated into the reservoir
∆ER(t) (green line) as a function of time, in the quantum
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(a)

<latexit sha1_base64="8YefJHD//uM2fFHhMWMn3uleyMA=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5EZBCE9kpAmUkGsogyENKrOh82YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U9rZXVtfWOzsFXc3tnd2y8dHLZNGGuBLRGqUHc9blDJAFskSWE30sh9T2HHm1ylfucBtZFhcEfTCF2fjwM5koJTIt1WvPNBqWxX7QxsmTg5KUOO5qD01R+GIvYxIKG4MT3HjsidcU1SKJwX+7HBiIsJH2MvoQH30bizLOqcncWGU8gi1Ewqlon4e2PGfWOmvpdM+pzuzaKXiv95vZhGl+5MBlFMGIj0EEmF2SEjtEw6QDaUGol4mhyZDJjgmhOhlowLkYhxUkox6cNZ/H6ZtGtVp16t39TKjdO8mQIcwwlUwIELaMA1NKEFAsbwBM/wYj1ar9ab9f4zumLlO0fwB9bHNycLkbs=</latexit>

(b)
<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="FWGS+BscNcMFjLmqkv9pUe7w6xA=">AAAB83icbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsYREHglsyOxwwQmzs5uZOyaE8AW2WqidsbHwgyz8F3cXCgVPdXLOvbnnniCWwqDrfjm5ldW19Y38ZmFre2d3r7h/0DSR1RwaPJKRbgfMgBQKGihQQjvWwMJAQisYXad+6x60EZG6xXEMfsiGSgwEZ5hIda9XLLllNwNdJt6clK4+nlO81HrF724/4jYEhVwyYzqeG6M/YRoFlzAtdK2BmPERG0InoYqFYPxJFnRKT61hGNEYNBWSZiL83piw0JhxGCSTIcM7s+il4n9ex+Lg0p8IFVsExdNDKCRkhwzXImkAaF9oQGRpcqBCUc40QwQtKOM8EW1SSSHpw1v8fpk0z8tepVypu6XqCZkhT47IMTkjHrkgVXJDaqRBOAHyQB7Jk2OdV+fNeZ+N5pz5ziH5A+fzB07MlaI=</latexit>

1

<latexit sha1_base64="GzxSauGor8u9DFKMcI8HfF1mKGE=">AAAB/3icbVA5TgNBEJw1h425DIQkIwwSJNYugSG0BAFE2BI+JHtl9Y7bZsTswUwvkrVywCtITUSGSHkKARkPYX0EXBWVqrrV1eVFShqy7Xcrs7C4tJzNreRX19Y3Ngtb2w0TxlpgXYQq1C0PDCoZYJ0kKWxFGsH3FDa927OJ37xHbWQYXNMwQteHQSD7UgClkttBgm7S8ePRIR11C0W7ZE/B/xJnToqV7OXn1bh2Xu0WPjq9UMQ+BiQUGNN27IjcBDRJoXCU78QGIxC3MMB2SgPw0bjJNPSIH8QGKOQRai4Vn4r4fSMB35ih76WTPtCN+e1NxP+8dkz9UzeRQRQTBmJyiKTC6SEjtEzbQN6TGolgkhy5DLgADUSoJQchUjFO68mnfTi/v/9LGsclp1wq19Ji9tkMObbL9tghc9gJq7ALVmV1Jtgde2Rj9mQ9WM/Wi/U6G81Y850d9gPW2xdxAplS</latexit>

⌘ µ
(t
)

<latexit sha1_base64="JPrcICktSdPigRCP+Op4V3/ubAA=">AAACBXicbVC7TsNAEDxDgBBeDpQ0Jx5SaCKbIlBGAiRKkAggxVG0PjbhlPPZuluDIis1X0ELFR2i5Tso+BccQwEJU41mdrWzEyZKWvK8D2dmtjQ3v1BerCwtr6yuudX1SxunRmBLxCo21yFYVFJjiyQpvE4MQhQqvAoHR2P/6g6NlbG+oGGCnQj6WvakAMqlrlsNjlER8JNuFuh0VKO9rrvt1b0CfJr4P2S7WeoVOOu6n8FNLNIINQkF1rZ9L6FOBoakUDiqBKnFBMQA+tjOqYYIbScroo/4bmqBYp6g4VLxQsTfGxlE1g6jMJ+MgG7tpDcW//PaKfUOO5nUSUqoxfgQSYXFISuMzDtBfiMNEsE4OXKpuQADRGgkByFyMc1LquR9+JPfT5PL/brfqDfO82J22DfKbJNtsRrz2QFrslN2xlpMsHv2yJ7Ys/PgvDivztv36Izzs7PB/sB5/wLRuppx</latexit> �
E

⌫
(t
)

<latexit sha1_base64="iNiiGBpxmUgQrkD8JqZy+VsmnCI=">AAAB9XicbVDLSsNAFJ3UV62vqks3g1VwVRLB6s6CG5cV7QPaUCbT2zp0MgkzN0oJ/QS3ioI7EVz5PS78F5O0C209q8M593LPPV4ohUHb/rJyC4tLyyv51cLa+sbmVnF7p2GCSHOo80AGuuUxA1IoqKNACa1QA/M9CU1veJH6zTvQRgTqBkchuD4bKNEXnGEiXTsndrdYsst2BjpPnCkpnX88p3ipdYvfnV7AIx8UcsmMaTt2iG7MNAouYVzoRAZCxodsAO2EKuaDceMs6pgeRoZhQEPQVEiaifB7I2a+MSPfSyZ9hrdm1kvF/7x2hP0zNxYqjBAUTw+hkJAdMlyLpAOgPaEBkaXJgQpFOdMMEbSgjPNEjJJSCkkfzuz386RxXHYq5cqVXaoekAnyZI/skyPikFNSJZekRuqEkwF5II/kybq3Xq03630ymrOmO7vkD6zPHza9lhs=</latexit>

150

<latexit sha1_base64="+aNGSydEOC9rVqy3ZUwryqk+FJo=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5EZBoiGyKQIOIBEKUQSIPKbGi82WTnHI+W3drRBTlF2ihokO0iL+h4A/4AEpsJwUkTDWa2dXOjhdKYdC2P6y5+YXFpeXMSnZ1bX1jM7e1XTVBpDlUeCADXfeYASkUVFCghHqogfmehJrXv0j82h1oIwJ1i4MQXJ91legIzjCRjpyi3crl7YKdgs4SZ0Ly51+XZ1fv/e9yK/fZbAc88kEhl8yYhmOH6A6ZRsEljLLNyEDIeJ91oRFTxXww7jDNOqIHkWEY0BA0FZKmIvzeGDLfmIHvxZM+w56Z9hLxP68RYefUHQoVRgiKJ4dQSEgPGa5FXALQttCAyJLkQIWinGmGCFpQxnksRnEr2bgPZ/r7WVI9LjjFQvHGzpf2yRgZskv2yCFxyAkpkWtSJhXCSY88kEfyZN1bz9aL9ToenbMmOzvkD6y3H/xflds=</latexit>�160

FIG. 3: Energetics and efficiency in the SUD
regime. Panel (a) plot of ∆Eν(t) (units ω0) with
ν = B (blue curve), ν = C (red curve) and ν = R (green
curve) as a function of Ωt/π; panel (b) plot of ηµ(t)
with µ = B (blue curve), and µ = W (red curve) as a
function of Ωt/π. Parameters are ωD = 2ω0, γ0 = 300ω0

(corresponding to Ω ≈ 24.5ω0) and T = 0.1ω0.

regime T = 0.1ω0 for parameters within the SUD regime.

As is clear ∆EB(t) shows oscillations with a period
π/Ω, damped over a time scale ω−1

D , and is locally
maximum at times tn ≈ π

2Ω + n π
Ω , with n ≥ 0 an

integer. Notice that this energy is large: in particular,
the maximum amount accumulated in the QB, occurring
at the shortest time t = t0 ≈ π/2Ω, is almost equal
to Won = Ω2/4ω0. These are already hints of a fast
and extremely effective charging protocol. Notice that
the oscillations of ∆EB(t) are strikingly synchronized
in phase opposition with respect to ∆EC(t), suggesting
that at short times the charger and the QB almost
perfectly exchange energy in lockstep. As a consequence,
and as confirmed by the behaviour of ∆ER(t), during
the first oscillations only a small fraction of energy is
dissipated in the reservoir, whose dynamics seems to
show an effective blockade at short times. We will turn
back to this interpretation shortly.

The extreme effectiveness of the protocol is definitively
confirmed by the behaviour of the efficiencies ηB(t) and
ηW(t), shown in panel (b). Except around the minima
of ∆EB(t) we find ηB(t) ∼ 1 which implies the best
ergotropy E(t): almost equal to the energy stored in the
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QB. This in turns implies that almost all the energy
accumulated in the QB can be effectively retrieved to
produce useful work. Most importantly, however, ηW(t)
– the ratio between the ergotropy and the switch on/off
work – is excellent: around the first maximum it is
very close to the best attainable performance exceeding
0.85 (recall that in our case ηW(t) ≤ 1), and it is still
very good around the fourth maximum where it reaches
values above 0.5.

These results are indeed striking, especially in
comparison with other similar charging-discharging
protocols [27] that achieve significantly smaller values
of ηW(t). In this respect, one common critique of a
fast charging/discharging protocol – such as the one
shown here – is the difficulty to fine–tune parameters in
order to achieve the best performances [27]. However,
in our scenario the almost perfect periodicity of all the
quantities constitutes a key advantage: one is not forced
to disconnect the QB from the charger at one peculiar
time. Instead, the sequence of optimal times tn is highly
predictable with charging energies and, as we have seen
and as will be shown later on, performances remaining
remarkable (and thus, stable) over several oscillation
periods.

To close this part, we turn back to interpret this opti-
mal charging protocol in terms of a dynamical blockade
of the reservoir. We remind that the reservoir is heav-
ily structured with a small band–width (ωD ≪ Ω): this
means that only the modes with ωk ≲ ωD ≪ Ω have
a significant weight in the spectral density J(ω) – see
Eqs. (29) and (28). However, these modes are completely
off resonance with the QB and then we expect that they
can hardly absorb energy, thus allowing a back and forth
energy transfer between QB and charger.

To demonstrate this scenario we inspect the spec-
tral contributions of the reservoir ∆ER(t, ωk) defined in
Eq. (24) – see Supplementary Note 3 for details. Fig-
ure 4(a) shows a density plot of ∆ER(t, ωk), the dashed
line represents the time window of Fig. 3. During the
initial times the reservoir absorbs very little energy at
all, due to the small value of the cut–off ωD ≪ Ω. This
allows the important process of energy exchange between
the QB and the charger with anti–phase synchronization.
This oscillating dynamics is clearly visible in the spectral
contribution ∆EC(t, ωk) of the charger – shown in panel
(b) – that oscillates between positive and negative values
around ωk = Ω. In particular the positive values sig-
nal that energy back–flows from the QB to the charger,
since the energy in the reservoir slowly increases mono-
tonically. On the other hand, away from the resonance
∆EC(t, ωk) < 0.

As time goes by, however, a sizeable amount of
energy eventually accumulates into the reservoir: in-
deed the the latter starts to respond revealing a clear
resonance precisely around the modes with ωk ≈ Ω.
As already pointed out, modes at such frequencies

<latexit sha1_base64="JboVhVcaJuoNR2ABIK/0rvZ8oyM=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5EZBosOxIBMpINJRBIg8psaLzZZOccj5bd2tEZOUXaKGiQ7T8DgX/gm1cQMJUo5ld7ez4kRQGHefTWlldW9/YLG2Vt3d29/YrB4dtE8aaQ4uHMtRdnxmQQkELBUroRhpY4Evo+NObzO88gDYiVPc4i8AL2FiJkeAMM+nCtS8HlapjOznoMnELUiUFmoPKV38Y8jgAhVwyY3quE6GXMI2CS5iX+7GBiPEpG0MvpYoFYLwkzzqnZ7FhGNIINBWS5iL83khYYMws8NPJgOHELHqZ+J/Xi3F07SVCRTGC4tkhFBLyQ4ZrkZYAdCg0ILIsOVChKGeaIYIWlHGeinHaSjntw138fpm0a7Zbt+t3tWrjtGimRI7JCTknLrkiDXJLmqRFOJmQJ/JMXqxH69V6s95/RlesYueI/IH18Q1iNZHT</latexit>

-1.5

<latexit sha1_base64="FWGS+BscNcMFjLmqkv9pUe7w6xA=">AAAB83icbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsYREHglsyOxwwQmzs5uZOyaE8AW2WqidsbHwgyz8F3cXCgVPdXLOvbnnniCWwqDrfjm5ldW19Y38ZmFre2d3r7h/0DSR1RwaPJKRbgfMgBQKGihQQjvWwMJAQisYXad+6x60EZG6xXEMfsiGSgwEZ5hIda9XLLllNwNdJt6clK4+nlO81HrF724/4jYEhVwyYzqeG6M/YRoFlzAtdK2BmPERG0InoYqFYPxJFnRKT61hGNEYNBWSZiL83piw0JhxGCSTIcM7s+il4n9ex+Lg0p8IFVsExdNDKCRkhwzXImkAaF9oQGRpcqBCUc40QwQtKOM8EW1SSSHpw1v8fpk0z8tepVypu6XqCZkhT47IMTkjHrkgVXJDaqRBOAHyQB7Jk2OdV+fNeZ+N5pz5ziH5A+fzB07MlaI=</latexit>

1

<latexit sha1_base64="f/QaWHmwQQ1pjieC0UNqw4Z/fBQ=">AAAB9HicbVC7TsNAEDyHVwivACXNiYBEFdkIBToi0VAGRB5SYkXnyyaccj5bd+tIkZU/oAUJRIcoaPgfCv4F20kBCVONZna1s+OFUhi07S8rt7S8srqWXy9sbG5t7xR39xomiDSHOg9koFseMyCFgjoKlNAKNTDfk9D0hlep3xyBNiJQdzgOwfXZQIm+4AwT6fbM7hZLdtnOQBeJMyOly4/nFC+1bvG70wt45INCLpkxbccO0Y2ZRsElTAqdyEDI+JANoJ1QxXwwbpwlndDjyDAMaAiaCkkzEX5vxMw3Zux7yaTP8N7Me6n4n9eOsH/hxkKFEYLi6SEUErJDhmuRVAC0JzQgsjQ5UKEoZ5ohghaUcZ6IUdJJIenDmf9+kTROy06lXLmxS9UjMkWeHJBDckIcck6q5JrUSJ1w0icP5JE8WSPr1Xqz3qejOWu2s0/+wPr8AcNsld8=</latexit>

40

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="pkN/nGkHur/c1LuF6XbYIOTAOU0=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5EZBCE9kpAmUkGsogyENKrGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U9rZXVtfWOzsFXc3tnd2y8dHLZNGGuBLRGqUHc9MKhkgC2SpLAbaQTfU9jxJlep33lAbWQY3NE0QteHcSBHUgAl0m0Fzgelsl21M/Bl4uSkzHI0B6Wv/jAUsY8BCQXG9Bw7IncGmqRQOC/2Y4MRiAmMsZfQAHw07iyLOudnsQEKeYSaS8UzEX9vzMA3Zup7yaQPdG8WvVT8z+vFNLp0ZzKIYsJApIdIKswOGaFl0gHyodRIBGly5DLgAjQQoZYchEjEOCmlmPThLH6/TNq1qlOv1m9q5cZp3kyBHbMTVmEOu2ANds2arMUEG7Mn9sxerEfr1Xqz3n9GV6x854j9gfXxDSV7kbo=</latexit>

(a)

<latexit sha1_base64="CvXxS7gWiGssoC1eocZ3HD/Cl7s=">AAAB/nicbVA9TwJBEN1DVMQv1NJmI5pY4Z0FWpLY2ImJfCQcIXPLgBv27ja7cyaEkPgrbLWyM7b+FQv/i8dBoeirXt6bybx5gVbSkut+OrmV/OraemGjuLm1vbNb2ttv2jgxAhsiVrFpB2BRyQgbJElhWxuEMFDYCkZXM7/1gMbKOLqjscZuCMNIDqQASiXfvwlxCJzOfC17pbJbcTPwv8RbkHItP8hQ75W+/H4skhAjEgqs7Xiupu4EDEmhcFr0E4saxAiG2ElpBCHa7iTLPOUniQWKuUbDpeKZiD83JhBaOw6DdDIEurfL3kz8z+skNLjsTmSkE8JIzA6RVJgdssLItAzkfWmQCGbJkcuICzBAhEZyECIVk7SdYtqHt/z9X9I8r3jVSvU2LeaYzVFgh+yInTKPXbAau2Z11mCCafbEntmL8+i8Om/O+3w05yx2DtgvOB/fvU2YRQ==</latexit>

⌦t/⇡
<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="8YefJHD//uM2fFHhMWMn3uleyMA=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5EZBCE9kpAmUkGsogyENKrOh82YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U9rZXVtfWOzsFXc3tnd2y8dHLZNGGuBLRGqUHc9blDJAFskSWE30sh9T2HHm1ylfucBtZFhcEfTCF2fjwM5koJTIt1WvPNBqWxX7QxsmTg5KUOO5qD01R+GIvYxIKG4MT3HjsidcU1SKJwX+7HBiIsJH2MvoQH30bizLOqcncWGU8gi1Ewqlon4e2PGfWOmvpdM+pzuzaKXiv95vZhGl+5MBlFMGIj0EEmF2SEjtEw6QDaUGol4mhyZDJjgmhOhlowLkYhxUkox6cNZ/H6ZtGtVp16t39TKjdO8mQIcwwlUwIELaMA1NKEFAsbwBM/wYj1ar9ab9f4zumLlO0fwB9bHNycLkbs=</latexit>

(b)

<latexit sha1_base64="nsBDhQ4faerTQH66IM1Z/Rtzk1Y=">AAAB83icbVC7TsNAEDyHVwivACXNiYBEFdkpAmUkGspEIg8psaLzZRNOOZ+tuz2kyMoX0EJFh2j5IAr+Bdu4gISpRjO72tkJYikMuu6nU9rY3NreKe9W9vYPDo+qxyc9E1nNocsjGelBwAxIoaCLAiUMYg0sDCT0g/lt5vcfQRsRqXtcxOCHbKbEVHCGqdRxx9WaW3dz0HXiFaRGCrTH1a/RJOI2BIVcMmOGnhujnzCNgktYVkbWQMz4nM1gmFLFQjB+kgdd0ktrGEY0Bk2FpLkIvzcSFhqzCIN0MmT4YFa9TPzPG1qc3viJULFFUDw7hEJCfshwLdIGgE6EBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzV79dJr1H3mvVmp1FrXRTNlMkZOSdXxCPXpEXuSJt0CSdAnsgzeXGs8+q8Oe8/oyWn2Dklf+B8fAMQPZEk</latexit>

0

<latexit sha1_base64="SGwNe/ezwzSNmwAhi+39HvRrmJQ=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRXaKQBmJhjJIJERKrGh92YRTzmfrbo0UWfkCWqjoaPkiCv4Fx7iAhKlGM7va2QkTJS153qdT2djc2t6p7rp7+weHRzX3uGfj1AjsiljFph+CRSU1dkmSwn5iEKJQ4UM4u1n6D09orIz1Pc0TDCKYajmRAiiX7pqjWt1reAX4OvFLUmclOqPa13AcizRCTUKBtQPfSyjIwJAUChfuMLWYgJjBFAc51RChDbIi6IJfpBYo5gkaLhUvRPy9kUFk7TwK88kI6NGuekvxP2+Q0uQ6yKROUkItlodIKiwOWWFk3gDysTRIBMvkyKXmAgwQoZEchMjFNK/EzfvwV79fJ71mw281WvX2edlLlZ2yM3bJfHbF2uyWdViXCYbsmb2wVyd13pz3n8GKU26csD9wPr4BlnGP8w==</latexit>

2

<latexit sha1_base64="iZJFX2SyxU9zMN26BlKgIRjAVPw=">AAAB+nicbVC7TgJBFJ3FF+ILtbCwmYgmVmTXAu0kobHERB4JEHJ3uOCE2Udm7pqQlZ+w1crO2Jr4E5Y2Fn6Af2Dp8igUPNXJOffmnnvcUElDtv1hpRYWl5ZX0quZtfWNza3s9k7VBJEWWBGBCnTdBYNK+lghSQrroUbwXIU1t18a+bUb1EYG/hUNQmx50PNlVwqgRKo3Aw970O63szk7b4/B54kzJbnz77fX973SV7md/Wx2AhF56JNQYEzDsUNqxaBJCoXDTDMyGILoQw8bCfXBQ9OKx3mH/CgyQAEPUXOp+FjE3xsxeMYMPDeZ9ICuzaw3Ev/zGhF1z1qx9MOI0BejQyQVjg8ZoWVSBPKO1EgEo+TIpc8FaCBCLTkIkYhR0kwm6cOZ/X6eVE/yTiFfuLRzxUM2QZrtswN2zBx2yorsgpVZhQmm2B27Zw/WrfVoPVnPk9GUNd3ZZX9gvfwAekyZOA==</latexit>!k

<latexit sha1_base64="nsBDhQ4faerTQH66IM1Z/Rtzk1Y=">AAAB83icbVC7TsNAEDyHVwivACXNiYBEFdkpAmUkGspEIg8psaLzZRNOOZ+tuz2kyMoX0EJFh2j5IAr+Bdu4gISpRjO72tkJYikMuu6nU9rY3NreKe9W9vYPDo+qxyc9E1nNocsjGelBwAxIoaCLAiUMYg0sDCT0g/lt5vcfQRsRqXtcxOCHbKbEVHCGqdRxx9WaW3dz0HXiFaRGCrTH1a/RJOI2BIVcMmOGnhujnzCNgktYVkbWQMz4nM1gmFLFQjB+kgdd0ktrGEY0Bk2FpLkIvzcSFhqzCIN0MmT4YFa9TPzPG1qc3viJULFFUDw7hEJCfshwLdIGgE6EBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzV79dJr1H3mvVmp1FrXRTNlMkZOSdXxCPXpEXuSJt0CSdAnsgzeXGs8+q8Oe8/oyWn2Dklf+B8fAMQPZEk</latexit>

0

<latexit sha1_base64="SGwNe/ezwzSNmwAhi+39HvRrmJQ=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRXaKQBmJhjJIJERKrGh92YRTzmfrbo0UWfkCWqjoaPkiCv4Fx7iAhKlGM7va2QkTJS153qdT2djc2t6p7rp7+weHRzX3uGfj1AjsiljFph+CRSU1dkmSwn5iEKJQ4UM4u1n6D09orIz1Pc0TDCKYajmRAiiX7pqjWt1reAX4OvFLUmclOqPa13AcizRCTUKBtQPfSyjIwJAUChfuMLWYgJjBFAc51RChDbIi6IJfpBYo5gkaLhUvRPy9kUFk7TwK88kI6NGuekvxP2+Q0uQ6yKROUkItlodIKiwOWWFk3gDysTRIBMvkyKXmAgwQoZEchMjFNK/EzfvwV79fJ71mw281WvX2edlLlZ2yM3bJfHbF2uyWdViXCYbsmb2wVyd13pz3n8GKU26csD9wPr4BlnGP8w==</latexit>

2

<latexit sha1_base64="iZJFX2SyxU9zMN26BlKgIRjAVPw=">AAAB+nicbVC7TgJBFJ3FF+ILtbCwmYgmVmTXAu0kobHERB4JEHJ3uOCE2Udm7pqQlZ+w1crO2Jr4E5Y2Fn6Af2Dp8igUPNXJOffmnnvcUElDtv1hpRYWl5ZX0quZtfWNza3s9k7VBJEWWBGBCnTdBYNK+lghSQrroUbwXIU1t18a+bUb1EYG/hUNQmx50PNlVwqgRKo3Aw970O63szk7b4/B54kzJbnz77fX973SV7md/Wx2AhF56JNQYEzDsUNqxaBJCoXDTDMyGILoQw8bCfXBQ9OKx3mH/CgyQAEPUXOp+FjE3xsxeMYMPDeZ9ICuzaw3Ev/zGhF1z1qx9MOI0BejQyQVjg8ZoWVSBPKO1EgEo+TIpc8FaCBCLTkIkYhR0kwm6cOZ/X6eVE/yTiFfuLRzxUM2QZrtswN2zBx2yorsgpVZhQmm2B27Zw/WrfVoPVnPk9GUNd3ZZX9gvfwAekyZOA==</latexit>!k

<latexit sha1_base64="cljEkL9/AO5VhU6it3v2csvS25E=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5EZCoIjtCgY5INJQBkYeUWNH5sgmnnM/W3TpSZOUPaEEC0SEKGv6Hgn/BdlJAwlSjmV3t7HihFAZt+8taWl5ZXVvPbeQ3t7Z3dgt7+w0TRJpDnQcy0C2PGZBCQR0FSmiFGpjvSWh6w6vUb45AGxGoOxyH4PpsoERfcIaJdFs+6xaKdsnOQBeJMyPFy4/nFC+1buG70wt45INCLpkxbccO0Y2ZRsElTPKdyEDI+JANoJ1QxXwwbpwlndCTyDAMaAiaCkkzEX5vxMw3Zux7yaTP8N7Me6n4n9eOsH/hxkKFEYLi6SEUErJDhmuRVAC0JzQgsjQ5UKEoZ5ohghaUcZ6IUdJJPunDmf9+kTTKJadSqtzYxeoxmSJHDskROSUOOSdVck1qpE446ZMH8kierJH1ar1Z79PRJWu2c0D+wPr8AcaIleE=</latexit>

24

<latexit sha1_base64="JBfVMLq5BCox5ar+AiA7ST/Kuxs="></latexit> �
E

C
(t
,!

k
)

<latexit sha1_base64="rYOo0fi2KXkqMB0rbdVI5Pg8kb4="></latexit> �
E

R
(t
,!

k
)

FIG. 4: Spectral decomposition of the reservoir
and coupling energies in the SUD regime. Den-
sity plots of (a) ∆ER(t, ωk) and (b) ∆EC(t, ωk), both
in units ∆, as a function of Ωt/π and ωk (units Ω).
The dashed line represents the time window consid-
ered in previous Figures. Here ωD = 2ω0, γ0 = 300ω0

(Ω ≈ 24.5ω0) and T = 0.1ω0.

have a very small weight in J(ω) but still succeed to
open a narrow ”energy pathway” into the reservoir –
albeit a slow one. In this time window the reservoir
absorbs energy mainly at these frequencies, with all the
other modes, including those at ωk ≲ ωD, contributing
sensibly less. Ultimately, the fact that energy flows
considerably into the reservoir only for times t > π

Ω ,
and essentially only via this narrow channel, strongly
slows down damping which in turns boosts the charging
performances, promoting the back–and–forth exchange
of energy between the charger and the QB at short times.

We will now study the stability of the above results
with respect to variations of Ω and T , showing that very
good performances are achieved even if we choose less
extreme parameters.
We begin by varying Ω, which we achieve by tuning γ0

at fixed ωD. Figure 5 shows the results for ωD = 2ω0 and
low temperature T = 0.1ω0. As can be seen, the qualita-
tive behaviour is essentially unchanged within this wide
range of Ω, and the best charging performances always
occur at shortest times. As shown in panels (a) and (c),
the energy accumulated in the QB and ηB(t) increase for
increasing Ω. This implies that at strong(er) coupling
more useful energy (ηB → 1) is stored in the QB. The
almost out–of–phase behaviour of ∆EB(t) and ∆EC(t)
is also confirmed – see Panel (b). Also the efficiency
ηW(t), shown in Panel (d), increases around the maxima



8

<latexit sha1_base64="CvXxS7gWiGssoC1eocZ3HD/Cl7s=">AAAB/nicbVA9TwJBEN1DVMQv1NJmI5pY4Z0FWpLY2ImJfCQcIXPLgBv27ja7cyaEkPgrbLWyM7b+FQv/i8dBoeirXt6bybx5gVbSkut+OrmV/OraemGjuLm1vbNb2ttv2jgxAhsiVrFpB2BRyQgbJElhWxuEMFDYCkZXM7/1gMbKOLqjscZuCMNIDqQASiXfvwlxCJzOfC17pbJbcTPwv8RbkHItP8hQ75W+/H4skhAjEgqs7Xiupu4EDEmhcFr0E4saxAiG2ElpBCHa7iTLPOUniQWKuUbDpeKZiD83JhBaOw6DdDIEurfL3kz8z+skNLjsTmSkE8JIzA6RVJgdssLItAzkfWmQCGbJkcuICzBAhEZyECIVk7SdYtqHt/z9X9I8r3jVSvU2LeaYzVFgh+yInTKPXbAau2Z11mCCafbEntmL8+i8Om/O+3w05yx2DtgvOB/fvU2YRQ==</latexit>

⌦t/⇡
<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0
<latexit sha1_base64="RIdI/SmKQhzGbV7QfPD/P+s7xDw=">AAAB83icbVC7TgJBFJ31ifhCLW0mookV2TUG7SSxsYREHgkQMjtccMLs7GbmjgnZ8AW2WqidsbHwgyz8F3cXCgVPdXLOvbnnHj+SwqDrfjlLyyura+u5jfzm1vbObmFvv2FCqznUeShD3fKZASkU1FGghFakgQW+hKY/uk795j1oI0J1i+MIugEbKjEQnGEi1c57haJbcjPQReLNSPHq4znFS7VX+O70Q24DUMglM6btuRF2Y6ZRcAmTfMcaiBgfsSG0E6pYAKYbZ0En9MQahiGNQFMhaSbC742YBcaMAz+ZDBjemXkvFf/z2hYHl91YqMgiKJ4eQiEhO2S4FkkDQPtCAyJLkwMVinKmGSJoQRnniWiTSvJJH97894ukcVbyyqVyzS1WjskUOXJIjsgp8cgFqZAbUiV1wgmQB/JInhzrvDpvzvt0dMmZ7RyQP3A+fwBTeZWl</latexit>

4

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="T0e8aKyBkkh0qijuhESw9ETkF8w=">AAAB9HicbVC7TgJBFJ31ifhCLW0mookV2bVAO0lsLNHII4ENuTtccMLsIzN3SQjhD2w10dgZCxv/x8J/cXehUPBUJ+fcm3vu8SIlDdn2l7W0vLK6tp7byG9ube/sFvb26yaMtcCaCFWomx4YVDLAGklS2Iw0gu8pbHiDq9RvDFEbGQZ3NIrQ9aEfyJ4UQIl0y51OoWiX7Ax8kTgzUrz8eE7xUu0UvtvdUMQ+BiQUGNNy7IjcMWiSQuEk344NRiAG0MdWQgPw0bjjLOmEn8QGKOQRai4Vz0T8vTEG35iR7yWTPtC9mfdS8T+vFVPvwh3LIIoJA5EeIqkwO2SElkkFyLtSIxGkyZHLgAvQQIRachAiEeOkk3zShzP//SKpn5Wccql8Yxcrx2yKHDtkR+yUOeycVdg1q7IaE6zHHtgje7KG1qv1Zr1PR5es2c4B+wPr8welu5XM</latexit>

1

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="T0e8aKyBkkh0qijuhESw9ETkF8w=">AAAB9HicbVC7TgJBFJ31ifhCLW0mookV2bVAO0lsLNHII4ENuTtccMLsIzN3SQjhD2w10dgZCxv/x8J/cXehUPBUJ+fcm3vu8SIlDdn2l7W0vLK6tp7byG9ube/sFvb26yaMtcCaCFWomx4YVDLAGklS2Iw0gu8pbHiDq9RvDFEbGQZ3NIrQ9aEfyJ4UQIl0y51OoWiX7Ax8kTgzUrz8eE7xUu0UvtvdUMQ+BiQUGNNy7IjcMWiSQuEk344NRiAG0MdWQgPw0bjjLOmEn8QGKOQRai4Vz0T8vTEG35iR7yWTPtC9mfdS8T+vFVPvwh3LIIoJA5EeIqkwO2SElkkFyLtSIxGkyZHLgAvQQIRachAiEeOkk3zShzP//SKpn5Wccql8Yxcrx2yKHDtkR+yUOeycVdg1q7IaE6zHHtgje7KG1qv1Zr1PR5es2c4B+wPr8welu5XM</latexit>

1

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="+I3rMabA86kac0DCT2P8cQ60G0k=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5EZBCE9kpAmUkGsogkYeUWNH6sklOOT90t0ZEUX6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+ttfWNza3twk5xd2//4LB0dNw2YawFtkSoQt31wKCSAbZIksJupBF8T2HHm96kfucBtZFhcE+zCF0fxoEcSQGUSrwCl4NS2a7aGfgqcXJSZjmag9JXfxiK2MeAhAJjeo4dkTsHTVIoXBT7scEIxBTG2EtoAD4ad55lXfCL2ACFPELNpeKZiL835uAbM/O9ZNIHmphlLxX/83oxja7duQyimDAQ6SGSCrNDRmiZlIB8KDUSQZocuQy4AA1EqCUHIRIxTlopJn04y9+vknat6tSr9btauXGeN1Ngp+yMVZjDrliD3bImazHBJuyJPbMX69F6td6s95/RNSvfOWF/YH18A3yukeQ=</latexit>

(a)

<latexit sha1_base64="PZTftOfg5kIZrXKzyAt/C925Quc=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5EZBCE9kpAmUkGsogkYeUWNH6sklOOT90t0ZEUX6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+ttfWNza3twk5xd2//4LB0dNw2YawFtkSoQt31wKCSAbZIksJupBF8T2HHm96kfucBtZFhcE+zCF0fxoEcSQGUSrziXQ5KZbtqZ+CrxMlJmeVoDkpf/WEoYh8DEgqM6Tl2RO4cNEmhcFHsxwYjEFMYYy+hAfho3HmWdcEvYgMU8gg1l4pnIv7emINvzMz3kkkfaGKWvVT8z+vFNLp25zKIYsJApIdIKswOGaFlUgLyodRIBGly5DLgAjQQoZYchEjEOGmlmPThLH+/Stq1qlOv1u9q5cZ53kyBnbIzVmEOu2INdsuarMUEm7An9sxerEfr1Xqz3n9G16x854T9gfXxDX4+keU=</latexit>

(b)

<latexit sha1_base64="qkrbKVZvuBm3NMyZ+VqKgOXu3Bc=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5EZBCE9kpAmUkGsogkYeUWNH6sklOOT90t0ZEUX6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+ttfWNza3twk5xd2//4LB0dNw2YawFtkSoQt31wKCSAbZIksJupBF8T2HHm96kfucBtZFhcE+zCF0fxoEcSQGUSrwiLgelsl21M/BV4uSkzHI0B6Wv/jAUsY8BCQXG9Bw7IncOmqRQuCj2Y4MRiCmMsZfQAHw07jzLuuAXsQEKeYSaS8UzEX9vzME3ZuZ7yaQPNDHLXir+5/ViGl27cxlEMWEg0kMkFWaHjNAyKQH5UGokgjQ5chlwARqIUEsOQiRinLRSTPpwlr9fJe1a1alX63e1cuM8b6bATtkZqzCHXbEGu2VN1mKCTdgTe2Yv1qP1ar1Z7z+ja1a+c8L+wPr4Bn/OkeY=</latexit>

(c)

<latexit sha1_base64="WE7bQI33STL0oi61315IH1zn5j4=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5EZBCE9kpAmUkGsogyENKrGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U9rZXVtfWOzsFXc3tnd2y8dHLZNGGuBLRGqUHc9MKhkgC2SpLAbaQTfU9jxJlep33lAbWQY3NE0QteHcSBHUgAl0m1leD4ole2qnYEvEycnZZajOSh99YehiH0MSCgwpufYEbkz0CSFwnmxHxuMQExgjL2EBuCjcWdZ1Dk/iw1QyCPUXCqeifh7Ywa+MVPfSyZ9oHuz6KXif14vptGlO5NBFBMGIj1EUmF2yAgtkw6QD6VGIkiTI5cBF6CBCLXkIEQixkkpxaQPZ/H7ZdKuVZ16tX5TKzdO82YK7JidsApz2AVrsGvWZC0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPbyorkb0=</latexit>

(d)

<latexit sha1_base64="2B8UbVzr041om8wCq7kjBwG5yC8=">AAAB+HicbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsRMTeSRAyN3hgiOzj8zcNUHCP9hCZWdo/RsL/8XdhULBU52cc2/uuccNlTRk219WZm19Y3Mru53b2d3bP8gfHtVMEGmBVRGoQDdcMKikj1WSpLARagTPVVh3B7eJX39BbWTgP9IwxLYHfV/2pACKpVrr3sM+dPIFu2in4KvEWZDCzWySYFrp5L9b3UBEHvokFBjTdOyQ2iPQJIXCca4VGQxBDKCPzZj64KFpj9K0Y34eGaCAh6i5VDwV8ffGCDxjhp4bT3pAT2bZS8T/vGZEvev2SPphROiL5BBJhekhI7SMa0DelRqJIEmOXPpcgAYi1JKDELEYxb3k4j6c5e9XSe2y6JSKpQe7UD5jc2TZCTtlF8xhV6zM7liFVZlgz+yNTdjUerXerQ9rNh/NWIudY/YH1ucPSnOX6A==</latexit>

⌦

<latexit sha1_base64="2B8UbVzr041om8wCq7kjBwG5yC8=">AAAB+HicbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsRMTeSRAyN3hgiOzj8zcNUHCP9hCZWdo/RsL/8XdhULBU52cc2/uuccNlTRk219WZm19Y3Mru53b2d3bP8gfHtVMEGmBVRGoQDdcMKikj1WSpLARagTPVVh3B7eJX39BbWTgP9IwxLYHfV/2pACKpVrr3sM+dPIFu2in4KvEWZDCzWySYFrp5L9b3UBEHvokFBjTdOyQ2iPQJIXCca4VGQxBDKCPzZj64KFpj9K0Y34eGaCAh6i5VDwV8ffGCDxjhp4bT3pAT2bZS8T/vGZEvev2SPphROiL5BBJhekhI7SMa0DelRqJIEmOXPpcgAYi1JKDELEYxb3k4j6c5e9XSe2y6JSKpQe7UD5jc2TZCTtlF8xhV6zM7liFVZlgz+yNTdjUerXerQ9rNh/NWIudY/YH1ucPSnOX6A==</latexit>

⌦

<latexit sha1_base64="2B8UbVzr041om8wCq7kjBwG5yC8=">AAAB+HicbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsRMTeSRAyN3hgiOzj8zcNUHCP9hCZWdo/RsL/8XdhULBU52cc2/uuccNlTRk219WZm19Y3Mru53b2d3bP8gfHtVMEGmBVRGoQDdcMKikj1WSpLARagTPVVh3B7eJX39BbWTgP9IwxLYHfV/2pACKpVrr3sM+dPIFu2in4KvEWZDCzWySYFrp5L9b3UBEHvokFBjTdOyQ2iPQJIXCca4VGQxBDKCPzZj64KFpj9K0Y34eGaCAh6i5VDwV8ffGCDxjhp4bT3pAT2bZS8T/vGZEvev2SPphROiL5BBJhekhI7SMa0DelRqJIEmOXPpcgAYi1JKDELEYxb3k4j6c5e9XSe2y6JSKpQe7UD5jc2TZCTtlF8xhV6zM7liFVZlgz+yNTdjUerXerQ9rNh/NWIudY/YH1ucPSnOX6A==</latexit>

⌦

<latexit sha1_base64="2B8UbVzr041om8wCq7kjBwG5yC8=">AAAB+HicbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsRMTeSRAyN3hgiOzj8zcNUHCP9hCZWdo/RsL/8XdhULBU52cc2/uuccNlTRk219WZm19Y3Mru53b2d3bP8gfHtVMEGmBVRGoQDdcMKikj1WSpLARagTPVVh3B7eJX39BbWTgP9IwxLYHfV/2pACKpVrr3sM+dPIFu2in4KvEWZDCzWySYFrp5L9b3UBEHvokFBjTdOyQ2iPQJIXCca4VGQxBDKCPzZj64KFpj9K0Y34eGaCAh6i5VDwV8ffGCDxjhp4bT3pAT2bZS8T/vGZEvev2SPphROiL5BBJhekhI7SMa0DelRqJIEmOXPpcgAYi1JKDELEYxb3k4j6c5e9XSe2y6JSKpQe7UD5jc2TZCTtlF8xhV6zM7liFVZlgz+yNTdjUerXerQ9rNh/NWIudY/YH1ucPSnOX6A==</latexit>

⌦

<latexit sha1_base64="2B8UbVzr041om8wCq7kjBwG5yC8=">AAAB+HicbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsRMTeSRAyN3hgiOzj8zcNUHCP9hCZWdo/RsL/8XdhULBU52cc2/uuccNlTRk219WZm19Y3Mru53b2d3bP8gfHtVMEGmBVRGoQDdcMKikj1WSpLARagTPVVh3B7eJX39BbWTgP9IwxLYHfV/2pACKpVrr3sM+dPIFu2in4KvEWZDCzWySYFrp5L9b3UBEHvokFBjTdOyQ2iPQJIXCca4VGQxBDKCPzZj64KFpj9K0Y34eGaCAh6i5VDwV8ffGCDxjhp4bT3pAT2bZS8T/vGZEvev2SPphROiL5BBJhekhI7SMa0DelRqJIEmOXPpcgAYi1JKDELEYxb3k4j6c5e9XSe2y6JSKpQe7UD5jc2TZCTtlF8xhV6zM7liFVZlgz+yNTdjUerXerQ9rNh/NWIudY/YH1ucPSnOX6A==</latexit>

⌦

<latexit sha1_base64="9OSGn6wPs5YSMdLqvqdEOS2o8I8=">AAAB9nicbVC7TgJBFJ3FF+ILtbSZiCY2kl2jYGMk0RhLTOSRACGzwwUmzD4yc9dINvyCrVZ2xtb4Nxb+gR9g6e5CoeCpTs65N/fcY/tSaDTNDyM1N7+wuJRezqysrq1vZDe3qtoLFIcK96Sn6jbTIIULFRQooe4rYI4toWYPLmK/dgdKC8+9xaEPLYf1XNEVnGEsHR4XT9rZnJk3E9BZYk1I7vzr8uzqffBdbmc/mx2PBw64yCXTumGZPrZCplBwCaNMM9DgMz5gPWhE1GUO6FaYZB3R/UAz9KgPigpJExF+b4TM0Xro2NGkw7Cvp71Y/M9rBNg9bYXC9QMEl8eHUEhIDmmuRFQC0I5QgMji5ECFSzlTDBGUoIzzSAyiVjJRH9b097OkepS3CvnCjZkr7ZEx0mSH7JIDYpEiKZFrUiYVwkmfPJBH8mTcG8/Gi/E6Hk0Zk51t8gfG2w8KfJXk</latexit>

�475

<latexit sha1_base64="PFjSc+IFVV48eghaDtmwTm83qac=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIpp4IrtE0ZskXjxilEcCGzI7NDhhdnYz06shhE/wqtHEmzHx5Pd48F/cXTgoWKdKVXe6urxQCoO2/WVlFhaXlleyq7m19Y3Nrfz2Tt0EkeZQ44EMdNNjBqRQUEOBEpqhBuZ7Ehre4CLxG3egjQjUDQ5DcH3WV6InOMNYuj4unXTyBbtop6DzxJmSwvnHc4KXaif/3e4GPPJBIZfMmJZjh+iOmEbBJYxz7chAyPiA9aEVU8V8MO4ojTqmh5FhGNAQNBWSpiL83hgx35ih78WTPsNbM+sl4n9eK8LemTsSKowQFE8OoZCQHjJci7gDoF2hAZElyYEKRTnTDBG0oIzzWIziUnJxH87s9/OkXio65WL5yi5UDsgEWbJH9skRccgpqZBLUiU1wkmfPJBH8mTdW6/Wm/U+Gc1Y051d8gfW5w8+i5Yg</latexit>

425

<latexit sha1_base64="m+uQlkJu/TOwIC/H2qRJWivRWqI=">AAACDHicbVC7TsNAEDyHd3gFaJBoTjyk0EQ2RaCMFJAoQSIBKbGs9WUDp5wfulsjRVb4BL6CFio6RMs/UPAv2E4KIEw1mtnVzo4fK2nItj+t0szs3PzC4lJ5eWV1bb2ysdk2UaIFtkSkIn3jg0ElQ2yRJIU3sUYIfIXX/qCZ+9f3qI2MwisaxugGcBvKvhRAmeRVtrunqAj4mZd2A6A7HaTN0ahKh15lz67ZBfg0cSZkrzHbL3DhVb66vUgkAYYkFBjTceyY3BQ0SaFwVO4mBmMQA7jFTkZDCNC4afHBiB8kBijiMWouFS9E/LmRQmDMMPCzyTyl+evl4n9eJ6H+iZvKME4IQ5EfIqmwOGSEllk1yHtSIxHkyZHLkAvQQIRachAiE5Osq3LWh/P3+2nSPqo59Vr9Mitmn42xyHbYLqsyhx2zBjtnF6zFBHtgT+yZvViP1qv1Zr2PR0vWZGeL/YL18Q2Ig52Y</latexit> �
E

C
(t
)

<latexit sha1_base64="AKNwzfAG5FXOs546my7jO/Ie/U8=">AAACDHicbVC7TsNAEDyHACG8AjRINCceEjSRTREoEQ+JMkgkIMVWtD424ZTzQ3drJGSFT+AraKGiQ7T8AwX/gu2kAMJUo5ld7ez4sZKGbPvTKk2Vp2dmK3PV+YXFpeXaymrbRIkW2BKRivS1DwaVDLFFkhRexxoh8BVe+YOT3L+6Q21kFF7SfYxeAP1Q9qQAyqRubd09RUXAz7qpGwDd6iA9Hg53aa9b27LrdgE+SZwx2Toq9wo0u7Uv9yYSSYAhCQXGdBw7Ji8FTVIoHFbdxGAMYgB97GQ0hACNlxYfDPlOYoAiHqPmUvFCxJ8bKQTG3Ad+NpmnNH+9XPzP6yTUO/RSGcYJYSjyQyQVFoeM0DKrBvmN1EgEeXLkMuQCNBChlhyEyMQk66qa9eH8/X6StPfrTqPeuMiK2WYjVNgG22S7zGEH7IidsyZrMcEe2BN7Zi/Wo/VqvVnvo9GSNd5ZY79gfXwDhu+dlw==</latexit> �
E

B
(t
)

<latexit sha1_base64="sVjkcEmfm7A0Erj+HupdvT/YTDs=">AAACCHicbVC7TsNAEDzzJrzCo6M5EZBCE9kUgRJBQwkSSZASy1pfNuGU80N3aySw8gN8BS1UdIiWv6DgXzgbCghMNZrZ1c5OmCppyHXfnanpmdm5+YXFytLyyupadX2jbZJMC2yJRCX6KgSDSsbYIkkKr1KNEIUKO+HotPA7N6iNTOJLuk3Rj2AYy4EUQFYKqls9JAjyXgR0raP8ZDyu035QrbkNtwT/S7xvUjueGZQ4D6ofvX4isghjEgqM6XpuSn4OmqRQOK70MoMpiBEMsWtpDBEaPy/Tj/leZoASnqLmUvFSxJ8bOUTG3EahnSxSmkmvEP/zuhkNjvxcxmlGGIviEEmF5SEjtLS1IO9LjURQJEcuYy5AAxFqyUEIK2a2p4rtw5v8/i9pHzS8ZqN5YYvZZV9YYNtsh9WZxw7ZMTtj56zFBLtjD+yRPTn3zrPz4rx+jU453zub7Bect08pOZxa</latexit>

⌘ B
(t
)

<latexit sha1_base64="mnBxOjQhgjDPeaq8bKvtGiF9xc4=">AAACCHicbVC7TgJBFJ1VVMQXPjqbiWiCDdm1QEsSG0tM5JEAIXeHC06YfWTmrglu+AG/wlYrO2PrX1j4L+4uFAqe6uSce3PPPW6opCHb/rJWVnNr6xv5zcLW9s7uXnH/oGmCSAtsiEAFuu2CQSV9bJAkhe1QI3iuwpY7vk791gNqIwP/jiYh9jwY+XIoBVAi9YtHXSTox10P6F57cWs6LdN5v1iyK3YGvkycOSnVcsMM9X7xuzsIROShT0KBMR3HDqkXgyYpFE4L3chgCGIMI+wk1AcPTS/O0k/5WWSAAh6i5lLxTMTfGzF4xkw8N5lMU5pFLxX/8zoRDa96sfTDiNAX6SGSCrNDRmiZ1IJ8IDUSQZocufS5AA1EqCUHIRIxSnoqJH04i98vk+ZFxalWqrdJMadshjw7ZieszBx2yWrshtVZgwn2yJ7ZC3u1nqw36936mI2uWPOdQ/YH1ucPSl2cbw==</latexit>

⌘ W
(t
)

FIG. 5: Effects of Ω. Plot of (a) ∆EB(t) (units ω0),
(b) ∆EC(t) (units ω0), (c) ηB(t), and (d) ηW(t) as a
function of Ωt/π for ωD = 2ω0 and different values of
γ0: from black to color γ0 = 25ω0 (Ω ≈ 7.1ω0), 50ω0

(Ω = 10ω0), 100ω0 (Ω ≈ 14.1ω0), 300ω0 (Ω ≈ 24.5ω0),
600ω0 (Ω ≈ 34.6ω0) and 900ω0 (Ω ≈ 42.4ω0). The
dashed arrow marks the increasing direction of Ω. In all
panels T = 0.1ω0.

for increasing coupling. It is even more important to ob-
serve, though, that even for the smallest value Ω ∼ 7ω0

considered here, very good performances around the first
maximum are achieved with a very good maximum for
ηW(t) of about 0.6.

Concerning the effects of temperature, we show in
Fig. 6 the results for the same parameters of Fig. 3
(SUD regime), for temperatures ranging from very low
to high ones. As can be seen, the behaviour of all the
quantities of interest is essentially independent of the
temperature and only when T > Ω deviations are found.
In particular, notice that even though at the largest
temperatures considered here ηB(t) slightly decreases,
its value around the maxima still is ≳ 0.8, which means
that a high ergotropy can be retrieved from the QB
even in this regime. Also, when T > Ω the oscillations

<latexit sha1_base64="CvXxS7gWiGssoC1eocZ3HD/Cl7s=">AAAB/nicbVA9TwJBEN1DVMQv1NJmI5pY4Z0FWpLY2ImJfCQcIXPLgBv27ja7cyaEkPgrbLWyM7b+FQv/i8dBoeirXt6bybx5gVbSkut+OrmV/OraemGjuLm1vbNb2ttv2jgxAhsiVrFpB2BRyQgbJElhWxuEMFDYCkZXM7/1gMbKOLqjscZuCMNIDqQASiXfvwlxCJzOfC17pbJbcTPwv8RbkHItP8hQ75W+/H4skhAjEgqs7Xiupu4EDEmhcFr0E4saxAiG2ElpBCHa7iTLPOUniQWKuUbDpeKZiD83JhBaOw6DdDIEurfL3kz8z+skNLjsTmSkE8JIzA6RVJgdssLItAzkfWmQCGbJkcuICzBAhEZyECIVk7SdYtqHt/z9X9I8r3jVSvU2LeaYzVFgh+yInTKPXbAau2Z11mCCafbEntmL8+i8Om/O+3w05yx2DtgvOB/fvU2YRQ==</latexit>

⌦t/⇡
<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0
<latexit sha1_base64="RIdI/SmKQhzGbV7QfPD/P+s7xDw=">AAAB83icbVC7TgJBFJ31ifhCLW0mookV2TUG7SSxsYREHgkQMjtccMLs7GbmjgnZ8AW2WqidsbHwgyz8F3cXCgVPdXLOvbnnHj+SwqDrfjlLyyura+u5jfzm1vbObmFvv2FCqznUeShD3fKZASkU1FGghFakgQW+hKY/uk795j1oI0J1i+MIugEbKjEQnGEi1c57haJbcjPQReLNSPHq4znFS7VX+O70Q24DUMglM6btuRF2Y6ZRcAmTfMcaiBgfsSG0E6pYAKYbZ0En9MQahiGNQFMhaSbC742YBcaMAz+ZDBjemXkvFf/z2hYHl91YqMgiKJ4eQiEhO2S4FkkDQPtCAyJLkwMVinKmGSJoQRnniWiTSvJJH97894ukcVbyyqVyzS1WjskUOXJIjsgp8cgFqZAbUiV1wgmQB/JInhzrvDpvzvt0dMmZ7RyQP3A+fwBTeZWl</latexit>

4

<latexit sha1_base64="T0e8aKyBkkh0qijuhESw9ETkF8w=">AAAB9HicbVC7TgJBFJ31ifhCLW0mookV2bVAO0lsLNHII4ENuTtccMLsIzN3SQjhD2w10dgZCxv/x8J/cXehUPBUJ+fcm3vu8SIlDdn2l7W0vLK6tp7byG9ube/sFvb26yaMtcCaCFWomx4YVDLAGklS2Iw0gu8pbHiDq9RvDFEbGQZ3NIrQ9aEfyJ4UQIl0y51OoWiX7Ax8kTgzUrz8eE7xUu0UvtvdUMQ+BiQUGNNy7IjcMWiSQuEk344NRiAG0MdWQgPw0bjjLOmEn8QGKOQRai4Vz0T8vTEG35iR7yWTPtC9mfdS8T+vFVPvwh3LIIoJA5EeIqkwO2SElkkFyLtSIxGkyZHLgAvQQIRachAiEeOkk3zShzP//SKpn5Wccql8Yxcrx2yKHDtkR+yUOeycVdg1q7IaE6zHHtgje7KG1qv1Zr1PR5es2c4B+wPr8welu5XM</latexit>

1

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="m/QVc0chR/9jhzyrNIdn3Q0PGPM=">AAAB83icbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsYSEVwIbMjtccMLs7GbmjgkhfIGtFmpnbCz8IAv/xd2FQtFTnZxzb+65J4ilMOi6n05uZXVtfSO/Wdja3tndK+4ftExkNYcmj2SkOwEzIIWCJgqU0Ik1sDCQ0A7G16nfvgNtRKQaOInBD9lIiaHgDBOp3ugXS27ZzUD/Em9BSlfvTymea/3iV28QcRuCQi6ZMV3PjdGfMo2CS5gVetZAzPiYjaCbUMVCMP40Czqjp9YwjGgMmgpJMxF+bkxZaMwkDJLJkOGtWfZS8T+va3F46U+Fii2C4ukhFBKyQ4ZrkTQAdCA0ILI0OVChKGeaIYIWlHGeiDappJD04S1//5e0zstepVypu6XqCZkjT47IMTkjHrkgVXJDaqRJOAFyTx7Io2OdF+fVeZuP5pzFziH5BefjG4VZlcU=</latexit>

T

<latexit sha1_base64="m/QVc0chR/9jhzyrNIdn3Q0PGPM=">AAAB83icbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsYSEVwIbMjtccMLs7GbmjgkhfIGtFmpnbCz8IAv/xd2FQtFTnZxzb+65J4ilMOi6n05uZXVtfSO/Wdja3tndK+4ftExkNYcmj2SkOwEzIIWCJgqU0Ik1sDCQ0A7G16nfvgNtRKQaOInBD9lIiaHgDBOp3ugXS27ZzUD/Em9BSlfvTymea/3iV28QcRuCQi6ZMV3PjdGfMo2CS5gVetZAzPiYjaCbUMVCMP40Czqjp9YwjGgMmgpJMxF+bkxZaMwkDJLJkOGtWfZS8T+va3F46U+Fii2C4ukhFBKyQ4ZrkTQAdCA0ILI0OVChKGeaIYIWlHGeiDappJD04S1//5e0zstepVypu6XqCZkjT47IMTkjHrkgVXJDaqRJOAFyTx7Io2OdF+fVeZuP5pzFziH5BefjG4VZlcU=</latexit>

T

<latexit sha1_base64="m/QVc0chR/9jhzyrNIdn3Q0PGPM=">AAAB83icbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsYSEVwIbMjtccMLs7GbmjgkhfIGtFmpnbCz8IAv/xd2FQtFTnZxzb+65J4ilMOi6n05uZXVtfSO/Wdja3tndK+4ftExkNYcmj2SkOwEzIIWCJgqU0Ik1sDCQ0A7G16nfvgNtRKQaOInBD9lIiaHgDBOp3ugXS27ZzUD/Em9BSlfvTymea/3iV28QcRuCQi6ZMV3PjdGfMo2CS5gVetZAzPiYjaCbUMVCMP40Czqjp9YwjGgMmgpJMxF+bkxZaMwkDJLJkOGtWfZS8T+va3F46U+Fii2C4ukhFBKyQ4ZrkTQAdCA0ILI0OVChKGeaIYIWlHGeiDappJD04S1//5e0zstepVypu6XqCZkjT47IMTkjHrkgVXJDaqRJOAFyTx7Io2OdF+fVeZuP5pzFziH5BefjG4VZlcU=</latexit>

T

<latexit sha1_base64="m/QVc0chR/9jhzyrNIdn3Q0PGPM=">AAAB83icbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsYSEVwIbMjtccMLs7GbmjgkhfIGtFmpnbCz8IAv/xd2FQtFTnZxzb+65J4ilMOi6n05uZXVtfSO/Wdja3tndK+4ftExkNYcmj2SkOwEzIIWCJgqU0Ik1sDCQ0A7G16nfvgNtRKQaOInBD9lIiaHgDBOp3ugXS27ZzUD/Em9BSlfvTymea/3iV28QcRuCQi6ZMV3PjdGfMo2CS5gVetZAzPiYjaCbUMVCMP40Czqjp9YwjGgMmgpJMxF+bkxZaMwkDJLJkOGtWfZS8T+va3F46U+Fii2C4ukhFBKyQ4ZrkTQAdCA0ILI0OVChKGeaIYIWlHGeiDappJD04S1//5e0zstepVypu6XqCZkjT47IMTkjHrkgVXJDaqRJOAFyTx7Io2OdF+fVeZuP5pzFziH5BefjG4VZlcU=</latexit>
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(t
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FIG. 6: Effects of T . Plots of (a) ∆EB(t) (units ω0),
(b) ∆EC(t) (units ω0), (c) ηB(t), and (d) ηW(t) as a
function of Ωt/π for different values of T : from black to
color T = 0.1ω0 (T ≈ 4 · 10−3Ω), ω0 (T ≈ 4 · 10−2Ω),
10ω0 (T ≈ 4 · 10−1Ω), 102ω0 (T ≈ 4Ω), and 103ω0

(T ≈ 40Ω). The dashed arrow marks the increasing
direction of T . In all panels ωD = 2ω0 and γ0 = 300ω0.

of ηW(t) tend to become slightly less pronounced as T
increases, although we stress that the first maximum
exhibits an exceptional resilience.

These results show a strong stability with respect
to Ω and T . This leads to the important conclusion
that our fast charge protocol is within reach of state
of the art experimental platforms, without requiring
exceedingly fast control or exceedingly low temperatures,
see discussion about experimental feasibility below.

In the SUD regime, when Ω ≫ ωD, ω0 and in the
short times limit t ≲ nπ/Ω (with n > 1 an integer

of order unity), analytic expressions for ⟨ĤB(t)⟩, the
ergotropy and for the total work W (t) can be obtained,
that support our findings. Deferring all derivations to
Supplementary Note 2, here we just quote the main
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results valid near the local maxima of ∆EB(t).

At low temperature all quantities are dominated by ho-
mogeneous terms and one finds, to leading order in Ω,
that

⟨ĤB(t)⟩ ≈ ⟨ĤB(t)⟩h ; E(t) ≈ ⟨ĤB(t)⟩h ; W (t) ≈Wh(t) ,

with

⟨ĤB(t)⟩h =
Ω2

4ω0
e−ωDt sin2(Ωt) . (47)

Notice that in this regime the ergotropy is optimal, since
it essentially matches the energy stored in the QB. One
also has

Wh(t) =
Ω2

4ω0

[
1− e−ωDt cos2(Ωt)

]
, (48)

which allows to obtain a closed expression for the effi-
ciency

ηW(t) =
e−ωDt sin2(Ωt)

1− e−ωDt cos2(Ωt)
. (49)

These equations provide results in excellent agreement
with the numerical ones (see Supplementary Note 2).

Conversely at high temperature (T ≫ ωD) the energy
of the QB, the ergotropy and the work acquire ther-
mal contributions in addition to the homogeneous ones
in Eqs. (47) and (48). We find ⟨ĤB(t)⟩ = ⟨ĤB(t)⟩h +

⟨ĤB(t)⟩th, with

⟨ĤB(t)⟩th =
T

2

[
e−ωDt sin2(Ωt) + (1− e−ωDt)

]
, (50)

Concerning the total work W (t) = Wh(t) +Wth(t) we
have

Wth(t) =
T

2

[
e−ωDt sin2(Ωt) +

Ω2

ω2
0

(
1− e−

2ω2
0ωDt

Ω2

)]
.

(51)
Comparing the additional thermal parts with respect to
the homogeneous ones we see how the former become
effectively dominant only for T > Ω. The situation is
slightly more complicated for the ergotropy E(t), since
at high temperatures its expression deviates from that of
⟨ĤB(t)⟩h – see Fig. 6(c) – signalling that the contribution
of the covariance matrix becomes non negligible – see
Eq. (17). One can still obtain an analytical expression
for this quantity by evaluating the corrections due to
the latter term starting from the approximated form
of the variances reported in Eqs. (S1) and (S16) of the
Supplementary Note 2. The final form is however too
cumbersome to be reported.
All the above expressions are in excellent agreement
with our numerical results (see Supplementary Note 2).

To close this Section, it is interesting to answer the
question: what would happen, in the SUD regime, if
one would defer the disconnection of the charger to
very long times t → +∞? Notice that in this regime
the reduced density matrix of the QB is given by the

trace over the reservoir [41] ρ̂B(+∞) = TrR

{
e−βĤ

Z

}
,

where Z = Tr
{
e−βĤ

}
. Leaving all analytical details to

Supplementary Note 2, here we quote the main results
for both low and the high temperatures.

At low temperatures one finds ⟨ĤB(+∞)⟩ ≈ E ≈ Ω
4

and W (+∞) ≈ Ω2

4ω0
. Charging is still possible, and the

ergotropy remains comparable with the energy stored
in the QB. Observe however that in this case the latter
quantity is ∝ Ω, while in the quick charge protocol
outlined above the QB energy and ergotropy are of the
order of Ω2, see Eq. (47). Thus, in this case much less
energy can be effectively stored and retrieved. Even
more importantly, in this regime charging requires a
very large work so that one has ηW(+∞) ≈ ω0/Ω ≪ 1
and thus a much poorer efficiency with respect to the
short–time performances.

In the high temperature regime (T ≫ Ω), dominated
by energy equipartition, the situation is even worse.
Indeed one finds ⟨ĤB(+∞)⟩ ≈ T but, crucially, E ∝ T−1

– implying ηW(+∞) → 0. This means that no useful
work can be extracted from the QB: the charging is
useless.

Even more, also for other parameters the long–time
performances never come even close to those obtained
at short times in the SUD regime.

Considerations about experimental feasibility. We
conclude this part commenting about the fact that the
ideal platform to test the functioning of the discussed
device is represented by a quantum LC circuit, playing
the role of the QB, embedded in an dissipative envi-
ronment. In particular, considering for example values
of L ≈ 500 nH for the inductance and C ≈ 500 pF for
the capacity this circuit can be described as a quan-
tum harmonic oscillator with characteristic frequency
ω0/2π ≈ 10 MHz (with ω0 = 1/

√
LC) [37, 38]. Focusing

on this frequency regime, which is typically smaller
with respect to what usually considered in circuit QED
experiments [59], has the practical advantage to allow a
control of the device on a time scale in the nanosecond
range which is compatible with the discussed features of
the figures of merits (the first maximum of ηW occurring
at t0 ≈ 1 ns assuming for example γ0 = 300ω0 and
ωD = 2ω0 as in Fig. 3). The possibility to observe
the discussed phenomenology is also assured by its
great stability with respect to thermal effect as long
as kBT ≲ ℏΩ (see Fig. 6). Within the discussed range
of parameters this leads to the threshold temperature
T ≈ 12 mK compatible with the cryogenic temperatures
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typically reached in quantum transport and quantum
computing experiments carried out in solid-state devices.

Concerning the properties of the reservoir, a simple
lumped parameters model comprises a resistive part RE

and a capacitive part CE [39]. At small frequencies < ωD,
the resistive part dominates and one is left with a simple
series RLC circuit. From the equation of motion for the
charge Q of such a circuit

Q̈+
RE

L
Q̇+

1

LC
Q = 0 , (52)

comparing to the homogeneous part of Eq. (9) it is pos-
sible to identify the charge Q with x̂ as frequently done
in the framework of the quantum circuits [40]. Then,
Eq. (52) allows to deduce that

RE ≈ γ0L. (53)

With the parameters considered above, this leads to
R ≈ 104 Ω which is of the same order of magnitude of
the resistance quantum usually appearing in solid-state
devices. The simple model outlined above breaks down
at higher frequencies ≳ ωD, when the capacitive effects of
the environment become relevant. They induce a typical
cut-off frequency [39] of the order of (RECE)

−1, which we
identify with ωD. The parameters considered in this text
allow to estimate CE ≈ 1 pF. To conclude we note that
quantum couplers can be used to realize a fast control of
the coupling between the QB and the charger [60–62].

Conclusions
In this paper we have proposed a scheme for a quan-
tum battery based on a quantum harmonic oscillator,
strongly coupled to a non–Markovian reservoir via a
quantum charger. The considered procedure relies on the
transient dynamics which occurs right after the battery
is connected to the quantum charger, thus ensuring
a quick charging protocol. We have shown that the
evolution of the energy stored in the battery is almost
periodic, which allows to avoid a too precise fine-tuning
of the time at which the battery need to be disconnected
from the charge. Moreover, we have shown that this
protocol is very efficient, allowing in principle to extract
through unitary operations practically all the energy
stored in the quantum battery, with a ratio between the
energy that can be extracted and the work done by the
charger which approaches the ideal unit limit. These
outstanding features are due to two key ingredients,
namely the non-Markovianity due to a reservoir with
a spectral density with a cut-off of the order of the
oscillator frequency, and a peculiar – and as yet almost
unexplored – working regime in the underdamped regime
at strong coupling. Crucially, these result in a dynamical
blockade of the reservoir dynamics, which allows an
almost coherent exchange of energy between the charger
and the quantum battery at short enough times.
Such a protocol may be envisioned with a quantum

LC circuit playing the role of the battery and with
the required environment being suitably engineered
via state–of–the–art quantum circuits, and thus may
genuinely contribute to a significant advancement in
the field of quantum energy storage in solid state devices.

This work will pave the way for new developments in
the field of quantum energy routing and management,
opening for instance the possibility to study the charging
of, and energy transfer between, two or more quantum
batteries strongly coupled to a highly non–Markovian
reservoir acting as a energy bus or energy router.

Methods
The response function χ(t) in the strong under-
damped regime
In this part we give some details on the behavior of the
response function χ(t).

The cubic equation in Eq. (35)

λ3 − λ2ωD + λ
(
ω2
0 + γ0ωD

)
− ωDω

2
0 = 0 (54)

yields the general Vieta’s relations

λ1 + λ2 + λ3 = ωD , (55)

λ1λ2 + λ1λ3 + λ2λ3 = ω2
0 + γ0ωD , (56)

λ1λ2λ3 = ωDω
2
0 . (57)

We remind that, for finite damping, all roots have positive
real parts. In addition, in the underdamped regime two roots
are complex and one is real, so they can be written as

λ1,2 = Γ± iν, λ3 ∈ R , (58)

where Γ, ν ∈ R. Using Eqs. (55) and (57) we have

Γ =
ωD − λ3

2
, Γ2 + ν2 =

ωDω
2
0

λ3
. (59)

According to this, the χj defined in Eq. (36) are

χ1 =
i

2ν

[
2ν + i (λ3 + ωD)

2ν + i (3λ3 − ωD)

]
, χ2 = χ∗

1 (60)

χ3 = 4
ωD − λ3

(ωD − 3λ3)
2 + 4ν2

. (61)

We now derive analytic expressions at strong coupling with
γ0 ≫ ωD, ω0, that is Ω =

√
γ0ωD ≫ ω0, ωD. Here, to leading

order in Ω, the real the solution of Eq. (54) is

λ3 ≈ ω2
0ωD

Ω2
. (62)

Inserting this results in Eqs. (59) one has

Γ ≈ ωD

2
, ν ≈ Ω . (63)

Concerning χj we find

χ1 ≈ i

2Ω

[
1 + i

ωD

Ω

]
, χ2 = χ∗

1, χ3 ≈ ωD

Ω2
. (64)
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This leads to the following expression for the response func-
tion χ(t) =

∑
j χje

−λjt

χ(t) ≈ e−
ωD
2

t

Ω

[
sin (Ωt)− ωD

Ω
cos (Ωt)

]
+

ωD

Ω2
e
−ω2

0ωD
Ω2 t

, (65)

whose leading order expansion is

χ(t) ≈ e−
ωD
2

t

Ω
sin (Ωt) (66)

as quoted in Eq. (38).

Explicit expression for QB variances
In this part we give details on how to get the general ex-

pressions of the variances ⟨x2(t)⟩ and ⟨ẋ2(t)⟩ quoted in the
main text – see Eqs. (43) and (44).
We start by recalling that the solution of the Langevin equa-
tion (9) can be decomposed as x̂(t) = x̂h(t)+ x̂th(t): this will
be the building block for evaluating the above quantities. The
homogeneous part is given by

x̂h(t) = ˆ̇x(0)χ(t) + x̂(0)χ̇(t) , (67)

while the thermal one is

x̂th(t) =

∫ t

0

dt′

m
χ(t− t′)ξ̂(t′) , (68)

which, due to the initial condition χ(0) = 0 implies also

ˆ̇xth(t) =

∫ t

0

dt′

m
χ̇(t− t′)ξ̂(t′) . (69)

Here, the dot represents the derivative with respect to the
first argument.
On a very general ground, given initial decoupled conditions
and ⟨ξ̂(t)⟩ = ⟨x̂(t)⟩ = 0, ⟨ˆ̇x(t)⟩ = 0, the homogeneous and
thermal terms factorize as

⟨x̂2(t)⟩ = ⟨x̂2
h(t)⟩+ ⟨x̂2

th(t)⟩ ,
⟨ˆ̇x2(t)⟩ = ⟨ˆ̇x2

h(t)⟩+ ⟨ˆ̇x2
th(t)⟩ . (70)

These matrix elements completely define the contributions to
the covariance matrix σB(t) = σB,h(t) + σB,th(t) given by

σB,h/th(t) = m




ω0⟨x̂2
h/th(t)⟩ 1

2
d
dt
⟨x̂2

h/th(t)⟩

1
2

d
dt
⟨x̂2

h/th(t)⟩ 1
ω0

⟨ˆ̇x2
h/th(t)⟩


 . (71)

We now observe that the homogeneous part is independent
of the temperature and can be easily written in term of the
response function χ(t). Taking into account the initial condi-
tions and using Eq. (67) one straightforwardly arrives to the
expressions



⟨x̂2

h(t)⟩

⟨ˆ̇x2
h(t)⟩


 =

ω0

2m



χ2(t)

χ̇2(t)


+

1

2mω0



χ̇2(t)

χ̈2(t)


 . (72)

As expected, σB,h(t → ∞) = 0.

Concerning the thermal contributions we need a more care-
ful manipulation of Eqs. (68) and (69). In the following we
describe how to explicitly write ⟨x̂2

th(t)⟩.

Using Eq. (68) we have

⟨x̂2
th(t)⟩ =

1

m2

∫ t

0

dt1

∫ t

0

dt2χ(t− t1)χ(t− t2)⟨ξ̂(t1)ξ̂(t2)⟩
(73)

Since the integrand is symmetric under exchange of t2 with
t1, only the symmetric part of the correlation function
⟨ξ̂(t1)ξ̂(t2)⟩ contributes. We call it [63, 64]

Ls(t1 − t2) =

∫ ∞

0

dω

π
J(ω) coth

(
βω

2

)
cos [ω(t1 − t2)] , (74)

see Eq. (41), with Fourier transform

Ls(ω) = J(ω) coth

(
βω

2

)
. (75)

Inserting now the general expression of χ(t), given in Eq. (34),
and integrating over time one finally obtains

⟨x̂2
th(t)⟩ =

3∑

j,j′=1

χjχj′

∫ +∞

−∞

dω

2πm2

Ls(ω)

(λj − iω)(λj′ + iω)

[
1− e−(λj−iω)t − e−(λj′+iω)t + e−(λj+λj′)t

]
. (76)

The last term to be evaluated is ⟨ˆ̇x2
th(t)⟩. This follows

straightforwardly by inserting the expression in Eq. (69)
which gives

⟨ˆ̇x2
th(t)⟩ =

1

m2

∫ t

0

dt1

∫ t

0

dt2χ̇(t− t1)χ̇(t− t2)⟨ξ̂(t1)ξ̂(t2)⟩ .
(77)

Following similar steps as done for ⟨x̂2
th(t)⟩ a form similar

to Eq. (76) is found, except for the substitutions χj · χj′ →
λjχj · λj′χj′ – see also Eq. (44)

⟨ˆ̇x2
th(t)⟩ =

3∑

j,j′=1

λjχjλj′χj′

∫ +∞

−∞

dω

2πm2

Ls(ω)

(λj − iω)(λj′ + iω)

[
1− e−(λj−iω)t − e−(λj′+iω)t + e−(λj+λj′)t

]
. (78)

We close this part by commenting on the long time limit.
For t → +∞ only the first term in the squared brackets of
⟨x̂2

th(t)⟩ and ⟨ˆ̇x2
th(t)⟩ survives (see Eqs. (76) and (78)) since

Re{λj} > 0. Then, after some manipulations, we arrive to
the form

⟨x̂2
th(+∞)⟩ =

∫ +∞

−∞

dω

2πm
coth

(
βω

2

)
Im [χ̃ (λ = −iω)] ,

⟨ˆ̇x2
th(+∞)⟩ =

∫ +∞

−∞

dω

2πm
ω2 coth

(
βω

2

)
Im [χ̃ (λ = −iω)] .

(79)

In addition, we can easily see from Eq. (76) that

lim
t→∞

d

dt
x̂2
th(t) = 0 . (80)

This confirms the expected fluctuation-dissipation theo-
rem [41].

Data availability
All data is available in the manuscript and in the Supple-

mentary Information.
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Supplementary Note 1: The overdamped regime

This part is devoted to study the QB performance in the overdamped regime. The most relevant physical difference
with respect to the SUD regime, discussed in the main text, is that here the reservoir has a band–width ωD larger than
the damping γ0, i.e. there are many more modes of the environment sizably coupled to the charger in comparison
with the previous regime. This in turns leads to a marked deterioration of the charging performances. To make a fair
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⌦t/⇡
<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0
<latexit sha1_base64="RIdI/SmKQhzGbV7QfPD/P+s7xDw=">AAAB83icbVC7TgJBFJ31ifhCLW0mookV2TUG7SSxsYREHgkQMjtccMLs7GbmjgnZ8AW2WqidsbHwgyz8F3cXCgVPdXLOvbnnHj+SwqDrfjlLyyura+u5jfzm1vbObmFvv2FCqznUeShD3fKZASkU1FGghFakgQW+hKY/uk795j1oI0J1i+MIugEbKjEQnGEi1c57haJbcjPQReLNSPHq4znFS7VX+O70Q24DUMglM6btuRF2Y6ZRcAmTfMcaiBgfsSG0E6pYAKYbZ0En9MQahiGNQFMhaSbC742YBcaMAz+ZDBjemXkvFf/z2hYHl91YqMgiKJ4eQiEhO2S4FkkDQPtCAyJLkwMVinKmGSJoQRnniWiTSvJJH97894ukcVbyyqVyzS1WjskUOXJIjsgp8cgFqZAbUiV1wgmQB/JInhzrvDpvzvt0dMmZ7RyQP3A+fwBTeZWl</latexit>

4

<latexit sha1_base64="GzxSauGor8u9DFKMcI8HfF1mKGE=">AAAB/3icbVA5TgNBEJw1h425DIQkIwwSJNYugSG0BAFE2BI+JHtl9Y7bZsTswUwvkrVywCtITUSGSHkKARkPYX0EXBWVqrrV1eVFShqy7Xcrs7C4tJzNreRX19Y3Ngtb2w0TxlpgXYQq1C0PDCoZYJ0kKWxFGsH3FDa927OJ37xHbWQYXNMwQteHQSD7UgClkttBgm7S8ePRIR11C0W7ZE/B/xJnToqV7OXn1bh2Xu0WPjq9UMQ+BiQUGNN27IjcBDRJoXCU78QGIxC3MMB2SgPw0bjJNPSIH8QGKOQRai4Vn4r4fSMB35ih76WTPtCN+e1NxP+8dkz9UzeRQRQTBmJyiKTC6SEjtEzbQN6TGolgkhy5DLgADUSoJQchUjFO68mnfTi/v/9LGsclp1wq19Ji9tkMObbL9tghc9gJq7ALVmV1Jtgde2Rj9mQ9WM/Wi/U6G81Y850d9gPW2xdxAplS</latexit>

⌘ µ
(t
)

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="FWGS+BscNcMFjLmqkv9pUe7w6xA=">AAAB83icbVC7TgJBFJ3FF+ILtbSZiCZWZNcC7SSxsYREHglsyOxwwQmzs5uZOyaE8AW2WqidsbHwgyz8F3cXCgVPdXLOvbnnniCWwqDrfjm5ldW19Y38ZmFre2d3r7h/0DSR1RwaPJKRbgfMgBQKGihQQjvWwMJAQisYXad+6x60EZG6xXEMfsiGSgwEZ5hIda9XLLllNwNdJt6clK4+nlO81HrF724/4jYEhVwyYzqeG6M/YRoFlzAtdK2BmPERG0InoYqFYPxJFnRKT61hGNEYNBWSZiL83piw0JhxGCSTIcM7s+il4n9ex+Lg0p8IFVsExdNDKCRkhwzXImkAaF9oQGRpcqBCUc40QwQtKOM8EW1SSSHpw1v8fpk0z8tepVypu6XqCZkhT47IMTkjHrkgVXJDaqRBOAHyQB7Jk2OdV+fNeZ+N5pz5ziH5A+fzB07MlaI=</latexit>

1

<latexit sha1_base64="pkN/nGkHur/c1LuF6XbYIOTAOU0=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5EZBCE9kpAmUkGsogyENKrGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U9rZXVtfWOzsFXc3tnd2y8dHLZNGGuBLRGqUHc9MKhkgC2SpLAbaQTfU9jxJlep33lAbWQY3NE0QteHcSBHUgAl0m0Fzgelsl21M/Bl4uSkzHI0B6Wv/jAUsY8BCQXG9Bw7IncGmqRQOC/2Y4MRiAmMsZfQAHw07iyLOudnsQEKeYSaS8UzEX9vzMA3Zup7yaQPdG8WvVT8z+vFNLp0ZzKIYsJApIdIKswOGaFl0gHyodRIBGly5DLgAjQQoZYchEjEOCmlmPThLH6/TNq1qlOv1m9q5cZp3kyBHbMTVmEOu2ANds2arMUEG7Mn9sxerEfr1Xqz3n9GV6x854j9gfXxDSV7kbo=</latexit>

(a)

<latexit sha1_base64="8YefJHD//uM2fFHhMWMn3uleyMA=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5EZBCE9kpAmUkGsogyENKrOh82YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U9rZXVtfWOzsFXc3tnd2y8dHLZNGGuBLRGqUHc9blDJAFskSWE30sh9T2HHm1ylfucBtZFhcEfTCF2fjwM5koJTIt1WvPNBqWxX7QxsmTg5KUOO5qD01R+GIvYxIKG4MT3HjsidcU1SKJwX+7HBiIsJH2MvoQH30bizLOqcncWGU8gi1Ewqlon4e2PGfWOmvpdM+pzuzaKXiv95vZhGl+5MBlFMGIj0EEmF2SEjtEw6QDaUGol4mhyZDJjgmhOhlowLkYhxUkox6cNZ/H6ZtGtVp16t39TKjdO8mQIcwwlUwIELaMA1NKEFAsbwBM/wYj1ar9ab9f4zumLlO0fwB9bHNycLkbs=</latexit>

(b)

<latexit sha1_base64="SnrxaZE89qRBIVU1X9v77gO+JEI=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAquSlKwurPgxmVF+4A2lMn0tg6dTMLMjVJCP8GtouBOBFd+jwv/xSTtQlvP6nDOvdxzjxdKYdC2v6yFxaXlldXcWn59Y3Nru7Cz2zBBpDnUeSAD3fKYASkU1FGghFaogfmehKY3vEj95h1oIwJ1g6MQXJ8NlOgLzjCRrssndrdQtEt2BjpPnCkpnn88p3ipdQvfnV7AIx8UcsmMaTt2iG7MNAouYZzvRAZCxodsAO2EKuaDceMs6pgeRYZhQEPQVEiaifB7I2a+MSPfSyZ9hrdm1kvF/7x2hP0zNxYqjBAUTw+hkJAdMlyLpAOgPaEBkaXJgQpFOdMMEbSgjPNEjJJS8kkfzuz386RRLjmVUuXKLlYPyQQ5sk8OyDFxyCmpkktSI3XCyYA8kEfyZN1br9ab9T4ZXbCmO3vkD6zPHzhOlhw=</latexit>

250

<latexit sha1_base64="f4VFqN5UT5+lz4FjPxPl9vuAySU=">AAAB9nicbVC7SgNBFJ31GeMramkzGAUbw27AaCMGFLGMYB6QLGF2cpMMmX0wc1cMS37BVis7sRX/xsI/8AMs3d2k0MRTHc65l3vucQIpNJrmhzE3v7C4tJxZya6urW9s5ra2a9oPFYcq96WvGg7TIIUHVRQooREoYK4joe4MLhK/fgdKC9+7xWEAtst6nugKzjCRjorHZjuXNwtmCjpLrAnJn39dnl29D74r7dxnq+Pz0AUPuWRaNy0zQDtiCgWXMMq2Qg0B4wPWg2ZMPeaCtqM064gehJqhTwNQVEiaivB7I2Ku1kPXiSddhn097SXif14zxO6pHQkvCBE8nhxCISE9pLkScQlAO0IBIkuSAxUe5UwxRFCCMs5jMYxbycZ9WNPfz5JasWCVCqUbM1/eJ2NkyC7ZI4fEIiekTK5JhVQJJ33yQB7Jk3FvPBsvxut4dM6Y7OyQPzDefgD8YJXb</latexit>�250

FIG. 1: Energetics and efficiency in the OD regime. Plots of (a) ∆Eν(t) with ν = B (blue curve), ν = C (red
curve) and ν = R (green curve) as a function of Ωt/π; (b) ηµ(t) with µ = B (blue curve), and µ = W (red curve)
as a function of Ωt/π. In panel (a) ∆Eν(t) is given in units ω0, parameters for all panels are ωD = 60ω0, γ0 = 10ω0

and T = 0.1ω0.

comparison, in Fig. 1 we show the same quantities as in Fig. 3 in the main textwith the same value of Ω ≈ 24.5ω0 -
equal initial work Won - but for ωD = 60ω0 and γ0 = 10ω0, well within the OD regime.

The differences are striking. Inspecting panel (a) no quantity oscillates as expected, and ∆EB(t) reaches a maximum
of only ∼ Won/6, a worse performance with respect to the SUD case. Even more strikingly, ∆EC(t) and ∆ER(t)
proceed in almost perfect anti-phase, implying a massive leakage of energy from the charger to the reservoir – see
Fig. 1(b) in the main text.
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This has a direct impact on the charging performance. The ratio ηB(t) remains large, although worse than in the
SUD regime, but in striking comparison to the latter case now ηW(t) < 0.1 as shown in panel (b), in accordance with
the fact that most of the work done by the charger is dissipated into the reservoir. Instead, in contrast to the SUD
regime, it is now the dynamics of the QB to be essentially blocked. As a consequence, for fixed γ0 the QB essentially
absorbs the same amount of energy regardless how large is ωD and this implies that more and more energy is wasted
into the reservoir.

<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="CvXxS7gWiGssoC1eocZ3HD/Cl7s=">AAAB/nicbVA9TwJBEN1DVMQv1NJmI5pY4Z0FWpLY2ImJfCQcIXPLgBv27ja7cyaEkPgrbLWyM7b+FQv/i8dBoeirXt6bybx5gVbSkut+OrmV/OraemGjuLm1vbNb2ttv2jgxAhsiVrFpB2BRyQgbJElhWxuEMFDYCkZXM7/1gMbKOLqjscZuCMNIDqQASiXfvwlxCJzOfC17pbJbcTPwv8RbkHItP8hQ75W+/H4skhAjEgqs7Xiupu4EDEmhcFr0E4saxAiG2ElpBCHa7iTLPOUniQWKuUbDpeKZiD83JhBaOw6DdDIEurfL3kz8z+skNLjsTmSkE8JIzA6RVJgdssLItAzkfWmQCGbJkcuICzBAhEZyECIVk7SdYtqHt/z9X9I8r3jVSvU2LeaYzVFgh+yInTKPXbAau2Z11mCCafbEntmL8+i8Om/O+3w05yx2DtgvOB/fvU2YRQ==</latexit>

⌦t/⇡
<latexit sha1_base64="K9o2pQ1IsQDFidzQMer97vAcX0o=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRTYF0BGJhjJI5CElVnS+bMIp57N1t4cUWfkCWiiAjg7xRRT8C7aTAhKmGs3samcnTKQw6HlfTmlldW19o7zpbm3v7O5V3P2Wia3m0OSxjHUnZAakUNBEgRI6iQYWhRLa4fg699sPoI2I1R1OEggiNlJiKDjDTLr1+pWqV/MK0GXiz0n16uMlx2ujX/nuDWJuI1DIJTOm63sJBinTKLiEqduzBhLGx2wE3YwqFoEJ0iLolJ5YwzCmCWgqJC1E+L2RssiYSRRmkxHDe7Po5eJ/Xtfi8DJIhUosguL5IRQSikOGa5E1AHQgNCCyPDlQoShnmiGCFpRxnok2q8TN+vAXv18mrbOaf147r9aPyQxlckiOyCnxyQWpkxvSIE3CCZBH8kSeHeu8Oe+zwZIz3zggf+B8/gC+/5Rw</latexit>

0

<latexit sha1_base64="V96GDwDgyh/TS0Oh7IxQEN/rgrk=">AAAB9XicjVC7TsNAEDyHVwivACXNiYAUmshOESgj0VAGQR5SYkXryyaccn7obg2KrHwCLVR0iJbvoeBfsE0KQCAx1WhmVjsaL1LSkG2/WYWl5ZXVteJ6aWNza3unvLvXMWGsBbZFqELd88CgkgG2SZLCXqQRfE9h15ueZ373FrWRYXBNswhdHyaBHEsBlEpXVTgZlitOzc7B/yYVtkBrWH4fjEIR+xiQUGBM37EjchPQJIXCeWkQG4xATGGC/ZQG4KNxk7zqnB/HBijkEWouFc9F/HqRgG/MzPfSpA90Y356mfib149pfOYmMohiwkBkj0gqzB8ZoWW6AfKR1EgEWXPkMuACNBChlhyESMU4HaX0vz069ZrTqDUu65Xm0WKZIjtgh6zKHHbKmuyCtVibCTZh9+yBPVp31pP1bL18RgvW4maffYP1+gEqAZG9</latexit>

(a)

<latexit sha1_base64="GeJLiPZqmf7KtSMgcMPCRTbrAcs=">AAAB9XicjVC7TsNAEFyHVwivACXNiYAUmshOESgj0VAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfsE0KQCAx1WhmVjsaL1LSkG2/WYWl5ZXVteJ6aWNza3unvLvXMWGsBbZFqELd87hBJQNskySFvUgj9z2FXW96nvndW9RGhsE1zSJ0fT4J5FgKTql0VfVOhuWKU7NzsL9JBRZoDcvvg1EoYh8DEoob03fsiNyEa5JC4bw0iA1GXEz5BPspDbiPxk3yqnN2HBtOIYtQM6lYLuLXi4T7xsx8L036nG7MTy8Tf/P6MY3P3EQGUUwYiOwRSYX5IyO0TDdANpIaiXjWHJkMmOCaE6GWjAuRinE6Sul/e3TqNadRa1zWK82jxTJFOIBDqIIDp9CEC2hBGwRM4B4e4NG6s56sZ+vlM1qwFjf78A3W6wcrkZG+</latexit>

(b)

<latexit sha1_base64="nsBDhQ4faerTQH66IM1Z/Rtzk1Y=">AAAB83icbVC7TsNAEDyHVwivACXNiYBEFdkpAmUkGspEIg8psaLzZRNOOZ+tuz2kyMoX0EJFh2j5IAr+Bdu4gISpRjO72tkJYikMuu6nU9rY3NreKe9W9vYPDo+qxyc9E1nNocsjGelBwAxIoaCLAiUMYg0sDCT0g/lt5vcfQRsRqXtcxOCHbKbEVHCGqdRxx9WaW3dz0HXiFaRGCrTH1a/RJOI2BIVcMmOGnhujnzCNgktYVkbWQMz4nM1gmFLFQjB+kgdd0ktrGEY0Bk2FpLkIvzcSFhqzCIN0MmT4YFa9TPzPG1qc3viJULFFUDw7hEJCfshwLdIGgE6EBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzV79dJr1H3mvVmp1FrXRTNlMkZOSdXxCPXpEXuSJt0CSdAnsgzeXGs8+q8Oe8/oyWn2Dklf+B8fAMQPZEk</latexit>

0

<latexit sha1_base64="SGwNe/ezwzSNmwAhi+39HvRrmJQ=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRXaKQBmJhjJIJERKrGh92YRTzmfrbo0UWfkCWqjoaPkiCv4Fx7iAhKlGM7va2QkTJS153qdT2djc2t6p7rp7+weHRzX3uGfj1AjsiljFph+CRSU1dkmSwn5iEKJQ4UM4u1n6D09orIz1Pc0TDCKYajmRAiiX7pqjWt1reAX4OvFLUmclOqPa13AcizRCTUKBtQPfSyjIwJAUChfuMLWYgJjBFAc51RChDbIi6IJfpBYo5gkaLhUvRPy9kUFk7TwK88kI6NGuekvxP2+Q0uQ6yKROUkItlodIKiwOWWFk3gDysTRIBMvkyKXmAgwQoZEchMjFNK/EzfvwV79fJ71mw281WvX2edlLlZ2yM3bJfHbF2uyWdViXCYbsmb2wVyd13pz3n8GKU26csD9wPr4BlnGP8w==</latexit>

2

<latexit sha1_base64="iZJFX2SyxU9zMN26BlKgIRjAVPw=">AAAB+nicbVC7TgJBFJ3FF+ILtbCwmYgmVmTXAu0kobHERB4JEHJ3uOCE2Udm7pqQlZ+w1crO2Jr4E5Y2Fn6Af2Dp8igUPNXJOffmnnvcUElDtv1hpRYWl5ZX0quZtfWNza3s9k7VBJEWWBGBCnTdBYNK+lghSQrroUbwXIU1t18a+bUb1EYG/hUNQmx50PNlVwqgRKo3Aw970O63szk7b4/B54kzJbnz77fX973SV7md/Wx2AhF56JNQYEzDsUNqxaBJCoXDTDMyGILoQw8bCfXBQ9OKx3mH/CgyQAEPUXOp+FjE3xsxeMYMPDeZ9ICuzaw3Ev/zGhF1z1qx9MOI0BejQyQVjg8ZoWVSBPKO1EgEo+TIpc8FaCBCLTkIkYhR0kwm6cOZ/X6eVE/yTiFfuLRzxUM2QZrtswN2zBx2yorsgpVZhQmm2B27Zw/WrfVoPVnPk9GUNd3ZZX9gvfwAekyZOA==</latexit>!k

<latexit sha1_base64="nsBDhQ4faerTQH66IM1Z/Rtzk1Y=">AAAB83icbVC7TsNAEDyHVwivACXNiYBEFdkpAmUkGspEIg8psaLzZRNOOZ+tuz2kyMoX0EJFh2j5IAr+Bdu4gISpRjO72tkJYikMuu6nU9rY3NreKe9W9vYPDo+qxyc9E1nNocsjGelBwAxIoaCLAiUMYg0sDCT0g/lt5vcfQRsRqXtcxOCHbKbEVHCGqdRxx9WaW3dz0HXiFaRGCrTH1a/RJOI2BIVcMmOGnhujnzCNgktYVkbWQMz4nM1gmFLFQjB+kgdd0ktrGEY0Bk2FpLkIvzcSFhqzCIN0MmT4YFa9TPzPG1qc3viJULFFUDw7hEJCfshwLdIGgE6EBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzV79dJr1H3mvVmp1FrXRTNlMkZOSdXxCPXpEXuSJt0CSdAnsgzeXGs8+q8Oe8/oyWn2Dklf+B8fAMQPZEk</latexit>

0

<latexit sha1_base64="SGwNe/ezwzSNmwAhi+39HvRrmJQ=">AAAB73icbVC7TsNAEDyHVzCvQEtzIiBRRXaKQBmJhjJIJERKrGh92YRTzmfrbo0UWfkCWqjoaPkiCv4Fx7iAhKlGM7va2QkTJS153qdT2djc2t6p7rp7+weHRzX3uGfj1AjsiljFph+CRSU1dkmSwn5iEKJQ4UM4u1n6D09orIz1Pc0TDCKYajmRAiiX7pqjWt1reAX4OvFLUmclOqPa13AcizRCTUKBtQPfSyjIwJAUChfuMLWYgJjBFAc51RChDbIi6IJfpBYo5gkaLhUvRPy9kUFk7TwK88kI6NGuekvxP2+Q0uQ6yKROUkItlodIKiwOWWFk3gDysTRIBMvkyKXmAgwQoZEchMjFNK/EzfvwV79fJ71mw281WvX2edlLlZ2yM3bJfHbF2uyWdViXCYbsmb2wVyd13pz3n8GKU26csD9wPr4BlnGP8w==</latexit>

2

<latexit sha1_base64="iZJFX2SyxU9zMN26BlKgIRjAVPw=">AAAB+nicbVC7TgJBFJ3FF+ILtbCwmYgmVmTXAu0kobHERB4JEHJ3uOCE2Udm7pqQlZ+w1crO2Jr4E5Y2Fn6Af2Dp8igUPNXJOffmnnvcUElDtv1hpRYWl5ZX0quZtfWNza3s9k7VBJEWWBGBCnTdBYNK+lghSQrroUbwXIU1t18a+bUb1EYG/hUNQmx50PNlVwqgRKo3Aw970O63szk7b4/B54kzJbnz77fX973SV7md/Wx2AhF56JNQYEzDsUNqxaBJCoXDTDMyGILoQw8bCfXBQ9OKx3mH/CgyQAEPUXOp+FjE3xsxeMYMPDeZ9ICuzaw3Ev/zGhF1z1qx9MOI0BejQyQVjg8ZoWVSBPKO1EgEo+TIpc8FaCBCLTkIkYhR0kwm6cOZ/X6eVE/yTiFfuLRzxUM2QZrtswN2zBx2yorsgpVZhQmm2B27Zw/WrfVoPVnPk9GUNd3ZZX9gvfwAekyZOA==</latexit>!k
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FIG. 2: Spectral decomposition of the reservoir and coupling energies in the OD regime. Density plots
of (a) ∆ER(t, ωk) and (b) ∆EC(t, ωk), both in units ∆, as a function of Ωt/π and ωk (units Ω). The dashed line
represents the time window considered in previous Figures. Parameters are the same as in Fig. 1.

To support these conclusions, Fig. 2 shows the spectral decompositions ∆ER(t, ωk) and ∆EC(t, ωk). Panel (a)
confirms that no resonance is found in the modes of the reservoir. Instead, the latter receives energy over a very wide
spectrum of energies, up to ωD ≫ Ω: a positive inflow of energy to the reservoir is found which is matched, as shown
in panel (b), by the global outflow of energy from the charger – the majority of which is directly dissipated into the
reservoir.
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FIG. 3: Effects of Ω in the OD regime. Plot of ηW(t) as a function of Ωt/π for γ0 = 6ω0 and different values of
ωD: from black to color ωD = 30ω0, 50ω0, 100ω0, 150ω0, 200ω0. The dashed arrow marks the increasing direction of
Ω. Here T = 0.1ω0.

Figure 3 further supports the fact that in the OD regime there is a blockade of the QB dynamics. Here, ηW(t) is
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shown for fixed γ0 = 6ω0 and different values of ωD. As Ω is increased the charging efficiency gets worse and worse,
in accordance with the fact that more and more energy is routed towards the reservoir.

Supplementary Note 2: Analytic results at strong underdamped coupling regime

In this part we discuss the analytic results obtained in the strong underdamped regime (Ω =
√
γ0ωD ≫ ω0, ωD),

both at short and long times.

a. Short times
We start by considering the contributions to ⟨x2(t)⟩ and ⟨ẋ2(t)⟩ of the homogeneous part, quoted in Eq. (73) of the

main text. As one can see, everything depends on the response function χ(t), which we will now discuss in the strong
underdamped regime. Inserting Eq. (67) of the main text and taking the leading order contributions in Ω, we arrive
to these dominant terms for each component



⟨x̂2h(t)⟩

⟨ˆ̇x2h(t)⟩


≈ 1

2mω0



χ̇2(t)

χ̈2(t)


 ≈ e−ωDt

2mω0




cos2 (Ωt)

Ω2 sin2 (Ωt)


 . (S1)

As clear, both variances oscillate with frequency Ω and are weakly damped (ωD ≪ Ω). For large Ω, ⟨ˆ̇x2(t)⟩ dominates
over ⟨x2(t)⟩ (at least away from its minima).
As already said, these terms are independent on temperature and decay to zero at long times t → ∞. However, as
shown in the main text, they play a dominant role at short times . To discuss this point in details we need to estimate
also the thermal contributions.
We start by considering Eqs. (74) and (78) of the main text at short times: namely Ωt ≲ nπ/2 (with n integer of order
unity), which represent the time interval of the first QB oscillations. We now rewrite the symmetric kernel Ls(t) in
a compact form, to extract the scaling in Ω. Using the Drude spectral function – see Eqs. (75) and (30) of the main
text

Ls(t) =
mωDΩ

2

π
F (ωDt) (S2)

where

F (s) =

∫ +∞

0

x dx

1 + x2
coth

(ωD

2T
x
)
cos(xs) . (S3)

We can now write the variances ⟨x̂2th(t)⟩ and ⟨ˆ̇x2th(t)⟩ by rescaling the variables according to xi = Ωti (i = 1, 2) and
introducing Eq. (S2) for Ls(t). We have



⟨x̂2th(t)⟩

⟨ˆ̇x2th(t)⟩


 =

ωD

πm

∫ Ωt

0

dx1

∫ Ωt

0

dx2F
[ωD

Ω
(x2 − x1)

]



χ
(
x1

Ω

)
χ
(
x2

Ω

)

Ω2 d
dx1

χ
(
x1

Ω

)
d

dx2
χ
(
x2

Ω

)


 . (S4)

Notice that x1,2 are at most of order unity, since we consider short times Ωt ≈ O(1), and then ωD(x2 − x1)/Ω ≪ 1.
We now discuss the two opposite limits of low and high temperatures.

– Low temperatures (T ≪ ωD)

In this regime coth
(
ωD

2T x
)
→ 1 and we have

F (s) ≈ −1

2

∑

p=±1

epsEi(−ps) , (S5)

which in the regime ωDt≪ 1 (namely, s≪ 1), considered here, becomes

F (s) ≈ −
[
C + ln(|s|)

]
, (S6)
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with C the Euler constant. Now, in order to estimate how the integrals (S4) scales with Ω we exploit the dominant

behavior of χ(t) ≈ e−
ωD
2 t sin(Ωt)/Ω. As can be seen, the leading scaling in Ω is given by



⟨x̂2th(t)⟩

⟨ˆ̇x2th(t)⟩


 ∝ ωD

mΩ2
ln

(
Ω

ωD

)


1

Ω2


 , (S7)

where the proportionality factor is at best of order one. This behavior is definitely less dominant than the one obtained
for the homogeneous part given by (see Eqs.(S1))



⟨x̂2h(t)⟩

⟨ˆ̇x2h(t)⟩


∝ 1

mω0




1

Ω2


 . (S8)

These results demonstrate that, at low temperatures, the homogeneous part alone well describes the behavior of the
two variances and then of the quantities of interest.
We close this discussion by summarizing the expected behaviors of the different figures of merits in the strong coupling
regime and at low temperatures. As of the energy stored in the QB the first maxima are given by

⟨ĤB(t)⟩ ≈ ⟨ĤB(t)⟩h =
Ω2

4ω0
e−ωDt sin2(Ωt) . (S9)

Concerning the ergotropy E(t) = ⟨ĤB(t)⟩−ω0

√
detσB(t), we notice that σB(t) = σB,h(t)+σB,th(t), defined in Eq. (72)

of the main text, is never dominant at large Ω. Then, around the maxima of the QB, we have

E(t) ≈ ⟨ĤB(t)⟩h . (S10)

Now we consider the total work W (t) =Won +Woff(t), where we remind that (see Eq. (46)) in the main text

Won = ⟨ĤC(0)⟩ =
Ω2

4ω0
; Woff(t) = −⟨ĤC(t)⟩ . (S11)

The switching off part can be evaluated considering Eq. (20) in the main text for ⟨ĤC(t)⟩:

⟨ĤC(t)⟩
m

= ⟨ˆ̇x2(t)⟩ − 1

2

d2

dt2
⟨x̂2(t)⟩ −

(
ω2
0 +

Ω2

2

)
⟨x̂2(t)⟩ (S12)

evaluated with the homogeneous contributions (S1). Thus,

Woff(t) ≈Woff,h(t) = − Ω2

4ω0
e−ωDt cos2(Ωt) . (S13)

This allows to write the final expression of the total work

W (t) =
Ω2

4ω0

[
1− e−ωDt cos2(Ωt)

]
. (S14)

These equations provide very accurate result, as shown in Fig. 4 which shows a comparison between numerical (solid
lines) and analytical (dashed lines) results. Both ∆EB(t) and ∆EC(t) (panel a), the ergotropy E(t) as well as ηW(t)
display an excellent agreement.

– High temperatures (T ≫ ωD)

In this regime coth
(
ωD

2T x
)
→ 2T

xωD
and the function F (s) in Eq. (S3) becomes

F (s) ≈ πT

ωD
e−|s| . (S15)
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(c)

<latexit sha1_base64="JPrcICktSdPigRCP+Op4V3/ubAA=">AAACBXicbVC7TsNAEDxDgBBeDpQ0Jx5SaCKbIlBGAiRKkAggxVG0PjbhlPPZuluDIis1X0ELFR2i5Tso+BccQwEJU41mdrWzEyZKWvK8D2dmtjQ3v1BerCwtr6yuudX1SxunRmBLxCo21yFYVFJjiyQpvE4MQhQqvAoHR2P/6g6NlbG+oGGCnQj6WvakAMqlrlsNjlER8JNuFuh0VKO9rrvt1b0CfJr4P2S7WeoVOOu6n8FNLNIINQkF1rZ9L6FOBoakUDiqBKnFBMQA+tjOqYYIbScroo/4bmqBYp6g4VLxQsTfGxlE1g6jMJ+MgG7tpDcW//PaKfUOO5nUSUqoxfgQSYXFISuMzDtBfiMNEsE4OXKpuQADRGgkByFyMc1LquR9+JPfT5PL/brfqDfO82J22DfKbJNtsRrz2QFrslN2xlpMsHv2yJ7Ys/PgvDivztv36Izzs7PB/sB5/wLRuppx</latexit> �
E

⌫
(t
)

<latexit sha1_base64="JPrcICktSdPigRCP+Op4V3/ubAA=">AAACBXicbVC7TsNAEDxDgBBeDpQ0Jx5SaCKbIlBGAiRKkAggxVG0PjbhlPPZuluDIis1X0ELFR2i5Tso+BccQwEJU41mdrWzEyZKWvK8D2dmtjQ3v1BerCwtr6yuudX1SxunRmBLxCo21yFYVFJjiyQpvE4MQhQqvAoHR2P/6g6NlbG+oGGCnQj6WvakAMqlrlsNjlER8JNuFuh0VKO9rrvt1b0CfJr4P2S7WeoVOOu6n8FNLNIINQkF1rZ9L6FOBoakUDiqBKnFBMQA+tjOqYYIbScroo/4bmqBYp6g4VLxQsTfGxlE1g6jMJ+MgG7tpDcW//PaKfUOO5nUSUqoxfgQSYXFISuMzDtBfiMNEsE4OXKpuQADRGgkByFyMc1LquR9+JPfT5PL/brfqDfO82J22DfKbJNtsRrz2QFrslN2xlpMsHv2yJ7Ys/PgvDivztv36Izzs7PB/sB5/wLRuppx</latexit> �
E

⌫
(t
)

<latexit sha1_base64="mnBxOjQhgjDPeaq8bKvtGiF9xc4=">AAACCHicbVC7TgJBFJ1VVMQXPjqbiWiCDdm1QEsSG0tM5JEAIXeHC06YfWTmrglu+AG/wlYrO2PrX1j4L+4uFAqe6uSce3PPPW6opCHb/rJWVnNr6xv5zcLW9s7uXnH/oGmCSAtsiEAFuu2CQSV9bJAkhe1QI3iuwpY7vk791gNqIwP/jiYh9jwY+XIoBVAi9YtHXSTox10P6F57cWs6LdN5v1iyK3YGvkycOSnVcsMM9X7xuzsIROShT0KBMR3HDqkXgyYpFE4L3chgCGIMI+wk1AcPTS/O0k/5WWSAAh6i5lLxTMTfGzF4xkw8N5lMU5pFLxX/8zoRDa96sfTDiNAX6SGSCrNDRmiZ1IJ8IDUSQZocufS5AA1EqCUHIRIxSnoqJH04i98vk+ZFxalWqrdJMadshjw7ZieszBx2yWrshtVZgwn2yJ7ZC3u1nqw36936mI2uWPOdQ/YH1ucPSl2cbw==</latexit>

⌘ W
(t
)

<latexit sha1_base64="mnBxOjQhgjDPeaq8bKvtGiF9xc4=">AAACCHicbVC7TgJBFJ1VVMQXPjqbiWiCDdm1QEsSG0tM5JEAIXeHC06YfWTmrglu+AG/wlYrO2PrX1j4L+4uFAqe6uSce3PPPW6opCHb/rJWVnNr6xv5zcLW9s7uXnH/oGmCSAtsiEAFuu2CQSV9bJAkhe1QI3iuwpY7vk791gNqIwP/jiYh9jwY+XIoBVAi9YtHXSTox10P6F57cWs6LdN5v1iyK3YGvkycOSnVcsMM9X7xuzsIROShT0KBMR3HDqkXgyYpFE4L3chgCGIMI+wk1AcPTS/O0k/5WWSAAh6i5lLxTMTfGzF4xkw8N5lMU5pFLxX/8zoRDa96sfTDiNAX6SGSCrNDRmiZ1IJ8IDUSQZocufS5AA1EqCUHIRIxSnoqJH04i98vk+ZFxalWqrdJMadshjw7ZieszBx2yWrshtVZgwn2yJ7ZC3u1nqw36936mI2uWPOdQ/YH1ucPSl2cbw==</latexit>

⌘ W
(t
)

FIG. 4: Comparison between numerical and analytical results. Panels (a-c) show respectively the plot of
∆Eν(t) with ν = B (blue curve), ν = C (red curve), of E(t) and of ηW(t) as a function of Ωt/π for the case T =
0.1ω0 ≈ 4 · 10−3Ω. Panels (d-e) show the same quantities but for T = 250ω0 ≈ 10Ω. In all panels the solid line
represents the numerical results, while the dashed line represents the analytical ones. All energies are given in units
ω0, other parameters are ωD = 2ω0, γ0 = 300ω0.

Inserting this expression in Eq. (S4) with χ(t) given in Eq. (66) of the main text, after some manipulations it is
possible to explicitly evaluate the integrals over x1 and x2. Below we quote the result to leading order in Ω ≫ ωD, ω0,
valid for time Ωt up to the first local maxima of the QB which are at Ωt = nπ/2 with n a small integer. We have

⟨x̂2th(t)⟩ =
2T

mΩ2

{[
1− e−ωDt/2 cos(Ωt)

]
− 1

2
e−ωDt sin2(Ωt) +

Ω2

2ω2
0

(
1− e−2ωDω2

0t/Ω
2
)}

⟨ˆ̇x2th(t)⟩ =
T

m

{
1− e−ωDt cos2(Ωt)

}
. (S16)

Notice that, in the regime of large Ω considered here, the variance ⟨ˆ̇x2th(t)⟩ is always dominant with respect to ⟨x̂2th(t)⟩.
This implies ⟨ĤB(t)⟩th ≈ m

2 ⟨ˆ̇x2th(t)⟩, then considering also the homogeneous contribution, written in Eq. (S9), the
total energy of the QB is

⟨ĤB(t)⟩ = e−ωDt sin2(Ωt)

(
Ω2

4ω0
+
T

2

)
+
T

2

[
1− e−ωDt

]
. (S17)

Concerning the total work, written in Eq. (S11), we see that the switching on work does not have thermal contributions,
while the switching off ones is

Woff(t) =Woff,h(t) +Woff,th(t) , (S18)

with the homogeneous part, written in Eq. (S13) and the thermal contribution Woff,th(t) = −⟨ĤC(t)⟩th. This last

term can be directly evaluated inserting in the expression (S12) the above results for ⟨x̂2th(t)⟩ and ⟨ˆ̇x2th(t)⟩. We then
have, to leading order in Ω

Woff,th(t) =
T

2

[
e−ωDt sin2(Ωt) +

Ω2

ω2
0

(
1− e−

2ω2
0ωDt

Ω2

)]
. (S19)



6

Putting all together we obtain the expression for the total work

W (t) = −∆EC(t) =
Ω2

4ω0

[
1− e−ωDt cos2(Ωt)

]
+
T

2

[
e−ωDt sin2(Ωt) +

Ω2

ω2
0

(
1− e−

2ω2
0ωDt

Ω2

)]
. (S20)

We close by commenting on the ergotropy E(t). Differently from the low temperature case, at very high T ≫ Ω
the contribution of the covariance matrix becomes relevant and cannot be disregarded. The analytical evaluation of
det [σB,h(t) + σB,th(t)] can be directly obtained using the final expressions for the homogeneous variances – Eq.(S1)
– and for the thermal ones – Eq.(S16). The final expressions are too lengthy to be reported here.

Panels (d-f) of Fig. 4 confirm that also in the high temperature case the accordance between numerical and analyti-
cal results, which is excellent for both ∆EB(t) and for the ergotropy and very good for ∆EC(t) and the efficiency ηW(t).

b. Long times
This part is devoted to determine the long time (t→ +∞) behavior of the figures of merit. First, we remind that at

long times the homogeneous contributions die out and only the thermal ones survive. In addition, as shown in Eq. (81)

of the main text, we have ⟨x̂th(+∞)ˆ̇xth(+∞)⟩ = 0, then only ⟨x̂2th(+∞)⟩ = ⟨x̂2(+∞)⟩ and ⟨ˆ̇x2th(+∞)⟩ = ⟨ˆ̇x2(+∞)⟩
survive. This implies that the ergotropy, see Eq. (17) in the main text , is

E(+∞) =
ω0

2

[√
mω0⟨x̂2(+∞)⟩ −

√
m⟨ˆ̇x2(+∞)⟩/ω0

]2
, (S21)

while for the total work we have

W (∞) =
Ω2

4ω0
− ⟨ĤC(∞)⟩ (S22)

⟨ĤC(∞)⟩ = m⟨ˆ̇x2(+∞)⟩ −m

(
ω2
0 +

Ω2

2

)
⟨x̂2(∞)⟩ .

In order to evaluate the above quantities we use the general results derived in Ref. [1] for a Drude spectral density.
We have

⟨x̂2(+∞)⟩ =
T

mω2
0

− 1

mπ

3∑

j=1

χjψ

(
1 +

λj
2πT

)
, ⟨ˆ̇x2(+∞)⟩ = ω2

0 ⟨x̂2th(+∞)⟩+K (S23)

K =
Ω2

mπ

3∑

j=1

kjψ

(
1 +

λj
2πT

)
, (S24)

with

kj =
λj∏

j′ ̸=j (λj′ − λj)
(S25)

and where ψ(z) is the digamma function.
Our task will be to study these relations in the strong underdamped regime (Ω ≫ ω0, ωD). Here, the roots λj and
the corresponding weight χj were obtained in Eqs. (63) - (65) of the main text.We will confine the discussion below
to the two limiting cases of low or high temperatures.

– Low temperatures (T ≪ λj)

In this case one has ψ
(
1 +

βλj

2π

)
= ln

(
βλj

2π

)
+O(T/λj), this leads to the leading contribution

⟨x̂2(+∞)⟩ ≈ − 1

πm

3∑

j=1

χj ln

(
λj
2πT

)
= − 1

πm

3∑

j=1

χj ln (λj) , (S26)

where in the last equation we use
∑3

j=1 χj=0. Inserting the expressions for λj and χj we obtain the leading behavior
in Ω for T → 0

⟨x̂2(+∞)⟩ ≈ 1

2mΩ
. (S27)
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To determine ⟨ˆ̇x2(+∞)⟩ we start by considering the contribution K in Eq. (S24) for T → 0. We have

K ≈ Ω2

πm

3∑

j=1

kj ln

(
λj
2πT

)
(S28)

Now we use the constraint
∑3

j=1 kj = 0. This follows from the equality

kj = −χj +
ωD∏

j′ ̸=j (λj′ − λj)
, (S29)

recalling
∑3

j=1 χj = 0 and observing that
∑3

j=1
1∏

j′ ̸=j(λj′−λj)
= 0. We are then left with the following expression

K ≈ Ω2

πm

3∑

j=1

kj ln (λj) . (S30)

Inserting the leading behavior in Ω of λj and χj we have

K ≈ Ω

2m
(S31)

This implies, using Eqs. (S23), (S27) and (S31), that the leading behavior in Ω for ⟨ˆ̇x2(+∞)⟩ is

⟨ˆ̇x2(+∞)⟩ ≈ Ω

2m
. (S32)

Regarding the different figure of merit we then have

⟨ĤB(+∞)⟩ ≈ Ω

4
, ⟨E(+∞)⟩ ≈ Ω

4
(S33)

and therefore ηB(+∞) ≈ 1. Inspecting Eq. (S22) we see that the work done to switch on the interaction Won =
Ω2/(4ω0) dominates with respect to the work required to switch off the coupling. Indeed, the latter is (see Eq (S22))

Woff = −⟨ĤC(∞)⟩ ≈ −Ω/4. Then the total work is

W (+∞) ≈ Ω2

4ω0
(S34)

which leads to a very small efficiency

ηW(+∞) ≈ ω0

Ω
→ 0. (S35)

– High temperatures ( T ≫ λj) In this regime we consider the high temperature expansion of all terms containing

the psi function: ψ
(
1 +

βλj

2π

)
= ψ(1) + O

(
λj

T

)
. Inserting this behavior in Eq. (S24) we can see that the K term is

not dominant (K ∝ 1/T ). Indeed, we have

⟨x̂2(+∞)⟩ = T

mω2
0

[1 +O(Ω/T )], ⟨ˆ̇x2(+∞)⟩ = T

m
[1 +O(Ω/T )]. (S36)

This result is no more then the energy equipartition. In this regime one then has

⟨ĤB(+∞)⟩ = T E(+∞) ∝ 1/T (S37)

and therefore ηB(+∞) → 0.
We conclude addressing the total work W (t). Inserting Eq. (S36) in Eq. (S22) we obtain

W (+∞) =
T Ω2

2ω2
0

[1 +O(Ω/T )] (S38)

which leads to ηW(+∞) → 0.
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Supplementary Note 3: Details on the spectral decomposition of the reservoir and
coupling energies

Let us begin observing that ĤC in Eq. (4) in the main text can be rewritten as

ĤC =
1

2

∑

k

[
−ck (x̂x̂k + x̂kx̂) +

c2k
mkω2

k

x̂2
]
≡
∑

k

Ĥ
(k)
C , (S39)

whence

⟨Ĥ(k)
C (t)⟩ = −ck⟨x̂(t)x̂k(t)⟩s +

c2k
2mkω2

k

⟨x̂2(t)⟩ , (S40)

where ⟨ÂB̂⟩s = 1
2 ⟨{Â, B̂}⟩ is the symmetrized average. Let us focus on the first term ⟨x̂(t), x̂k(t)⟩s, since the quantity

⟨x̂2(t)⟩ has already been evaluated – see Eqs. (43) and (44) in the main text. Also in the case of this correlation
function, the homogeneous and thermal contributions are separated, leading to

⟨x̂(t), x̂k(t)⟩s = ⟨x̂h(t), x̂k,h(t)⟩s + ⟨x̂th(t), x̂k,th(t)⟩s , (S41)

where x̂h(t) and x̂th(t) have been given in Eqs. (13) and (15) of the main text, while from Eq. (8) we have

x̂k,th(t) = ξ̂k(t) +
ck

mkωk

∫ t

0

dt′ sin [ωk (t− t′)] x̂th(t
′) , (S42)

with

ξ̂k(t) = x̂k(0) cos (ωkt) +
p̂k(0)

mkωk
sin (ωkt) , and x̂k,h =

ck
mkωk

∫ t

0

dt′ sin [ωk (t− t′)] x̂h(t
′) . (S43)

We recall here that the QB is initialized from its ground state, with

⟨x̂2(0)⟩ = 1

2mω0
; ⟨ˆ̇x2(0)⟩ = ω0

2m
; ⟨x̂(0)ˆ̇x(0)⟩s = 0 , (S44)

while the reservoir has thermal initial conditions

⟨x̂k(0)x̂k′(0)⟩ = δk,k′

2mkωk
coth

(
βωk

2

)
; ⟨p̂k(0)p̂k′(0)⟩ = δk,k′

2
mkωk coth

(
βωk

2

)
; ⟨x̂k(0)p̂k′(0)⟩s = 0 . (S45)

To evaluate the homogeneous term ⟨x̂h(t)x̂k,h(t)⟩s in Eq. (S41) using Eq. (S43) one needs the correlator ⟨x̂h(t)x̂h(t′)⟩s,
which can be easily obtained using Eq. (13) in the main text with the initial conditions (S44). One has

⟨x̂h(t)x̂h(t′)⟩s =
1

2mω0

[
ω2
0χ(t)χ(t

′) + χ̇(t)χ̇(t′)
]
. (S46)

Inserting this expression in Eq. (S41) one obtains

⟨x̂h(t)x̂h(t′)⟩s =
ω0

2m

ck
mkωk

∑

l,j

χlχj

(
1 +

λlλj
ω2
0

)
e−(λl+λj)t

2i

[
e(λj+iωk)t − 1

λj + iωk
− e(λj−iωk)t − 1

λj − iωk

]
. (S47)

Let us now turn to the evaluation of the term ⟨x̂th(t)x̂k,th(t)⟩s in Eq. (S41). Inspecting Eq. (S42) one figures out
that it consists of two contributions

⟨x̂th(t)x̂k,th(t)⟩s = ⟨x̂th(t)ξ̂k(t)⟩s +
ck

mkωk

∫ t

0

dt′ sin [ωk(t− t′)] ⟨x̂th(t)x̂th(t′)⟩s . (S48)

Starting from the first term on the right hand side and substituting the solution for x̂th(t) – see Eq. (15) in the main
text – one has

⟨x̂th(t)ξ̂k(t)⟩s =
∫ t

0

dt′

m
χ(t− t′)

∑

k′

ck′⟨ξ̂k′(t′)ξ̂k(t)⟩s . (S49)
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Taking into account Eq. (S43) and the initial conditions (S45) one finds

⟨ξ̂k′(t′)ξ̂k(t)⟩s =
δk,k′

2mkωk
coth

(
βωk

2

)
cos [ωk (t− t′)] . (S50)

Plugging Eq. (S50) into Eq. (S49) with the general expression χ(t) =
∑

j χje
−λjt after some algebraic steps we have

⟨x̂th(t)ξ̂k(t)⟩s =
1

m

ck
4mkωk

coth

(
βωk

2

)∑

j

χj

[
1− e−(λj−iωk)t

λj − iωk
+

1− e−(λj+iωk)t

λj + iωk

]
. (S51)

As for the last term in Eq. (S48) we need the following correlator

⟨x̂th(t)x̂th(t′)⟩s =
1

m2

∫ t

0

dτ1χ(t− τ1)

∫ t

0

dτ2χ(t
′ − τ2)Ls(τ1 − τ2) , (S52)

where Ls(τ) = ⟨ξ̂(τ)ξ̂(0)⟩s is given in Eq. (S2) and where we have employed Eq. (15) in the main text. Using again
the general form of χ(t) quoted above and performing the integrations in Eq. (S52) we get

⟨x̂th(t)x̂th(t′)⟩s =
1

m2

∑

l,j

χlχj

∫ ∞

−∞

dω

2π
J(ω) · coth

(
βω

2

)
eiωt − e−λlt

λl + iω

e−iωt′ − e−λjt
′

λj − iω
. (S53)

This last correlator must be inserted back into the integral to the right hand side of Eq. (S48). After some algebraic
rearrangement, its last term finally reads

1

2m2

ck
mkωk

∑

l,j

χlχj

∫ ∞

−∞

dω

2π
J(ω) coth

(
βω

2

)
eiωt − e−λlt

(λl + iω) (λj − iω)

{
e−iωkt − e−iωt

ω − ωk
− eiωkt − e−iωt

ω + ωk
+

+i
eiωkt − e−λjt

λj + iωk
− i

e−iωkt − e−λjt

λj − iωk

}
. (S54)

To summarize, the term ⟨x̂(t)x̂k(t)⟩s is given by the sum of Eqs. (S47), (S51) and (S54). This expression is to be

inserted in Eq. (S40) to finally obtain ⟨Ĥ(k)
C (t)⟩ and thus ∆EC(t, ωk) in Eq. (24) of the main text.

Let us now evaluate the k–th contribution to the reservoir energy

⟨Ĥ(k)
R ⟩ = 1

2
mk⟨ˆ̇x2k(t)⟩+

1

2
mkω

2
k⟨x̂2k(t)⟩ , (S55)

again given by homogeneous and thermal contributions

⟨Ĥ(k)
R (t)⟩ = ⟨Ĥ(k)

R (t)⟩h + ⟨Ĥ(k)
R (t)⟩th , (S56)

where

⟨Ĥ(k)
R ⟩h =

1

2
mk⟨ˆ̇x2k,h(t)⟩+

1

2
mkω

2
k⟨x̂2k,h(t)⟩ ,

⟨Ĥ(k)
R ⟩th =

1

2
mk⟨ˆ̇x2k,th(t)⟩+

1

2
mkω

2
k⟨x̂2k,th(t)⟩ . (S57)

Begin with ⟨Ĥ(k)
R (t)⟩h, inserting Eq. (S43) and its derivative to obtain



⟨x̂2k,h(t)⟩

⟨ˆ̇x2k,h(t)⟩


 =

(
ck

mkωk

)2 ∫ t

0

dτ1

∫ t

0

dτ2⟨x̂h(τ1)x̂h(τ2)⟩




sin [ωk (t− τ1)] sin [ωk (t− τ2)]

ω2
k cos [ωk (t− τ1)] cos [ωk (t− τ2)]


 . (S58)

Inserting the solution in Eq. (S46) in Eq. (S58), after some steps one finds
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⟨Ĥ(k)
R (t)⟩h =

c2k
4mk

ω0

m

∑

l,j

χlχj

(
1 +

λlλj
ω2
0

)[
1− e−(λl+iωk)t

λl + iωk

] [
1− e−(λj−iωk)t

λj − iωk

]
. (S59)

We are left with the evaluation of ⟨Ĥ(k)
R (t)⟩th given in Eq. (S57). To this end we need to rewrite ⟨ˆ̇x2k,th(t)⟩ and

⟨x̂2k,th(t)⟩ using Eqs. (S42)– (S43). Let us begin with ⟨x̂2k,th(t)⟩ which, after inserting Eq. (S42), becomes

⟨x̂2k,th(t)⟩ = ⟨ξ̂2k(t)⟩+
2ck
mkωk

∫ t

0

dt′ sin [ωk (t− t′)] ⟨ξ̂k(t)x̂th(t′)⟩s +
(

ck
mkωk

)2 ∫ t

0

dτ1

∫ t

0

dτ2 sin [ωk (t− τ1)]×

× sin [ωk (t− τ2)] ⟨x̂th(τ1)x̂th(τ2)⟩s . (S60)

In analogy, concerning ⟨ˆ̇x2k,th(t)⟩ we have

⟨ˆ̇x2k,th(t)⟩ = ⟨ ˆ̇ξ2k(t)⟩+
2ck
mk

∫ t

0

dt′ cos [ωk (t− t′)] ⟨ ˆ̇ξk(t)x̂th(t′)⟩s +
(
ck
mk

)2 ∫ t

0

dτ1

∫ t

0

dτ2 cos [ωk (t− τ1)]×

× cos [ωk (t− τ2)] ⟨x̂th(τ1)x̂th(τ2)⟩s . (S61)

After inserting Eqs. (S60) and (S61), Eq. (S57) decomposes as

⟨Ĥ(k)
R (t)⟩th = I

(k)
0 + I

(k)
1 (t) + I

(k)
2 (t) , (S62)

where

I
(k)
0 =

1

2
mk⟨ ˆ̇ξ2k(t)⟩+

1

2
mkω

2
k⟨ξ̂2k(t)⟩ , (S63)

I
(k)
1 (t) = ck

∫ t

0

dt′
{
cos [ωk (t− t′)] ⟨ ˆ̇ξk(t)x̂th(t′)⟩s + ωk sin [ωk (t− t′)] ⟨ξ̂k(t)x̂th(t′)⟩s

}
, (S64)

and

I
(k)
2 (t) =

c2k
2mk

∫ t

0

dτ1

∫ t

0

dτ2 cos [ωk (τ1 − τ2)] ⟨x̂th(τ1)x̂th(τ2)⟩s . (S65)

Substituting Eq. (S43) in Eq. (S63) and keeping in mind the initial conditions (S45) we get

I
(k)
0 =

ωk

2
coth

(
βωk

2

)
, (S66)

which is independent of t as one should expect being independent of ck. To evaluate I
(k)
1 (t) in Eq (S64) we need

⟨ξ̂k(t)x̂th(t′)⟩s, which can be obtained recalling Eq. (15) in the main text and the correlator in Eq. (S50). Doing so
one gets

⟨ξ̂k(t)x̂th(t′)⟩s =
ck

2mkωk
coth

(
βωk

2

)∫ t′

0

dτ

m
χ(t′ − τ) cos [ωk(t− τ)] . (S67)

Note that to obtain ⟨ ˆ̇ξk(t)x̂th(t′)⟩s one simply needs to take the derivative of Eq. (S67) with respect to t. Inserting
these quantities into Eq. (S64) we obtain

I
(k)
1 (t) =

c2k
4mmk

coth

(
βωk

2

)∑

j

χj

{
− 2ωkt

λ2j + ω2
k

+ i
1− e−(λj+iωk)t

(λj + iωk)
2 − i

1− e−(λj−iωk)t

(λj − iωk)
2

}
. (S68)

Note here the presence of a secular term, which in a minute we will show to perfectly cancel out for t → ∞ with

another secular term appearing in I
(k)
2 (t). As for this last term, it is easy to evaluate inserting Eq. (S53) for the

correlator ⟨x̂th(τ1)x̂th(τ2)⟩s. After a bit of algebra we get
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I
(k)
2 (t) =

c2k
2mk

1

m2

∑

l,j

∫ ∞

−∞

dω

2π
coth

(
βω

2

)
J(ω)

(λl + iω) (λj − iω)

[
e−i(ω−ωk)t − 1

ω − ωk
− i

e−λj−iωk)t − 1

λj − iωk

]
×

×
[
ei(ω−ωk)t − 1

ω − ωk
+ i

e−λl+iωk)t − 1

λl + iωk

]
. (S69)

To summarize, ⟨Ĥ(k)
R (t)⟩ is given by the sum of the terms in Eq. (S59), (S66), (S68) and (S69).

To close this Section let us show that for t → ∞ a secular term emerges in I
(k)
2 (t) which exactly cancels out the

secular term in I
(k)
1 (t). To extract these terms we consider limt→∞ İ

(k)
1,2 (t), the sum of them should cancel out. We

have

lim
t→∞

İ
(k)
1 (t) = − c2kωk

2mmk
coth

(
βωk

2

)∑

j

χj

λ2j + ω2
k

. (S70)

Notice that

∑

j

χj

λj − iω
=

∫ ∞

0

dtχ(t)eiωt = χ̃(λ = −iω) , (S71)

and that χ̃(λ = −iω) turns out to be the Fourier transform of the retarded response function χr(t) = θ(t)χ(t):
χ̃r(ω) = χ̃(λ = −iω) – see Eq. (14) in the main text. Therefore, Eq. (S70) becomes

lim
t→∞

İ
(k)
1 (t) = − c2k

2mmk
coth

(
βωk

2

)
χ̃′′
r (ωk) , (S72)

where χ̃′′
r (ωk) denotes the imaginary part of χ̃r(ωk). Consider now

lim
t→∞

İ
(k)
2 (t) =

c2k
2mm

1

m2

∑

l,j

χlχj

∫ ∞

−∞

dω

2π
coth

(
βω

2

)
J(ω)

(λl + iω) (λj − iω)

{
2 sin [(ω − ωk) t]

ω − ωk

−
[
e−i(ω−ωk)t

λl + iωk
+
ei(ω−ωk)t

λj − iωk

]}
, (S73)

and introduce the auxiliary variable x = (ω − ωk)t and let t → ∞ in the integral of the above expression. The only
surviving term reads

lim
t→∞

İ
(k)
2 (t) =

c2k
2mk

1

m2
coth

(
βωk

2

)
J(ωk)

∑

l,j

χl

λl + iωk

χj

λj − iωk
. (S74)

Exploiting Eq. (S71) we rewrite Eq. (S74) as

lim
t→∞

İ
(k)
2 (t) =

c2k
2mmk

coth

(
βωk

2

)
J(ωk)

m
χ̃(ωk)χ̃(−ωk) . (S75)

From the properties of χ̃r(ω) and γ̃(ω) it is known that [2]

J(ω)

m
|χ̃(ω)|2 = χ̃′′(ω) . (S76)

Substituting this result in Eq. (S75) and inspecting Eq. (S72) one can finally recognize that

lim
t→∞

[
İ
(k)
1 (t) + İ

(k)
2 (t)

]
= 0 . (S77)
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