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Kalin RAP
EFT for scattering 

We can use the proper time for the WL action (source)

Simplified Feynman rules through GF and total derivatives (but no field redef.)

Effective action saddle (classical) approx to any order in G:

Standard De-Donder propagator (more on ieps later)

(See Ira’s, Peter’s, 
 Riccardo’s talks) (See 

Thibault’s talk)

Caveat: No spin 
Nor finite-size
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EFT for scattering 

… and deflection angle in the centre-of-mass

Post-Minkowskian solution to the equation of motion (Euler eqs.)

Compute total impulse from the action…
The true  

classical motion 

Effective action saddle (classical) approx to any order in G:

(See 
Thibault’s talk)

(See Ira’s, Peter’s, 
 Riccardo’s talks)
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EFT for scattering 

Lower order PM terms 
Contribute through ‘iterations’ 

Post-Minkowskian solution to the equation of motion (Euler eqs.)

Effective action saddle (classical) approx to any order in G:

Compute total impulse from the action…
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EFT for scattering 

Potential

Modes

Radiation

Modes

Dissipative/Flux 

(Imaginary part 


with Feynman ieps)

Effective action saddle (classical) approx to any order in G:

(relativistic) ‘Soft’ Region


(v ⌧ 1)
<latexit sha1_base64="yzUhIdZXj28RVmDH0zXzqfl8OWY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMePEYwTwgWcLsZJIMmZ1dZ3oDYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTpokSzXiDRTLS7YAaLoXiDRQoeTvWnIaB5K1gfDf3WxOujYjUI05j7od0qMRAMIpWapcnXSmJd9krltyKuwBZJ15GSpCh3it+dfsRS0KukElqTMdzY/RTqlEwyWeFbmJ4TNmYDnnHUkVDbvx0ce+MXFilTwaRtqWQLNTfEykNjZmGge0MKY7MqjcX//M6CQ5u/VSoOEGu2HLRIJEEIzJ/nvSF5gzl1BLKtLC3EjaimjK0ERVsCN7qy+ukWa14V5Xqw3WpVs3iyMMZnEMZPLiBGtxDHRrAQMIzvMKb8+S8OO/Ox7I152Qzp/AHzucPs7aPCg==</latexit>

Conservative 

(Real-part 


time-reversal invariant)



EFT for scattering 

Potential

Modes

Differential Equations +

b.c. from entire region

Radiation

Modes

IR finite!

(see Julio’s and 
Carlo’s talks)Single scale!

Effective action saddle (classical) approx to any order in G:

(relativistic) ‘Soft’ Region 

Conservative 

(Real-part 


time-reversal invariant)



EFT for scattering 

Potential 
Modes

But we want to keep all the (special-) relativistic corrections!

Energy integrals +

 Post-Newtonian 


resummation1908.01493  
Bern et al.

1808.02489  
Cheung et al.

Off-shell modes:

ieps-prescription


is irrelevant

Differential Equations +

b.c. from potentials

Effective action saddle (classical) approx to any order in G:

2005.04236

Parra-Martinez

Ruff and Zeng

2007.04977 
Kalin Liu RAP
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EFT for scattering 

Potential

Modes

2PM 

: NLO

Effective action saddle (classical) approx to any order in G:
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EFT for scattering 

Potential

Modes

1910.03008
Kalin RAP

2PM 

On-shell

: NLO

Probe limit = 
two-body to 2PM 

(explicit mass scaling  
from diagram+mirror)

Effective action saddle (classical) approx to any order in G:
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EFT for scattering 

Potential

Modes

2PM 

Explicit computation:

: NLO

Contains the iteration:

Effective action saddle (classical) approx to any order in G:

causality
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EFT for scattering 

Potential

Modes

2PM 

: NLO

bµ
<latexit sha1_base64="tlkxy7MehQl25QHbMRzh/t2QYQY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHgxWMFty20a8mm2TY0yS5JVihLf4MXD4p49Qd589+YtnvQ1gcDj/dmmJkXpYIb63nfaG19Y3Nru7RT3t3bPzisHB23TJJpygKaiER3ImKY4IoFllvBOqlmREaCtaPx7cxvPzFteKIe7CRloSRDxWNOiXVSED32ZNavVL2aNwdeJX5BqlCg2a989QYJzSRTlgpiTNf3UhvmRFtOBZuWe5lhKaFjMmRdRxWRzIT5/NgpPnfKAMeJdqUsnqu/J3IijZnIyHVKYkdm2ZuJ/3ndzMY3Yc5Vmlmm6GJRnAlsEzz7HA+4ZtSKiSOEau5uxXRENKHW5VN2IfjLL6+SVr3mX9bq91fVRr2IowSncAYX4MM1NOAOmhAABQ7P8ApvSKEX9I4+Fq1rqJg5gT9Anz/JX46e</latexit>

Explicit computation:

Effective action saddle (classical) approx to any order in G:

There is no “box”. 

Related to the “crossed-box”


uµ
<latexit sha1_base64="6OySA+trTQ/Ia0t3peM+ZDbxpfQ=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWMENwkka5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8O/PbT1RplsoHM8loJPBQsoQRbJwU2seesP1K1a/5c6BVEhSkCgWa/cpXb5ASK6g0hGOtu4GfmSjHyjDC6bTcs5pmmIzxkHYdlVhQHeXzY6fo3CkDlKTKlTRorv6eyLHQeiJi1ymwGellbyb+53WtSW6inMnMGirJYlFiOTIpmn2OBkxRYvjEEUwUc7ciMsIKE+PyKbsQguWXV0mrXgsua/X7q2qjXsRRglM4gwsI4BoacAdNCIEAg2d4hTdPei/eu/exaF3zipkT+APv8wfmd46x</latexit>
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EFT for scattering 

Potential

Modes

2PM 

: NLO

Does not matter

at 2PM in D=4

 Vanishes in D=4 (only!).

b · u = 0
<latexit sha1_base64="O1shaazdQEhcNI6aTEtqtfNcqHc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfuBbSibzaZdutmE3YlQSv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEdwJquBSKN1Gg5J1UcxoHkreD0e3Mbz9xbUSiHnCccj+mAyUiwSha6THosTBBkt24/XLFrbpzkFXi5aQCORr98lcvTFgWc4VMUmO6npuiP6EaBZN8WuplhqeUjeiAdy1VNObGn8wvnpIzq4QkSrQthWSu/p6Y0NiYcRzYzpji0Cx7M/E/r5thdO1PhEoz5IotFkWZJJiQ2fskFJozlGNLKNPC3krYkGrK0IZUsiF4yy+vklat6l1Ua/eXlXotj6MIJ3AK5+DBFdThDhrQBAYKnuEV3hzjvDjvzseiteDkM8fwB87nD7cGkDw=</latexit>

Explicit computation:

Effective action saddle (classical) approx to any order in G:

bµ
<latexit sha1_base64="tlkxy7MehQl25QHbMRzh/t2QYQY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHgxWMFty20a8mm2TY0yS5JVihLf4MXD4p49Qd589+YtnvQ1gcDj/dmmJkXpYIb63nfaG19Y3Nru7RT3t3bPzisHB23TJJpygKaiER3ImKY4IoFllvBOqlmREaCtaPx7cxvPzFteKIe7CRloSRDxWNOiXVSED32ZNavVL2aNwdeJX5BqlCg2a989QYJzSRTlgpiTNf3UhvmRFtOBZuWe5lhKaFjMmRdRxWRzIT5/NgpPnfKAMeJdqUsnqu/J3IijZnIyHVKYkdm2ZuJ/3ndzMY3Yc5Vmlmm6GJRnAlsEzz7HA+4ZtSKiSOEau5uxXRENKHW5VN2IfjLL6+SVr3mX9bq91fVRr2IowSncAYX4MM1NOAOmhAABQ7P8ApvSKEX9I4+Fq1rqJg5gT9Anz/JX46e</latexit>

There is no “box”. 

Related to the “crossed-box”


uµ
<latexit sha1_base64="6OySA+trTQ/Ia0t3peM+ZDbxpfQ=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWMENwkka5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8O/PbT1RplsoHM8loJPBQsoQRbJwU2seesP1K1a/5c6BVEhSkCgWa/cpXb5ASK6g0hGOtu4GfmSjHyjDC6bTcs5pmmIzxkHYdlVhQHeXzY6fo3CkDlKTKlTRorv6eyLHQeiJi1ymwGellbyb+53WtSW6inMnMGirJYlFiOTIpmn2OBkxRYvjEEUwUc7ciMsIKE+PyKbsQguWXV0mrXgsua/X7q2qjXsRRglM4gwsI4BoacAdNCIEAg2d4hTdPei/eu/exaF3zipkT+APv8wfmd46x</latexit>
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EFT for scattering 

Potential

Modes

2PM 

: NLO

The left-over part takes the form of an eikonal phase: 

1908.01493  
Bern et al.

1808.02489  
Cheung et al.

Explicit computation:

Effective action saddle (classical) approx to any order in G:
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EFT for scattering 

Potential

Modes

2PM 

3PM 

(from 1pt)

3PM 

(from iterations)

: NNLO

3PM 

(from GSF1)

Effective action saddle (classical) approx to any order in G:

along the b-direction



EFT for scattering 

3PM 

(from 1pt)

3PM 

(from iterations)

: NNLO

3PM 

(from GSF1)

2007.04977 
Kalin Liu RAP

                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

(See Julio’s and Carlo’s talk)

Integrals (one family):



                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

(See Julio’s and Carlo’s talk)

EFT for scattering 

3PM 

(from 1pt)

3PM 

(from iterations)

: NNLO

3PM 

(from GSF1)

• We land in the soft-expanded  
cut-version of the integrand 

• No super-classical divergences


• On-shell philosophy: No potential, 
EFT-matching nor Born iterations


Advantages:

2007.04977 
Kalin Liu RAP

(See Zvi & David and Emil’s talk)

Main Drawback:
• Feynman diagrams (though 

significantly fewer than NRGR)


Integrals (one family):



EFT for scattering 

3PM 

(from 1pt)

3PM 

(from iterations)

: NNLO

3PM 

(from GSF1)

2007.04977 
Kalin Liu RAP

SHUT
 UP! 

 

DO T
HE  

INTE
GRALS



EFT for scattering : NNLO2007.04977 
Kalin Liu RAP

3PM 

(from 1pt)

3PM 

(from iterations)

“One-point functions”:

easily computed in the rest-frame

*

* poles leads to a contact-term 

(“soft expansion”)

3PM 

(from GSF1)

                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

Integrals (one family):



EFT for scattering : NNLO2007.04977 
Kalin Liu RAP

3PM 

(from 1pt)

3PM 

(from iterations)

vanish at 3PM  
(also 2PN)

Z

k1

�(k1 · u1)

k21(k1 � q)2
⇥
Z

k2

�(k1 · u2)

k22(k2 � q)2
<latexit sha1_base64="v7BTCyf2XsnE9uAitoef26h0FTw="></latexit>

X and YY*

the integrals factorize:

Does not lead to a long-range force!

3PM 

(from GSF1)

                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

Integrals (one family):



EFT for scattering : NNLO2007.04977 
Kalin Liu RAP

3PM 

(from 1pt)

3PM 

(from iterations)

3PM 

(from GSF1)

O(nu) Iterations and H-diagram

b.c:

One scale DFQ & w/out linear props.

equivalent to cH basis in 2005.04236


(� ! 1)
<latexit sha1_base64="S8GdtR4AqWpe8Iw1G7k6vEWYWcw=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY8OKxgv2A7lqyabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8c3M7zxSpVks780koYHAQ8kiRrCx0kPVH2IhMPJNjLzzfrni1tw50CrxclKBHM1++csfxCQVVBrCsdY9z01MkGFlGOF0WvJTTRNMxnhIe5ZKLKgOsvnVU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//zeqmJroOMySQ1VJLFoijlyP44iwANmKLE8IklmChmb0VkhBUmxgZVsiF4yy+vkna95l3U6neXlUY9j6MIJ3AKVfDgChpwC01oAQEFz/AKb86T8+K8Ox+L1oKTzxzDHzifP82MkVo=</latexit>

                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

Integrals (one family):



EFT for scattering : NNLO2007.04977 
Kalin Liu RAP

3PM 

(from 1pt)

3PM 

(from iterations)

3PM 

(from GSF1)

Some of the iteration:  

poles 
cancel!

                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

O(nu) Iterations and H-diagramIntegrals (one family):

* No crossing in the potential region!

*



EFT for scattering 

3PM 

(from 1pt)

3PM 

(from iterations)

: NNLO2007.04977 
Kalin Liu RAP

3PM 

(from GSF1)

Schwarzschild 
+ mirror imagefixed by on-shell 

condition

related to Schw. 
via b.c. of DFQ

                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

Integrals (one family):



• Part I: EFT
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2006.01184 

2007.04977 

2008.06047   


1910.03008
1911.09130

1908.01493  
Bern et al.

3PM angle agrees 

with amplitude 


derivation in



1910.03008
Kalin RAP

Boundary to Bound Map

Do we need the 
Hamiltonian?

Can we map gauge 
-invariant objects?



1910.03008
Kalin RAP

Boundary to Bound Map

Do we need the 
Hamiltonian?

Firsov’s formula Algebraic relationship —to all PM orders—

scattering angle to coefs. in Impetus

‘Impetus formula’ (local)

Can we map gauge 
-invariant objects?

Scattering amplitude



Kalin RAP

B2B radial action 
through ‘impetus’

Analytic

continuation

Sr ⌘ 1

2⇡

I
prdr

<latexit sha1_base64="//Es+VyHz6PKCbUmf9LMhlqrMSQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFZJa0GXBjcuK9gFNCJPJpB06mcSZSaGE/IUbf8WNC0Xc6s6/cdpmoa0HLhzOuZd77wlSRqWy7W+jsra+sblV3a7t7O7tH5iHR12ZZAKTDk5YIvoBkoRRTjqKKkb6qSAoDhjpBePrmd+bECFpwu/VNCVejIacRhQjpSXftHIXIwbvCl9AlzxkdALdSCCcO0XecFNaQDehXMFU+6GAvlm3LXsOuEqcktRBibZvfrlhgrOYcIUZknLg2KnyciQUxYwUNTeTJEV4jIZkoClHMZFePv+rgGdaCWGUCF36hrn6eyJHsZTTONCdMVIjuezNxP+8QaaiKy+nPM0U4XixKMoYVAmchQRDKghWbKoJwoLqWyEeIR2L0lHWdAjO8surpNuwnAurcdust5plHFVwAk7BOXDAJWiBG9AGHYDBI3gGr+DNeDJejHfjY9FaMcqZY/AHxucPCcOfKA==</latexit>

1910.03008
DJS in PN 


gr-qc/9912092

< 0

Boundary to Bound Map

Scattering amplitude



Can we relate  
orbital elements?

1910.03008
Kalin RAP

< 0

Boundary to Bound Map



Analytic  
Continuation! 

1910.03008
Kalin RAP

impact parameter 
and binding energy

< 0

Boundary to Bound Map

Firsov’s formula



1910.03008
Kalin RAP

angular momentum 
and binding energy

Analytic  
Continuation! 

< 0

Boundary to Bound Map

Firsov’s formula



Periastron Advanced

What about 
Observables?

1911.09130
Kalin RAP

Scattering angle

< 0

Boundary to Bound Map

Without Hamiltonian!



1911.09130
Kalin RAP

Scattering Angle  
to Periastron adv.

< 0

Boundary to Bound Map

Scattering angle Periastron Advanced



Periastron Advanced

1911.09130
Kalin RAP

< 0

Remarkably!

Scattering Angle  
to Periastron adv.

Boundary to Bound Map

Scattering angle



fixed by the large-j limit

The (reduced) radial action for the bound problem:

Integrate 

in dj

1911.09130
Kalin RAP

1 +
��

2⇡
= �@ir

@j
<latexit sha1_base64="tO6ITpX0dnkvWk21acgagnXNToc=">AAACJnicbVBNS8MwGE7n15xfVY9egkMQxNFWQS+DgR48TnBusJaRZukWl7YhSYVR+mu8+Fe8eJiIePOnmG5FdPOBwMPzvB95H58zKpVlfRqlpeWV1bXyemVjc2t7x9zdu5dxIjBp4ZjFouMjSRiNSEtRxUiHC4JCn5G2P7rK/fYjEZLG0Z0ac+KFaBDRgGKktNQz6/aJGwiEU/eaMIXc5pBmqeNymsE6PE1djoSiiEHaE9CN9ST4Iz3ArGdWrZo1BVwkdkGqoECzZ07cfoyTkEQKMyRl17a48tJ8ImYkq7iJJBzhERqQrqYRCon00umZGTzSSh8GsdAvUnCq/u5IUSjlOPR1ZYjUUM57ufif101UcOmlNOKJIhGeLQoSBlUM88xgnwqCFRtrgrCg+q8QD5FOTelkKzoEe/7kRXLv1OyzmnN7Xm04RRxlcAAOwTGwwQVogBvQBC2AwRN4ARPwZjwbr8a78TErLRlFzz74A+PrG0fxpP8=</latexit>

1/j = GMµ/J
<latexit sha1_base64="WYKfD0iRY1yJL83+Sup6gIy4S40=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4aneroBeh4EERhAr2A9q1ZNO0jU2yS5JVytL/4cWDIl79L978N6btHrT1wcDjvRlm5gURZ9q47rezsLi0vLKaWcuub2xubed2dms6jBWhVRLyUDUCrClnklYNM5w2IkWxCDitB4OLsV9/pEqzUN6ZYUR9gXuSdRnBxkr3XvEBnaPLm5aIi9eoncu7BXcCNE+8lOQhRaWd+2p1QhILKg3hWOum50bGT7AyjHA6yrZiTSNMBrhHm5ZKLKj2k8nVI3RolQ7qhsqWNGii/p5IsNB6KALbKbDp61lvLP7nNWPTPfMTJqPYUEmmi7oxRyZE4whQhylKDB9agoli9lZE+lhhYmxQWRuCN/vyPKmVCt5xoXR7ki+X0jgysA8HcAQenEIZrqACVSCg4Ble4c15cl6cd+dj2rrgpDN78AfO5w++IpCs</latexit>

Boundary to Bound Map

B2B radial action 
through angle



2PM 

Recover the — remarkably simple! — radial action to 2PM

2006.01184 

 

Kalin RAP

2PM 

Boundary to Bound Map

B2B radial action 
through angle



2PM 

We have the 3PM impulse

2006.01184 

 

Kalin RAP

BUT WE DO NOT HAVE THE 4PM ANGLE!

Boundary to Bound Map

B2B radial action 
through angle



2PM 

2006.01184 

 

Kalin RAP

IMPETUS:  
Everything 

you need to know 
about 3PM 

From Firsov:

Boundary to Bound Map

*

B2B radial action 
through angle

*We also reconstructed  
PM Hamiltonian



2PM 

2006.01184 
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lower-order P_n’s 
enter in the  
4PM angle

Boundary to Bound Map

B2B radial action 
through angle

From Firsov:



2PM 

2006.01184 

 

Kalin RAP

O(G/J)6
<latexit sha1_base64="B3cDA6gkib/6tnSJf/VwH35yjoE=">AAAB+nicbVDLTgJBEOzFF+Jr0aOXicQEL7iLRj0SPWi8iIk8EljJ7DALE2YfmZnVkJVP8eJBY7z6Jd78GwfYg4KVdFKp6k53lxtxJpVlfRuZhcWl5ZXsam5tfWNzy8xv12UYC0JrJOShaLpYUs4CWlNMcdqMBMW+y2nDHVyM/cYDFZKFwZ0aRtTxcS9gHiNYaalj5pM2wRzdjFDx8vD64P4EdcyCVbImQPPETkkBUlQ75le7G5LYp4EiHEvZsq1IOQkWihFOR7l2LGmEyQD3aEvTAPtUOsnk9BHa10oXeaHQFSg0UX9PJNiXcui7utPHqi9nvbH4n9eKlXfmJCyIYkUDMl3kxRypEI1zQF0mKFF8qAkmgulbEeljgYnSaeV0CPbsy/OkXi7ZR6Xy7XGhcp7GkYVd2IMi2HAKFbiCKtSAwCM8wyu8GU/Gi/FufExbM0Y6swN/YHz+AH1YkjE=</latexit>

p21 ⇠ E
<latexit sha1_base64="1zz34xs2ZWbZWD5d0jW0Z50x1rQ=">AAACAXicdVDLSsNAFJ3UV62vqhvBzWARXJUkLW3dFUVwWcE+oIllMp20QyeTMDMRQqgbf8WNC0Xc+hfu/BsnbQUVPXDhcM693HuPFzEqlWl+GLml5ZXVtfx6YWNza3unuLvXkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43Oc/87i0Rkob8WiURcQM04tSnGCktDYoH0Y09cCj3VQIdSQOYOhgxeDEdFEtm+bRRs6s1aJZNs27ZVkbserVShZZWMpTAAq1B8d0ZhjgOCFeYISn7lhkpN0VCUczItODEkkQIT9CI9DXlKCDSTWcfTOGxVobQD4UuruBM/T6RokDKJPB0Z4DUWP72MvEvrx8rv+GmlEexIhzPF/kxgyqEWRxwSAXBiiWaICyovhXiMRIIKx1aQYfw9Sn8n3TsslUp21fVUvNsEUceHIIjcAIsUAdNcAlaoA0wuAMP4Ak8G/fGo/FivM5bc8ZiZh/8gPH2CfLMlpQ=</latexit>

Bound 
Orbits: 1/J ⇠ |p1|
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Missing! BUT

PN-suppressed (after 

analytic continuation)

This pattern is generic! 

and allows us to 


perform a consistent 
PN-truncation

Boundary to Bound Map

B2B radial action 
through angle

*P_n has well- 
defined static limit

*



1910.03008

Full result agrees 

with literature to 2PN


Kalin RAP

The 5PN  
prediction 
(confirmed 

by tutti frutti 
also at 6PN)

1PN 2PN 2PN

3PN

4PN

ONE-LOOP  
EXACT!

BUT: 1/j^2 is predicted to all orders in v 
4PM will complete 1/j^4

Boundary to Bound Map

B2B radial action 
through angle



1911.09130
Kalin RAP

One loop 
exact 

(Missing  
three loop!) 

Map for ALL  
Dynamical Invariants!

✏ = �2E
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Boundary to Bound Map



1911.09130
Kalin RAP

Angle from

Vines


Steinhoff

Buonanno

1812.00956. 1207.6961

Periastron from

Tessmer

Hartung

Schaefer

Valid for (aligned) spin! 

J=canonical total ang. momentum

*

* Likewise we can reconstruct spin-dependent B2B radial action by integration 
and read off binding energy (spin at ‘one-loop’ 2PM to appear)

< 0



Quadrupole/Octupole TLN in binding energy to O(G^3)

 NNLO terms from PM-static and probe limit 

Quadrupole to

G^2v^4 & G^3v^2

and LO octupole 


agree with

Henry et al.
1912.01920

*We also reconstructed the full PM Hamiltonian to NLO

2008.06047 
Kalin Liu RAP EFT approach  : Tidal Effects

Quadrupole to

NLO agrees with 


Cheng-Solon
2006.06665

Bound orbits
x = (GM!)2/3 ⇠ v2
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EFT
2006.01184 

2007.04977 

2008.06047   


Boundary to Bound

B2B
1911.09130

B2B

Impetus
1910.03008

ir
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1910.03008

*

*



Radiation-Reaction 

BUT!  we get the angle from the impulse (integrated in time):

The radiation-reaction force at LO (multipole expansion)

in-in b.c. 
cons. vs dissip. from

symmetry in w->-w

leading 
cross-term



Radiation-Reaction 

The radiation-reaction force at all orders in the multipole expansion

The energy would also follow 

directly by squaring:

In PMEFT we should re-compute the soft part of the H-diagram in the in-in formalism:

in-in b.c. 
cons. vs dissip. from

symmetry in w->-w

1908.01493  
Bern et al.



Radiation-Reaction Conservative

Similarly  
to NRQCD:

in-in b.c. 
cons. vs dissip. from

symmetry in w->-w

dissipative part



Radiation-Reaction 

Computation in NRQED

only cancel explicitly in dim. reg.! 
(zero-bin subtraction)

(See Pineda, Vairo  
and Aneesh’s talks)



Extra Slides



Reconstruct the Hamiltonian 

Solve iteratively — For instance at 3PM

Use map from momentum to re-write using deflection angle

1910.03008
Kalin RAP

⇠ = E1E2/E
2
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Binding energy to 3PM

r+(J, E) = r�(J, E)
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✏ = �2E
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Controlled to all PN orders 

by 1PM (strikingly simple!)

First-law binary dynamics:

(accurate to 2PN)

1910.03008
Kalin RAP

Circular orbit

x = (GM!)2/3 ⇠ v2
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x1PM =
(1� �2)

((3� � 2�3)�)2/3
<latexit sha1_base64="jUw+1V+o1/F0b3f+P5qp5c7p6aU="></latexit>

< 0

Analytic  
Continuation! 

Boundary to Bound Map



Quadrupole/Octupole TLN in binding energy to O(G^3)

 NNLO terms from PM-static and probe limit 

Quadrupole to

G^2v^4 & G^3v^2

and LO octupole 


agree with

Henry et al.
1912.01920

*We also reconstructed the full PM Hamiltonian to NLO

2008.06047 
Kalin Liu RAP EFT approach  : Tidal Effects

Quadrupole to

NLO agrees with 


Cheng-Solon
2006.06665

Bound orbits
x = (GM!)2/3 ⇠ v2
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Agreement

with


Cheng-Solon
2006.06665

2008.06047 
Kalin Liu RAP : Tidal EffectsEFT approach  



Agreement

with


Cheng-Solon
2006.06665

2008.06047 
Kalin Liu RAP EFT approach  : Tidal Effects

Notice  
high-energy limit!



2008.06047 
Kalin Liu RAP EFT approach  : Tidal Effects

Notice  
high-energy limit!



We are missing n=4,5…
We have n=3

How to reconstruct  
the radial action?

2008.06047 
Kalin Liu RAP EFT approach  : Tidal Effects



(But we have P6 & P7 for Quadrupole)
(and P8 & P9 for Octupole)

We are missing n=4,5…
We have n=3

EFT approach  2008.06047 
Kalin Liu RAP : Tidal Effects

How to reconstruct  
the radial action?



Notice the PN-suppression
Counts the number of Pn’s 


which is tied to each PM order

(But we have P6 & P7 for Quadrupole)
(and P8 & P9 for Octupole)

We are missing n=4,5…
We have n=3

2008.06047 
Kalin Liu RAP EFT approach  

p21 ⇠ E
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1/J ⇠ |p1|
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Bound orbits

: Tidal Effects

How to reconstruct  
the radial action?



e.g. recover the full Newtonian 

Periastron Advance

= 1/(p1j)
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2001.00352
Bini Damour Geralico

The same PN order appears 
at different PM orders in i_r

2008.06047 
Kalin Liu RAP EFT approach  

p21 ⇠ E
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1/J ⇠ |p1|
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Bound orbits

: Tidal Effects



1908.01493  
Bern et al.

See Zvi’s, Radu’s and  
Mikhail’s talks

2

Here
∫
k1···kn

=
∫

d3k1

(2π)3 · · ·
d3kn

(2π)3 and the Feynman vertex

V (k,k′) is the potential in the center of mass frame.

Classical Limit. The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k|, |k′| ! mA,B. By definition, these potential
modes have energies parametrically less than their mo-
menta, so |k0−k′0| ! |k−k′|.1 For a classical system, the
NR particles are separated by a distance |r| ∼ 1/|k−k′|
that is parametrically larger than the Compton wave-
lengths of the particles, |k|, |k′|. The resulting hierarchy,
|k − k′| ! |k|, |k′|, corresponds to an expansion in large
angular momentum, J ∼ |k × r| % 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J−1 ∝ k − k′ ∝ κ−1, (3)

where k,k′ ∝ 1 + J−1. The first relation holds because
angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
κ is the coupling constant, which for example in gravity
is the gravitational constant, κ = 4πG. The classical
potential has the same scaling as the leading Coulomb
interaction, κ/|k− k′|2 ∝ J3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k2, k′2, and k ·k′. However, since k2 −k′2 vanishes
on-shell, it can be eliminated by a field redefinition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded for k2 and k′2 via the equations of motion.
We thus choose a field basis in which V only depends on
k2 + k′2 and |k − k′|, so [4]

V (k,k′) =
κ

|k − k′|2
(c1 + c2κ|k − k′|+ · · · ) , (4)

where we have only included terms which are classical
and thus scale as J3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in κ.2 ci
(

k2+k′2

2

)

are momentum-dependent functions characterizing con-
tributions at ith order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1 While it may seem peculiar to integrate out massless states, the
potential modes are off-shell. Moreover, the EFT contains ultra-
soft modes with energy and momenta of order |k−k′| but these
encode dissipative effects irrelevant to the conservative potential.

2 Higher order classical terms odd in κ include factors of log |k−k′|.

ward to obtain the Feynman rules,

(k0,k) =
i

k0 −
√
k2 +m2

A,B + i0
,

k k′

-k′-k

= −iV (k,k′) ,

(5)

where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess where p and p′ are the incoming and outgoing three-
momenta in the center of mass frame, and EA and EB

are the energies of the incoming particles,

EA,B =
√
p2 +m2

A,B =
√
p′2 +m2

A,B . (6)

We define the total energy and the reduced energy ratio,

E = EA + EB and ξ =
EAEB

(EA + EB)2
. (7)

Note that 0 ≤ ξ ≤ 1/4 and moreover ξ and E are de-
pendent variables since EA and EB are related through
Eq. (6). We also define the momentum transfer q =
p− p′ ∝ J−1, with classical scaling dictated by Eq. (3).
The EFT amplitude can either be organized in terms

of the κ expansion or in terms of loop orders, so

MEFT =
∞∑

i=1

M (i)
EFT =

∞∑

L=0

ML-loop
EFT , (8)

whereM (i)
EFT is at ith order in κ and arises from Feynman

diagrams at i− 1 loops and below.
Since pair creation of matter particles is kinematically

forbidden in the NR limit, the amplitude at L loops is
comprised purely of iterated bubbles, so

ML-loop
EFT = · · ·

p

-p

k1

-k1

kL

-kL

p′

-p′

. (9)

For convenience, we merge each pair of matter lines into
an effective “two-body propagator”,

∆(k) = i

∫
dk0
2π

1

k0 −
√
k2 +m2

A

1

E − k0 −
√
k2 +m2

B

=
1

E −
√
k2 +m2

A −
√
k2 +m2

B

,

(10)
where the second line is obtained by closing the contour
in k0 either upwards or downwards in the complex plane.
The contribution at L loops is then

ML-loop
EFT = −

∫

k1···kL

V (p,k1)∆(k1) · · ·∆(kL)V (kL,p
′)

= −

∫

k1···kL

NL-loop
EFT

X2
1X

2
2 · · ·X

2
L+1Y1Y2 · · ·YL

,

(11)
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Cheung et al.



Do we need the 
Hamiltonian?

Can we map 
gauge-invariant objects?
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Momentum in the Center-of-Mass

Related to the Fourier transform of the amplitude (relativistic normalization)

Can we map 
gauge-invariant objects?

Do we need the 
Hamiltonian?

1908.01493  
Bern et al.
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*Potential Modes

Remarkably!
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Impetus Formula

*

Do we need the 
Hamiltonian?

Momentum in the Center-of-Mass

Related to the Fourier transform of the amplitude (relativistic normalization)

IR-finite*

*



4⇡f(p, q) = �hp+ q|Ve↵ |pi+ · · ·
<latexit sha1_base64="3zTtbZ11Al8BPHgsWtN5LCrCiBo="></latexit>

Born
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Iterations

Effective Non-Relativistic Schrödinger-type equation

Sketch of the Proof  
(via NR Matching):

See also 
Poul’s talk

See also 
Damour’s  

talk



4⇡f(p, q) = �hp+ q|Ve↵ |pi+ · · ·
<latexit sha1_base64="3zTtbZ11Al8BPHgsWtN5LCrCiBo="></latexit>

� = 1
<latexit sha1_base64="ED3t9YcZxMuEjYsWxlZRIDImfqk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWy3bRLd5O4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2gFqJnjEGoYbwdqJYigDwVrB6Hbqt56Y0jyOHsw4Yb7EQcRDTtFYqd0doJR47fVKZbfizkCWiZeTMuSo90pf3X5MU8kiQwVq3fHcxPgZKsOpYJNiN9UsQTrCAetYGqFk2s9m907IqVX6JIyVrciQmfp7IkOp9VgGtlOiGepFbyr+53VSE175GY+S1LCIzheFqSAmJtPnSZ8rRo0YW4JUcXsroUNUSI2NqGhD8BZfXibNasU7r1TvL8q1mzyOAhzDCZyBB5dQgzuoQwMoCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfdmPmw==</latexit>

Super-classical
IR divergent

CANCEL OUT 
ON BOTH SIDES! 

Impetus
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Iterations

Match to 

Relativistic 


Sketch of the Proof  
(via NR Matching):

Effective Non-Relativistic Schrödinger-type equation



(inspired by  
                 Kosower Maybee O’Connell)

 1811.10950

Introduce a ‘scattered momentum’ at a point (in standard QM)

Two contributions (linear and quadratic in the amplitude)

IR-safe by construction! 

Radiation- 
Reaction
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 p ⇠ eip·r +
f(✓)eipr

r
<latexit sha1_base64="dZdmmysovkA8hm/yMoy5qjjh0eE="></latexit>

Sketch of the Proof  



(Keep an eye on this expression)
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angle from momentum (and vice-verse):

(p̄ ⌘ |p|/p1)
<latexit sha1_base64="CNW7xnxTKVMNQ5vAlCVTaDTdh6E=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJql5IUJBgrsTAWiT6kJooc12mtOo6xnUpV2m9g4VdYGECIlYmNv8F9DNByJMtH59yre+8JBaNKO863lVtb39jcym8Xdnb39g/sw6OmSlKJSQMnLJHtECnCKCcNTTUjbSEJikNGWuHgZuq3hkQqmvB7PRLEj1GP04hipI0U2OWSFyIJBfTIQ0qH48wLE9ZVo9h8UEzG5yLwKI/0qBzYRafizABXibsgRbBAPbC/vG6C05hwjRlSquM6QvsZkppiRiYFL1VEIDxAPdIxlKOYKD+bnTSBZ0bpwiiR5nENZ+rvjgzFarqlqYyR7qtlbyr+53VSHV37GeUi1YTj+aAoZVAncJoP7FJJsGYjQxCW1OwKcR9JhLVJsWBCcJdPXiXNasW9qFTvLou16iKOPDgBp6AEXHAFauAW1EEDYPAInsEreLOerBfr3fqYl+asRc8x+APr8wdrQ53o</latexit>

Firsov
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(p̄ ⌘ |p|/p1)
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