PHYSICAL REVIEW LETTERS 133, 150402 (2024)

Extended Local Ergotropy

1

Riccardo Castellano®, 23" Donato Farina ,2’4’T Vittorio Giovannetti,5 and Antonio Acin

2,6

'Scuola Normale Superiore, 1-56126 Pisa, Italy
2ICFO-Institut de Ciencies Fotoniques, The Barcelona Institute of Science and Technology,
08860 Castelldefels, Barcelona, Spain
3Dipartimento di Fisica dell’Universita di Pisa, Largo Pontecorvo 3, I-56127 Pisa, Italy

4Physics Department E. Pancini-Universita degli Studi di Napoli Federico I,
Complesso Universitario Monte S. Angelo—Via Cintia—1-80126 Napoli, Italy

NEST, Scuola Normale Superiore and Istituto Nanoscienze-CNR, 1-56127 Pisa, Italy

SICREA-Institucié Catalana de Recerca i Estudis Avangats, 08010 Barcelona, Spain

® (Received 12 March 2024; revised 20 August 2024; accepted 3 September 2024; published 10 October 2024)

A fundamental problem in quantum thermodynamics is to properly quantify the work extractable from
out-of-equilibrium systems. While for closed systems, maximum quantum work extraction is defined in
terms of the ergotropy functional, this question is unclear in open systems interacting with an environment.
The concept of local ergotropy has been proposed, but it presents several problems, such as it is not
guaranteed to be nonincreasing in time. Here, we introduce the concept of extended local ergotropy by
exploiting the free evolution of the system-environment compound. At variance with the local ergotropy,
the extended local ergotropy is greater, is nonincreasing in time, and activates the potential of work
extraction in many cases. We then concentrate on specific schemes in which we alternate repeated local
unitaries and free system-environment evolution. We provide examples based on the Jaynes-Cummings
model, presenting practical protocols and analytic results that serve as proof of principle for the

aforementioned advantages.
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How much work can be extracted from an out-of-
equilibrium quantum system? For an isolated quantum
system S, described by Hamiltonian Hg and state pg, the
ergotropy functional [1] is commonly accepted as the figure
of merit for the maximum work extractable under cyclic
protocols [2-5]. It is defined as

E(ps, Hs) = max tr[Hg(ps — UspsUs™)]. (1)
s EUs

where Ug is the set of unitaries on S. Remarkably, the
optimal unitary has a closed expression in terms of the
eigenvectors of Hg and pg [6].

However, in practical experimental settings, the system
of interest S interacts (weakly or not) with external degrees
of freedom, the environment E, on which we typically have
very limited control. Hence, it becomes crucial to properly
include the environment E and its interaction with the
system S in a work extraction task. Regarding this, a series
of approaches have been proposed so far. Ergotropy
extraction (EE) via thermal operations has been proposed
in Ref. [7]. Thermal operations mimic classical interaction
between S and E, i.e., they keep unchanged the sum of the
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local energies of S and E [8]. This construction, however,
requires in general a detailed engineering of the S — E
interaction. One can instead consider all possible quantum
channels, defined by completely positive trace preserving
(CPTP) maps, acting locally on § as allowed operations [9].
Consequently, states whose energy cannot be decreased
by any local CPTP map are named local CP passive,
and semidefinite programming techniques can be used to
characterize them and compute upper bounds on the
extractable energy [10].

However, in this case, the energy extracted is not
unequivocally accepted as work as it typically implies
an entropy change. More recently, in Ref. [11], and in
analogy with ergotropy, the set of allowed operations is
restricted to all unitaries acting locally on the S subsystem.
Such notion of local ergotropy (LE) is defined as

Es(pses Hsg) = max tr[Hse(pse — USpSEUg)]v (2)
S

S

where pgg is the joint state of SE, Hg, is the full interacting
Hamiltonian

Hgg = Hs + Hg + Vg, (3)

with local terms Hg, Hg, and interaction Vgg. Eq. (2)
expresses the fact that it is not possible to control the

© 2024 American Physical Society
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environmental degrees of freedom and the interaction
between the systems. Nonetheless, the energy functional
is evaluated with respect to the full interacting Hamiltonian
Hgr making SE correlations a resource in several cases.
Both the definitions introduced in [9,11], namely CP
passivity and LE, share a notable operational problem:
they are not guaranteed to be nonincreasing in time. As the
time evolution of the joint system is not local, both
quantities are time-dependent when the state is evolving
under the compound Hamiltonian Hgg. This leads to exotic
situations, such as having passive states [1] according to
these quantities (that is states with zero extractable work)
evolving into nonpassive ones by the natural SE dynamics
with no active intervention on S (see, e.g., Fig. 1 of
Ref. [11]). A second important element to take into account
is the adiabatic approximation underlying the definitions
of CP- passivity or LE. In order to eventually generate a
local map on S, it is necessary to assume that the local
manipulation is carried out on a much shorter timescale
than the one governing the dynamics of the joint com-
pound SE.

The objective of this work is to introduce the concept of
extended local ergotropy (ELE), a figure of merit for work
extraction in open systems that solves all the previous
issues: (i) it is nonincreasing under the natural SE dynam-
ics, (ii) it does not require any adiabatic approximation, and
(iii) it does not involve any control on the environmental
degrees of freedom. The main point behind our construc-
tion is to take into account the free evolution of the SE
compound and its entangling potential to enlarge the set of
implementable unitary operations.

Extended local ergotropy—To start, we define the set
Ue (Hgg) (or U, for compactness) of extended local
unitaries as the closure [12] of the set

Uy (Hgg) = {Us.t.U —Texp {—i /Otf Hge + Hs(t)dt] }
(4)

Here, we do not allow for Hamiltonian control of E, but
only on S. These unitaries have a clear operational
character: they are not strictly local on S, but the non-
locality is provided only by the natural SE dynamics, in
particular, by its interacting term Vgg. ELE then reads [13]

Eex(psgs Hge) = sup tr[HSE(pSE - U/)SEUT)}- (5)
U€eU,y

When the SE system is finite dimensional, the sup can be
replaced by a max. We notice that, by construction, ELE is
always greater or equal to LE and smaller or equal to the
global ergotropy (GE) &(psg, Hsg) of the SE compound
which measures the work extractable when global oper-
ations are granted in the model, i.e.,

Es(pse. Hsg) < Eex(pse. Hsg) < E(psp. Hge).  (6)

Also, the functional (5) is convex in the state pgg and, in
contrast with local ergotropy, nonincreasing under time
evolution induced by the free Hamiltonian Hgg,

Eex(pse(t), Hsp) < Eex(pse(0), Hsg), V1 2>0. (7)
Indeed, since time evolution is part of the I/, set, ELE can
only decrease in time, proving (7). This is a property
generically demanded to a quantum resource. For instance,
entanglement is nonincreasing under LOCC operations.
Analogously, ELE is nonincreasing under free SE evolu-
tion. Notably, the equality

Eex(pse(t), Hsg) = Eex(pse(0), Hsg), VYt 20, (8)
holds if the Hgg is bounded and has discrete spectrum. The
proof [14] relies on the quasirecurrence of unitary evolu-
tions [15,16]. In [17] estimates and upper bounds for such
recurrence time are reported. Nevertheless, these values are
excessively long to be relevant in any realistic scenario.
Consequently, in any practical situation, one should con-
sider ELE as a quantity that strictly decreases over time.
Interestingly, it can also be shown [14] that a continuous
Hamiltonian allows for irreversible flows of energy from §
to E, making ELE strictly decreasing in time.

Bang-bang representation—Bang-bang control proce-
dures are obtained by abruptly alternating between two
different types of Hamiltonian drivings. Such evolu-
tions proved to be very effective in generating optimal
control pulses in different contexts of quantum informa-
tion [18,19]. In our case we can show that, as long as the SE
compound is finite dimensional, all possible elements of
U, can be generated via bang-bang sequences formed by
free evolutions of the system and by strong driving pulses
on S [14]. Indeed, if the dimension of the Hilbert of SE
is finite, quantum control theory assesses that ., is a
compact and connected Lie group given by the exponential
of the dynamical Lie algebra [20,21]. Accordingly, it
follows that given U €14, it can be expressed as

N-1)
S

U=U""Uy(8t5_1)... UL U (51), (9)

obtained by alternating unitary operations on the system,

U<SO), . UéN_l) €Ug with time intervals ot of free-time
evolution, defined by the operator Uy (6¢) := exp(—iétHsg).
Further, the number of necessary unitaries A is uniformly
bounded. This result does not always apply to infinite-
dimensional models. For completeness, however, as an
example of the treatment in the infinite-dimensional dis-
crete case, we will analyze the Jaynes-Cummings model.
Systems with continuous spectra, instead, warrant a sep-
arate analysis that goes beyond the scope of this work.
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Saturation of the global entropy—While under general
conditions the gap between ELE and GE is expected to be a
strict one, for some models the two values may coincide.
An example is provided by a 1D chain of M 1/2-spins with
Heisenberg-like nearest neighbor interaction,

M-1
Hg — ZY <6§(n)6)(cn+1) i G;n)agwl) T Aaﬁ")aﬁ”“)),
n=1

with ayy,z describing the Pauli operators of the ith chain
element. In this case, identifying the first spin element with
S and the remaining ones with the environment E, using
the results of quantum control [22], one can show that
Eex(psps Hsg) = E(psg, Hsg) via appropriate manipula-
tions of the local magnetic field acting on S [14].
Interestingly, for A = 0, controlling instead the first two
spins even allows efficient control (i.e., quadratically longer
than for direct control) [23].

A further example of a system for which ELE and
GE can coincide is represented by the case where S is a
two-level (qubit) system interacting with a single electro-
magnetic cavity mode via a Jaynes-Cummings (JC) inter-
action [24]. In this case the Hamiltonian of the SE
compound is given by (setting A = 1)

o, + 1
Hjc = wg -

. Q .
+wEa‘a+§(a+ ®a+o” ®a),
(10)

where a (a) is the bosonic creation (annihilation) operator
of the cavity mode, wg and wg are, respectively, the
atom’s gap energy and the cavity’s frequency, and & :=
(6, +ic,)/2. Let Aw:=ws—wg be the detuning and
¢,:=1arctan(vn+1Q/Aw). For VAw® +Q? < (wg+ws),
the Hamiltonian’s ground state is |00)gz with eigenvalue
Ey =0, where |0)g and |1)g are the eigenstates of o,
corresponding to eigenvalues —1 and 1, and {|n)g}, ey are
bosonic Fock states. The excited states are

nt) = cos dy|l)s ® [n)g + sing,[0)s ® |n + 1),
[n=) = sindp,|1)s ® [n)g = cos $,|0)s ® [+ 1), (11)

with corresponding eigenvalues

En,:l: :a)S/2+wE(n+1/2):|:Awn, (12)

and Aw, =1 1/Aw? + (n + 1)Q2. For this model, we have
shown [14] that local controls on the spin degrees of
freedom are enough to have approximate density matrix
controllability on the joint system. More precisely, for each
pair of unitarily equivalent states pgg, osg, V € > 0 and for
almost all values of the coupling constant Q [25-29]:

U Euex(Hjc) S.t. tI'[(U,[)SE[]T - GSE)Z] <e. (13)

This means we can always bring the initial state arbitrarily
close to its passive state pt.. However, since Hjc is
unbounded this does not guarantee that the energy of the
final state can be brought arbitrarily close to tr[Hycplg].
Despite this, for any finite-dimensional approximation

of the compound, we have & (pSE,H(S?) = Sex(pSE,H(SI]?),

where H(SII\Q is a truncation of H,c obtained by only

allowing up to N photons in the cavity. However, it is
not clear how to construct such a unitary, if there exist
upper bounds on the number of operations or on the time
needed to implement it. For this reason, in the next section
we show for different classes of initial states the amount of
work that can be extracted with minimal protocols, involv-
ing a small number of operations.

Practical protocols for the JC model—As a first exam-
ple, we consider the case where the two-level system of the
JC model is in the ground state |0) and the cavity mode is in
a Fock state |n + 1). Here, for zero detuning Aw = 0, we
can alternate work extraction unitaries on the system (bit
flips) with free time evolutions to reexcite the atom and
extract one by one all the photons stored in the cavity. This
makes the bang-bang protocol saturating the ELE and the
GE of SE. Let 8t, = (r/2Aw,) and UL be the bit-flip on
qubit S, then [14]

(bf)

bf bf
UL U (810) UL UL Uy (81 lwin)se = 100)ss.  (14)

This implies

Eex(|0)s ® n+1)g) = E(|0)s ® |n + 1)g) = (n + Das,
(15)

proving that ELE can saturate the ergotropy of SE. We
remark that, instead, for any n and value of the detuning,
the LE is zero, E5(|0)g|n)g) = 0. All this is depicted in
Fig. 1 where we plot the work extracted in terms of the
number of steps AV in the bang-bang protocol for input state
|0, n). ELE reaches the GE value for N' = n. For com-
pleteness, we report work extracted with a generalization of
the protocol described in Eq. (14) [14] for different input
states. We consider qubit in the ground state and cavity in a
coherent state |0, a) and the eigenstate of the Hamiltonian
of SE, |m+), with initial parameters (n, a, and m) such that
initial states have approximately the same GE [30]. Also for
these two examples, the final value of the ELE is consid-
erably high, despite not reaching GE performances.

Thermal states—We now move on to the case in which
the qubit and the cavity of the JC model are in a tensor
product of two thermal states. We then set

Pin = Vg, ® Y, (16)
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FIG. 1. Lower bound W for extended local ergotropy in the case
of the Jaynes-Cummings model, obtained using a slight gener-
alization of the bang-bang unitary of Eq. (14) (see [14] for
details). We plot the ratio between W and the GE, as a function of
the number of steps /. We consider different input states: |0, n),
qubit in the ground state and cavity in a Fock state (red); |0, a),
qubit in the ground state and cavity in a coherent state (green
dash-dotted); eigenstate |m+) of the Hamiltonian of SE (blue
dashed). Initial resources are such that initial states have
approximately the same GE [30]. With input |0,n) the bang-
bang protocol is optimal even in saturating the GE bound. We
have setn = |a> =12, m =11, wg = wg = 1, Q = 0.1.

where the two thermal states refer to the respective local
Hamiltonians and fx = 1/(kgTx) are the inverse temper-
atures. First of all, as for the Fock initial state, we have zero
LE, &s(rp, ® vp,- Hse) =0 [31]. This means that any
observed nonzero ELE implies an advantage with respect
to LE. In this context it is also natural to compare ELE
performances with respect to the ergotropic extraction
framework defined in Ref. [7] which is based on thermal
operations.

In order to fairly make comparisons with the latter, we
will suppose that we can neglect the interaction when
evaluating the energy functionals, this makes the energy
functional depending only on the local states. However, this
does not mean that the existence of the interaction is not
important. Indeed, the set of allowed unitary operations
U (Hsg) is independent of the strength of the inter-
action [32]. Moreover, it is important to note that there
is, in general, no trivial ordering between the optimal
protocols of the ELE and EE settings, because the set of
unitary energy-preserving maps on SE is neither bigger nor
smaller than U, (Hgg).

For the considered JC model, we show in Fig. 2 that ELE
exceeds for large intervals of temperatures the extracted
ergotropy even for simple suboptimal protocols. We plot as
a function of the qubit temperature Tg the work extracted
with an appropriate unitary operation Uy, (Ts, T) € Uey
(with fixed cavity temperature 7). In the inset we plot the
work extracted by Uy, (0, Tg) €U, as a function of the
cavity temperature Ty, while 75 = 0. The unitaries

FIG. 2. Work W extracted via Uy, (T, Tg) (red) and maximum
extractable ergotropy, as defined in Eq. (52) of Ref. [7] (green
dashed) for a qubit at temperature 7'g and bath at temperature 7.
Both curves are computed for varying 7', while we fixed T to the
value corresponding to 12 average photons. Inset: work extracted
via Uy (0, Tg) (red) and maximum extractable ergotropy (green
dashed) for a qubit in the ground state as a function of 7. The
work extracted via the considered bang-bang protocols (red
curves) represents a lower bound for ELE. We also report GE
values (black dotted). We have set kg = 1 and wg = wg = 1,
Q=0.1. Each Uy, (Ts,Tg) requires less than 100 local
operations.

Uy (Ts, Tg) of Fig.2 where obtained via a bang-bang
protocol of the form (9). Here, time steps d0t; are aimed to
maximize the ergotropy &(ps, Hg) of the subsystem S via
free SE evolution given by Uy(5t;). Local terms U(Sk)
implement either the corresponding local unitary that
maximizes (local) work extraction or a random energy-
preserving local unitary. The latter is implemented only in
case free evolution did not act (or equivalently acted with a
ot; = 0) because it could not enhance the ergotropy of the
subsystem S on the given input state [14]. We emphasize
that unitaries Uy, (Ts, Tg) are not optimal, meaning that
the red lines in Fig. 2 represent a lower bound for
Eex(7p, ® vp.). In this setting, GE (and hence ELE)
becomes zero when the system and the bath reach the same
temperature. This comes as a consequence of the weak-
coupling assumption and from the passivity of the com-
pound thermal state with respect to the noninteracting
Hamiltonian Hg + Hg. At lower temperatures 7', the main
plot in Fig. 2 shows how ELE is greater than EE for a
considerable temperature interval. Furthermore, we notice
that in the assumed weak-coupling regime, we can define
work and heat as follows. Given a certain protocol for
energy extraction, i.e., given a U el:{ex, the work extracted
is W = tr[Hsg(pin — UpinU")] and the heat is the energy
difference of the thermal bath Q = tr[Hg(p;, — Upin, UT)].
Protocols implemented in Fig. 2 are also characterized by
considerably high W /Q ratio (in our case W and Q are both
positive). Indeed, the final local state poy s := trg(Upi UT)
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is a (completely) passive state, which implies tr(poy sHs) <
wg /2. This means that the heat exchanged is always smaller
than W + wg/2. For example, we get W/Q > 0.763 for a
cavity temperature corresponding to 12 photons on average
and the qubit initially in the ground state (last point in the
inset of Fig. 2).

Discussion—We have investigated maximal work extrac-
tion from a system interacting with an environment via
manipulation of the local Hamiltonian on S. We introduced
an extended version of local ergotropy that exploits the free
evolution of the SE compound. We showed that extended
local ergotropy has conceptual and practical advantages
with respect to local ergotropy [11] and ergotropy extrac-
tion via thermal operations [7]. Most notably, it is not
increasing under free time evolution and rules out arbitrary
control of the environment or its interaction with the
system. We then quantified the performances and efficiency
of extended local ergotropy in the Jaynes-Cummings
model, using both analytical tools from quantum control
theory and numerical calculations on practical suboptimal
protocols.

Finally, we notice that our work leaves open questions
addressable via quantum control methods, such as identi-
fying the shortest amount of time or number of local
unitaries needed to perform the optimal protocol or those
Hamiltonians for which ELE saturates the global ergotropy.
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