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"New directions in science are launched by new tools much more often
than by new concepts. The effect of a concept-driven revolution is

to explain old things in a new way. The effect of a tool-driven
revolution is to discover new things that have to be explained"

Freeman Dyson, "Imagined Worlds"
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Kalin RAP )
2006.01184 EFT for scattering

Effective action saddle (classical) approx to any order in G:

Riccardo’s talks)

(See
Thibault’s talk)

(See Ira’s, Peter’s, eiSeff[a:a] _ / th/ ez’SEH[h]+z’SGF[h]+iS’pp[xa,h] ,

We can use the proper time for the WL action (source)

Caveat: No spin

mg U
Nor finite-size Spp = — Z 5 /dTa guu(fva(fa))véf(fa)va (Ta) - ] N

Standard De-Donder propagator (more on ieps later)

1 Lo (p—
<h/w(a7)haﬁ(y)> = ﬁpuvaﬂe k(@)

Simplified Feynman rules through GF and total derivatives (but no field redef.)

1 1 1
MprLynn == 5B 0uhP7Oyhpo + 5 h* Bph0 hyuy — < hO,hO h \{J

1
o+ W0y g0 by — W 85 hyy 0 by + Thdh,0°hP



Kalin RAP )
2006.01184 EFT for scattering

Effective action saddle (classical) approx to any order in G:

(See Ira’s, Peter’s, ez’Seff[zca] _ / Dh 6'L'SEH[h]+z'S(;,F[h]—l—iS’pp[:z:a,,h]
Riccardo’s talks) _ uv 9

(See
Thibault’s talk)

Post-Minkowskian solution to the equation of motion (Euler egs.)

vh(r) = ub + ) §™Mok(r,),

xh (1) = b +ubTe + Z 5(n)x5(Ta) .

Compute total impulse from the action...

+00
N R— / dr, 25 (0 ()

oo ozY

... and deflection angle in the centre-of-mass

1 A v/ —Ap?
2 24 Poo Poo




Kalin RAP )
2006.01184 EFT for scattering

Effective action saddle (classical) approx to any order in G:

iSelzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

Post-Minkowskian solution to the equation of motion (Euler egs.)

vh(r) = ub + ) §™Mok(r,),

zh(m) = bh +ubita + Y 8™Mak(ra),

Compute total impulse from the action...

A =3 AL,

k<n

100 o n—k
A(L'f;) pH = —n / dr, ( 5 Ly |bg + uaTq + Z 5() xa]) .
@ O(Gn)

—© r=0



Kalin RAP )
2006.01184 EFT for scattering

Effective action saddle (classical) approx to any order in G:

Dissipative/Flux

giSenlzal _ / Dh,,, eiSelbl+iScr il +iSppleah]
(vl (Imaginary part

Potential Radiation with Feynman ieps)
‘Modes Modes - |

ke < |k kn ~ |k onservative
. o (o ~ ) (Real-part

time-reversal invariant)
T ———— | —

(relativistic) ‘Soft’ Region



EFT for scattering

Effective action saddle (classical) approx to any order in G:

giSert[zal _ / Dh,,, ¢iSenlbl+iScrlh]+iSpplzah]

Potential Radiation
‘Modes Modes |
(ko < |k|) (ko ~ |k|) Conservative

(Real-part

time-reversal invariant)
T ———— | —

(relativistic) ‘Soft’ Region

IR finite!

Differential Equations +
b.c. from entire region

d:h(z,€) = eM(z)h(z,e)
_ (see Julio’s and
Single scale! Carlo’s talks)



EFT for scattering

Effective action saddle (classical) approx to any order in G:

iSelzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

Potential
Modes .Oﬁ—shell mgdgs.
1 1 2 ieps-prescription
5 5 ~ —— 1+ — 4+ ... ) o
bo—P p p is irrelevant

But we want to keep all the (special-) relativistic corrections!

Cheung et al. o
1808.02489 Energy integrals + K;(;‘(;‘?L(;‘ig':;ép
Bern et al. Post-Newtonian Differential Equations + '
1908.01493 resummation b.c. from potentials Parra-Martinez

Ruff and Zeng
2005.04236

2 k0= kO=FO
* k?EH_ *

/g(.)zi [ Re,fo(') — Z Res ()] , 83;]?,(:13, 6) = EM(QZ) h(a:,e)
kKoeH+



Kalin RAP

2006.01184 EFT for scattering: NLO

Effective action saddle (classical) approx to any order in G:

giSelzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

Potential

“+o00
Modes Apt = —nH? / dr, 8;? (za(Ta))

(ko < |Kl)

At — ~ Gmumab* (2(29% 1) L 3m (5v*—1) GM
b 6] V-1 4 /21 |2

mM1mMo (272 — 1)2 G2

(v -1 b

((ym2 + ma)uly — (ym1 + ma)uf) ,



Kalin RAP

2006.01184 EFT for scattering: NLO

Effective action saddle (classical) approx to any order in G:

giSerilzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

Potential
Modes

(ko < |Kl)

205" (€0 = 7)/(2po(7)) =T
———— ——————
At — ~ Gmumab* (2(29% 1) L 3w (5v*—1) GM
L |62 V2 -1 4 /42 -1 |b?|1/?
mimg (29% — 1)2 G2
(v2-1)2  |v?]

((ym2 + ma)uly — (ym1 + ma)uf) ,

dk° i On-shell
[ 5 0=3 [ 2, Bes ) - 2 k%‘;"zg(')}’ >
k0eH+ kKQeH—

(p1+ Ap1)* =pf, 2p1-Apr = —Api.



Kalin RAP

2006.01184 EFT for scattering: NLO

Effective action saddle (classical) approx to any order in G:

giSelzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

Explicit computation:

Potential A2) - A( ) 4oy A(2)p1 |
‘Modes

3mims(5y> —1) o / S(k ' u2)3(£ ' U2)8(£ “U1) b

(2, p_
AxpL= 256 M43, Ob, Jiy k2(0 — k)2 >

. mam3 (22 — 1) (" — k)25 (k - uz)o(£ - uz)d (£ - wa) Gil:b
N k2(£ — k)%(k - uy — i€)? '

Contains the iteration:

m 174 v
Mgk (1) = _8M2§1 ((29% = 1) — 2A2vub — uf)uy)
dk° ik, 0(k - ug) etk .
—()_— Res (-) — Res ()| x/ gik-u1=i07)m
/27r [k2§+ kO=FKQ kOEZH_ kO=Fk0 ] k?(k - u; —i0t)?

causality



Kalin RAP

2006.01184 EFT for scattering: NLO

Effective action saddle (classical) approx to any order in G:

giSelzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

Explicit computation:

Potential A2) - A( ) 4oy A(2)p1 |
‘Modes
AQ) p_ _3mumi(5y* —1) 9 / O(k - u2)d (€ u2)d (L w1) gy
a B 256ME  0b, Jis K2(£— k)2 ’
e _ @ gt = 5 A2 2 _ py2 (& = KM)PO(k - u2)d(L - u)d(E-w1) gy
AL PY = "128M4, H(27 D k2(0 — k)2(k - up — ie)?2
U'u/ S(q-’UQ) . BH / 5(q - uz) .
o (L —q)%q%(q - w1 — ie) ¢ (£ —a)%*¢*(q - w1 — ie)?

There is no “box”.
dk’ ' Related to the “crossed-box”
|5 <-)=§[Z Res () — > Res (-)],



Kalin RAP

2006.01184 EFT for scattering: NLO

Effective action saddle (classical) approx to any order in G:

giSerilzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

Explicit computation: Does not matter
at 2PM in D=4

Potential 2) . A2 u ‘ _
A =A + . b-u=0
Modes 1= e h

(2) u 3m1m§(572 —1) 0 S(k ' U2)3(£ ' U2)5(£ FUL) pp
AA Py =~ 4 € )
2 W LUP2 S I\ g
- o — (2) mo__ m1m2 2 2 (e k )e 5(k . U2)5(£ . u2)5(€ . ’U,l) ilb
AP =taens J,, BT Y R —k)2(k-ui—i)2
““/ g ) b“/ 2
o (0= 0)%(q - w1 — ie) o (6= Q22 (Ny/ — ie)

There is no “box”.

dkY ' Related to the “crossed-box”
/—27r D=5 3 Res () — 3 Res ()] atotr
- - Vanishes in D=4 (only!).



Kalin RAP

2006.01184 EFT for scattering: NLO

Effective action saddle (classical) approx to any order in G:

giSerilzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

Explicit computation:

Potential @) u A2 u %
A@ gt = A@ i |
Modes 1= %a

Fo < k) A@ u__3mmi(5y* 1) 8 / (k- u2)5(€- u2)d(L - w1) s

e 256M35 b, Jis k2(0 — k)2 ’

— —— — The left-over part takes the form of an eikonal phase:

@ _ #M? 305y —1) L iegs, 370 ) p(GM)*
kT 256Mp) (/72 —1 Jre, K€L — k)2 4/42 -1 |b]
1 .
62 (b)) = / M) (g )erbr
« > e (b1) M2 =1, (g.1)e

Cheung et al. Bern et al.
1808.02489 1908.01493




Kalin RAP

2006.01184 EFT for scattering: NNLO

Effective action saddle (classical) approx to any order in G:

giSelzal _ / Dh,, ¢iSenlh+iSr Il +iSpplrah]

“+00
Apt = —pv / dr, OLett (Za(T2))

oo ozY
Potential Bl

Modes _ _
along the b-direction

(ko < |Kl)

[ 8 uba uayigh e MG, (@)
q

2PM
S — T —————— R — ——
3PM 3PM 3PM

(from iterations) (from 1pt) (from GSF1)



Kalin Liu RAP

2007.04977 EFT for scattering: NNLO
Integrals (one family):

MOD (4 ) = / (k1 - ua) (k2 - ua)
ks ATy A3y Dy -+ Df

b)

Ary=ki-uy, Asyg=ks-uy, Dy =ki, Dy =k,
D3 = (ki+ka—q)?, Dy = (k1i—q)?, Ds = (k2—q)>.

POTENTIAL REGION: DFQ with b.c.

from the static limit of NRGR!
—

(See Julio’s and Carlo’s talk)
—————— o ——————— M

3PM 3PM 3PM
(from iterations) (from 1pt) (from GSF1)




Kalin Liu RAP

2007.04977 EFT for scattering: NNLO

(See Zvi & David and Emil’s talk)
Integrals (one family):

) Advantages:
MED (g ) 5/ 0(k1 - ua)0(k2 - ua) e We land in the soft-expanded
ranai s ki ko AT AS2 DY - DY cut-version of the integrand

5 0 * No super-classical divergences
Alvd: ky - Ug, A2,f7= ko *Ug, D, = kla Dy = k2 )

Ds = (ki+ka—q)?, Dy = (k1—q)%, Ds = (ka—q)>. * On-shell philosophy: No potential,

EFT-matching nor Born iterations

POTENTIAL REGION: DFQ with b.c. Main Drawback:

T ———————————————————————— . .
significantly fewer than NRGR)

(See Julio’s and Carlo’s talk)

LYY YA AR

3PM 3PM 3PM
(from iterations) (from 1pt) (from GSF1)




Kalin Liu RAP

2007.04977 EFT for scattering: NNLO

f

l




Kalin Liu RAP

2007.04977 EFT for scattering: NNLO
Integrals (one family): “One-point functions”:
1,1
M(a’a) — 5(k1 ua) (k2 Ug ) M’f(h,n)z;'“ (n1,n2) <0,
nmz;il“‘iS(q”Y) a kyky AL D ... D
ke AT Ay Dy 5 easily computed in the rest-frame
Ay y=ki-ug, Asg=ks uy, D1 =ki, Dy=kj, u; = (1,0,0,0), uz = (v,78,0,0),
D3 = (k1+ko—q)?%, Dy = (k1—q)?, D5 = (ka—q)?.
3 = (k1t+k2—q)”, Dy = (k1—q)°, D5 = (k2—q) I By =21
POTENTIAL REGION: DFQ with b.c. Kioo = () 2 e 020 1) ©
from the static limit of NRGR!
A ———————————————— * poles leads to a contact-term

(“soft expansion”)

LYY PXXH

3PM
(from Iteratlons) (from 1pt) (from GSF1)




Kalin Liu RAP

2007.04977 EFT for scattering: NNLO
Integrals (one family): Xand YY*
(a.3) _ 5(/91 . ua)g(kQ  ug) the integrals factorize:
n1n2;i1---i5 (q’ ’Y) _ ni n2 11 15
kuky AplgAsy Dyt - Dy / Ok -w1) / 0(k1 - un)
e ik — @) i, k3(k2 — q)?
Arg=ki-uy Asy=ks-uy, Dy =ki, Dy=kj,
D3 = (ki+ka—q)?, Dy = (k1—q)*, Ds = (k2—q)°. Does not lead to a long-range force!
POTENTIAL REGION: DFQ with b.c. vanish at 3PM
from the static limit of NRGR! (also 2PN)
/
~— — e e—— o ——————————
3PM 3PM 3PM

(from iterations) (from 1pt) (from GSF1)



Kalin Liu RAP
2007.04977

Integrals (one family):

O(k1 - uq)d (ks - uz)

(a,a)

Ary=ki-uy, Asyg=ks-uy, Dy =ki, Dy =k,

D3 = (k1+ka—q)?, Dy = (k1—q)*, Ds = (ka—q)*.

POTENTIAL REGION: DFQ with b.c.

from the static limit of NRGR!
—

~ — e e———— | —————
3PM 3PM
(from iterations) (from 1pt)

n1n2;i1~-°i5(q’7) E/ niy Anz 11 i5 )
k1,k2 Al,g{ 2,&’D1 o 'DS

EFT for scattering: NNLO

O(nu) tions and H-diagram

One scale DFQ & w/out linear props.

{I11111, 11211, Lo1101, 1110115 Loo211, Loo112, Loo111 } 5

(1,2)

Liyig = Mool

.

df = e (Hp dlog(x) + Hy dlog(1 + «) + H_dlog(1 — z)) f

1+ 2? <>
/=5 b.c:

(v = 1)
equivalent to cH basis in 2005.04236

e ————— o ——————
3PM
(from GSF1)



Kalin Liu RAP

2007.04977 EFT for scattering: NNLO

Integrals (one family): O(nu) tions and H-diagram
*
0 (k1 - uq)d(ky - ug)

M'r(zm:?;il--‘is(q”Y) E/k L A™ A" Dit...Dis /CZD]C Dy, 6 (ka-uy) (ks us)

1,k2 41 g2 7 1 5 %2 k2 (kgtks—Fk )2 (ka-ug £ i0) (ks-uq = 40)
Ay =ki-ug, Aog=ks ug, Di=ki, Do=k;, fs = € (10%2(50)) +b.e. + O()
D3 = (k1+k2—q)?, Dy = (k1—q)*, Ds = (k2—q)>. ™ el -

7 = A [ o=y 02, 1

POTENTIAL REGION: DFQ with b.c. 6 ()% (€3)* (61 +45—q*)?

L :
from the static limit of NRGR! . A D (—e) (2 + 1) boles
3 (@H)MED(=3¢) cancel!

@V“?K X

PM 3PM
(from Iteratlons) (from 1pt) (from GSF1)

* No crossing in the potential region!



Kalin Liu RAP

2007.04977 EFT for scattering: NNLO

. 2,..2 4 2 : -1 y—1
Integrals (one family): RO 16mim3(4y" — 1297 — §) sinh™ /55
(v2-1)
(a,) B 6(k1 : ua)5(kz . ua,) 4m32m3~(20~° — 904* + 1202 — 53)
nin2;i1 15 (q7 ’7) — ni AN i1 is ) 2 1)5/2
kl,kz Alvd 2’&/D1 e D5

- 1676—3274+1672—1))
Al,q’z kl * Uy, AZ,&' = k2 *Ug, D, = k%) Dy = kga

D3 = (ky+ky—q)?, Dy = (ky—q)*, Ds = (ka—q)*. C

X (('ymg +my)uh — (ymy + mu

POTENTIAL REGION: DFQ with b.c.

from the static limit of NRGR! related to Schw. o o ‘ el Schwarzschild
viab.c.of DFQ oo Y OSNEL 4 mirror image

condition

CVY PR

e ———— | ———

3PM 3PM 3PM
(from iterations) (from 1pt) (from GSF1)




e Partl: EFT

2006.01184
2007.04977
2008.06047

 Partll: B2B
1910.03008
1911.09130

"New directions in science are launched by new tools much more often
than by new concepts. The effect of a concept-driven revolution is

to explain old things in a new way. The effect of a tool-driven
revolution is to discover new things that have to be explained"

Freeman Dyson, "Imagined Worlds"

Uy

T (y2-1)3

1 [_ 4%7\/@(1472 + 25) 3PM angle agrees
with amplitude

(644 — 1207* + 602 — 5)(1 + 2v(y — 1)) C :
+ 3072 —1)3/° derivation in
B s 2 eveepe1 [Y—1 Bern et al.

Bu(dy” — 129" — 3)sinh™ 4/ — ] ’ 1908.01493

P (1) 2 — x5
0 a1+ = A A
. T ; (1 —2n)j2n



Kalin RAP
1910.03008 Boundary to Bound Map I

Can we map gauge
-invariant objects?

Do we need the
Hamiltonian?




Kalin RAP
1910.03008

Boundary to Bound Map

Can we map gauge

Firsov’s formula

2

Xb(gv E)dg

00
pz(raE) = €Xp _/

™

r|p(r,E)| \/[;2 _ ,,-21—)2 (’I’, E)_

-invariant objects?

Do we need the
Hamiltonian?

Algebraic relationship —to all PM orders —
scattering angle to coefs. in Impetus

X" =

7

n+1 1
> ) 2 rarzom UG

oc€P(n)

‘Impetus formula’ (local)

p?(r, E) = p*,(E) + M(r, E)

T ——

M(r, E)

Scattering amplitude

_ 1 [ dq
~ 2E ) (2m)3

M(q,p? = p2(E))e T



Kalin RAP 1 ]{ 0‘
prdfr

1910.03008 Boundary to Bound Map ° =3, s
" DJSin PN

- gr-qc/9912092

B2B radial action

through ‘impetus’ /= -
N
X 2(r, B) = p% (E) + M(r,E) | -
p (7‘, )_poo( )+M(Ta )
E-M
S —————————— €= <0

S (J,€) = %/m \/pgo(c‘:) + H(r, £) — J2/r2dr

Analytic
continuation

A
5Sr(J, E,ma) = — (1 - ) 5T+ o

Scattering amplitude

~ 3
./\/f('r,E)EL d’q

2F | @rp M@ p° = p2 (E))e 9T




Kalin RAP

1910.03008 Boundary to Bound Map

Can we relate

VL orbital elements? [ /.

e B-M
oo
r = a(écoshu — 1) (Hyperbola) r=a(l — ecosu), (Ellipse)
_a=7’++7‘—, é=7~‘+—?:—, a=7'++7"_, e=r+—7'_'
2 T+ +7_ 2 T+ 4+ 17—

zeros of: 2 (1 +Y_ fi€) (GTM)Z) = b%.




Kalin RAP

1910.03008 Boundary to Bound Map

Analytic
Continuation!

——

impact parameter
and binding energy

_\ &= 7 <0-- .
Firsov’s formula B
1_32(7': E) — exp g /oo ~Xb(b, E)db i |
) \/bz — r25%(r, E) | r_(b,€) =7_(ib,&) b>0,& <0,
ro(b,€) =r_(-b,€), b>0,
B p ™ Jp \/ _ b2 .
r— (J, E) = rmin(ib,iIB) .
~ _(GM)"x(")(B)F(%_) ()
Fo—b 0 b"\/_f‘( ) . o _(GM)" n (zﬂ)I‘( 2)

n=1



Kalin RAP

1910.03008 Boundary to Bound Map

Analytic
Continuation!

s —

angular momentum
and binding energy

Firsov’s formula e

= 2 [ Xb(I;aE)dB
2( 7E)= -

o o ”/"'ﬁ(’“’E)' \/52—r2132(r,E)_ r_(J,€) =7_(J,€) J>0E<0.
ry(J,€) =7_(—-J,&) J>0,€<0,

bexp | —— X(bE)db —
R R AR/

b=J/Ipss| > 0.
_(GM)"xg "()(ﬂ)f‘§%_)
io=b[Je V() | . .
7!;[1 J = poob — (—Zpoo)(zb) > 0,




Kalin RAP

1911.09130 Boundary to Bound Map

What about
Observables?

Without Hamiltonian!

Scattering angle Periastron Advanced

1 > J 1 r+(J,€) J
—/ dr. —/ dr
T J7_(J,€) rz\/p2(87 7“) o JZ/T2 | T Jr_(J€) rz\/pz(gv T) o J2/T2



Kalin RAP

1911.09130 Boundary to Bound Map

Scattering Angle

UL S to Periastron adv.

p?(r, E) = p%,(E) + M(r,E)

o _E-M 0
7 -
Scattering angle Periastron Advanced
1 00 J 1 r+(J,€) J
— / dr. — / dr
T Ji_(1€) 2/D%(E,T) — J2/12 T Jr_(38) T24/D*(E,7) — J2/1?

The most exciting phrase

(4) _ 37r 3T to hear in science,
4X 4 (f2 +2f1f3+ 2f4) 4M4p4 (M T 2M1M3 T 2p°°M4) the one that heralds
new discoveries, is not
A (Y2 A2 A A 2 A \4 i I
AD _ MG | 3(ME+2MiMs + 25 MG ) o EUREKA!

o 2J2 8.J4

but, “thatsfunny..”

—Isaac Asimov



Kalin RAP

1911.09130 Boundary to Bound Map I

. Scattering Angle
UL S to Periastron adv.

o _E-M 0
b
Scattering angle Periastron Advanced
l /oo J > l /""-I—(Jag) J i
T Ji_gg) r2\/p2(E,r) = J2/r2 T Jr_(38) T24/D*(E,7) — J2/1?

Remarkably!

AP(J, &) =x(J,€) + x(=J,€), €<,



Kalin RAP

1911.09130 Boundary to Bound Map

B2B radial action By
through angle e

A(I)(Jag) — X(‘L 8) + X(—J7 8) |

S, (2n) dj Int.egrgte
GM/,L (]-I- ZX / : ) in dj

fixed by the large-j limit

The (reduced) radial action fopthe bound problem:

(2n) £
ir(J,€) = G‘;}ﬂ = 5g(Poo)X; (£) — j ( Z /(1 —275 )2n)

1/j =GMp/J




Kalin RAP
2006.01184

Boundary to Bound Map

Recover the — remarkably simple! —

A

Apl =-—

+ 2

B2B radial action
through angle

A®(J, E)

=x(J,€) + x(=J,€)

mimeso (2’)’2 - 1)2 G2

Gmimab* (2(29°-1)  3n(57°—1) GM [
|67 +

VYP-1 4 21 Y2

(v

2

12 B

| ((yma +ma)uy — (ym1 + ma)uf) ,

radial action to 2PM

(2) 9
2PM(; oy P Wy i _2X% ¢ €)Y\ _ (27 - 1) 3 (57" —1)
G MQzPM TgpM - ] A®opm) _ (1 —~%)32r(45°T + 159* - 3)
2nGM ( R ) (4522 - 3)M3 - 3(1 - 232 (v + 5v(2 + (3y — 4)))



Kalin RAP

2006.01184 Boundary to Bound Map I

B2B radial action
through angle

YY Y L X

We have the 3PM impulse

00 . 2
i'r: P .g-l)—_](]_——

X
v —DZ

BUT WE DO NOT HAVE THE 4PM ANGLE!



Kalin RAP

2006.01184 Boundary to Bound Map

B2B radial action

S through angle RS

VYV L X H

1 P3 PP
From Firsov:  x;” = M3 u3p3 ( a1 TPy t7 )

IMPETUS? =
Everything P 18 —1 8V 10 5 4 4 sinh™ 4 /45~
you need to know M3 2 oT F( +1297—4y") JA? -1
about 3PM , ,
% 18I'(1 — 294)(1 — 5v2)
*We also reconstructed 6T (6 2067—1087"—47" + (14 T)(1+~) '

PM Hamiltonian
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2006.01184 Boundary to Bound Map

B2B radial action
through angle

3 1
From Firsov: g ) — 3 MZ# 1 (P1P3 + §P22 + ) ,

lower-order P_n’s inh-! /2=
- P 18y —1 8 S
enter in the ( 721“ + (BH12y -ty ) — ==+
4PM angle M3p? V2 —1

v 18T'(1 — 2v2)(1 — 5v9?)
_1"(6 2067—108'7 —47 + A+T)1 +7) ))
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2006.01184 Boundary to Bound Map o
. B2B radial action -
NV S through angle 1

Bound p- ~&
Orbits: 1/J ~ |p.|

Missing! BUT
4 3T 1 9 PN-suppressed (after
X(' ) — P1P3 + —P; + “4) | » analytic continuation)
J 8M4 2
This pattern is generic! - R o
and allows us to P 18y2 — 1 8_1/(3_'_1272_474)5111}1 2
perform a cons_istent M3 2 2T I' V2 —1
PN-truncation 18T(1 — 292)(1 — 572)
4 —29%)(1 — 5y
= — [ 6—206y—108~v%—4
P_n has well- 6T ( v v =4y’ + 1+T)(1+7) ) )

defined static limit
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1910.03008 Boundary to Bound Map

. B2B radial action
L7 S through angle

. Full result agrees
with literature to 2PN

3(35 — 10v) 194 — 184v + 2312
. : E
454 52

— 6911 2 _ 37503
S5, 4,2 4 3535 — 6911+ 306002 — 375
1042
— 2 _ 3 4
(5 — 41/)1/2 4 35910 — 126347v + 12?2(5)3;/ 59920v° + 7385v ) £3

~
v

vV

2 (5 - 200 + 1602 —)54+-.-, _
A (( )5 ONE-LOOP A®  M,G?

EXACT!  or _  9J2

BUT: 1/j*2 is predicted to all orders in v |
4PM will complete 1/j*4 (@) o vf. _ M2y (W — 1)
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1911.09130

\

N UL S Dynamical Invariants!

Boundary to Bound Map I

Map for ALL

GMQ;L=2)

(] 98]

One loop
exact
(Missing
three loop!)

N (15(17 ~ 9 +2%) | 31520 — 344420 + 100250° 8651/3) I

SN AD ) A
JST(J,S,ma) = — (1 + g) 5J+ Q—T6S

Reii 3 3E(8,ma)>
1 (15 — 1/)6 n 555 4+ 30v + 1112 2 Xa: Q, ((za> om, )™
B 8 128
L (32v=5) 104184y +232) o 0= 2, 0,68)="5",
2j 453
15(17 — 9v + 2v%) 21620 — 28592 + 87651% — 8650°\ 5 s =0 + (1 + —)
+ : + ~ €2 +---
87 8053
3 152v—7) 1 15(v —=5) 3(1301 — 921v + 1021/?)
—2— 170 - (g(u—15)+ 872 - 3271 € c— _9£
(3(21/ — —284 + 220v — 2312 +3(913 — T28v + 1061/2)) 2
45° 7 3PN match
3(895 — 150v + 51v?)
(555 + 30v + 11 :
(128 +30v + 1107%) + 128;2 3PN missmatch
_3(=270085 + 251236v — 705450° 4+ 74700°)\ , ,
25601 ) € Higher orders

velocity

2,

87 8073
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Valid for (aligned) spin!”
J=canonical total ang. momentum

\ AD(J, &) = x(J,€) + x(—J, ) E-M

x4, a,€ 1 _1 v—15 1 35+ 30v + 302 3|1
(27r ) - %(_E) tT ( 81 )(_6)2 + 1287 ok 2
Ang!e from -3 3(2u—5) 3(5—bv+4v?) , Tay+Ad. 1 Periastron from
Vines TPt et 16 €5 €7 Tessmer
Steinhoff 5A(v —3)a— + (23v —25)a4 , 3| 1 Hartung
i 16 (=)* | 3
Buonanno ™ Schaefer
Tay +Aa_  (v—6)Aa_ + (Tv — 18)ay
1812.00956. - 2 B 2 € 1207.6961
3((15— 14v + 2v?)Aa_ + (25 — 38v + 14v?)ay )
— €
16
2 s 334wv, ._1  3003-1090v — 502 +128a2 1] 1
ey el e B 647 (_6)2] 263
3(35+2a2 —10v) 10080 — 13952v + 12372y + 144002
+ — €
4 128
624Ad_a, + 24(1 — 8v)a2 — 24(12v — 61)a% 1 N
128 ¢ 24 '

* Likewise we can reconstruct spin-dependent B2B radial action by integration
and read off binding energy
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2008.06047 EFT approach: Tidal Effects

Bound orbits

Quadrupole ¢ = (GMw)?? ~ v?
uadrupole to
GA2YAL & GA3YAD Quadrupole to

e
and LO octupole NLO agrees with
i Cheng-Solon
agree with
Henry et al. 2006.06665
1912.01920

Quadrupole/Octupole TLN in binding energy to O(G"3)

1326v

13
A€t = x [18 Ag2x® + 11(3(1 —V)Ag2 4+ 6 A2 + 5v K‘,Ez)SEG + (390/\572 = %(1611/2 — 161v — 132)Ag2 — K B2

7

13 13 13 . _
+ 5 (6161 + 699)Ap2 + 8—:(4901/ — 729)kp2 + 6AP§§t’CB>) 27+ 75(45vK 52 — (130 + 3)Agz + 16X 52)2®

85 27200 85 630 17 « (5.5
- (% (10830% + 1530y + 163) Apa + ——5— Rga — — (2700 + 383)uk g — ~— (900 + 173)A s — ?Apf(f;ﬁ))m"]

NNLO terms from PM-static and probe limit

1326

Apéfgf) = vkp2 + (243 — 901/)1//1132 . 1
| ' 8850 675 837 APyl = 5(2050/\@ — 13120A 52) + O(v).
(4502 = S0 4 20 ) — (2840 + 5 ) e
( 7 14 14

*We also reconstructed the full PM Hamiltonian to NLO



"New directions in science are launched by new tools much more often
than by new concepts. The effect of a concept-driven revolution is
fﬂ/ to explain old things in a new way. The effect of a tool-driven
/ m revolution is to discover new things that have to be explained"

Freeman Dyson, "Imagined Worlds"
EFT
2006.01184 H{ ﬁl(%; H%; :}i: j}{ gwé
2007.04977
2008.06047 VY MY

Foo 8£e
A= / dra G (wa(ra)

B2B N
1911.09130 N X p2 (E) + M(r, E) mpetus
e /—»’ | ' 1910.03008

N

X(J,E) + x(—J,€) F x™ & f;

; wx(n)ﬁfiaj,(g>o) ; N

/’Q\ ’ 91,(E<0) 7N g2 (B) + M(r, B)
' A 2\ br master
) i JdJ N integrals
, ) Om, || |O¢ B2B

) . - 1910.03008
{ 3 }

. vy

P




Radiation-Reaction

. - PHYSICAL REVIEW D 93, 124010 (2016)
In-in b.cC.

Tail effect in gravitational radiation reaction: Time nonlocality

cons. vs dissip. from and renormalization group evolution
symmetry in w->-w

iW[zE] = f’b\_"; > W[mf] = G5N dtlz](t)lfw( )

Iij Iij
“A “B

) GN 7 1
| e M = ——~IW9 )10 (t),
(@) (t) = ———1 REGEAGE
En = 1@;}# 1202 —llr}
leading BUT! we get the angle from the impulse (integrated in time):
cross-term

5 ¢®rd

VAP = G / dt I®Viigigi ~ G / ar®ipi 5 _ &muts {o? —3i 42 27

VAp? ~G / dtI®vr2i L G / dt‘fl—f ~ GAL ~ G® LY = — [ dx (T

Chad R. Galley,'" Adam K. Leibovich,” Rafael A. Porto,” and Andreas Ross’

Gm

r

— TYz?)

|



Radiation-Reaction

in-in b.c PHYSICAL REVIEW D 93, 124010 (2016)
L Tail effect in gravitational radiation reaction: Time nonlocality
cons. vs dissip. from and renormalization group evolution

symmetry in w->-w 1 o . )
Chad R. Galley,” Adam K. Leibovich,” Rafael A. Porto,” and Andreas Ross

Iz’j Jz'j Iz’jk
iW(zy] = iAp (w, k) = ; + g + g oo

B 1
~ 4Mp

€;;(k,h) [w2lij(w) + %w k'e® Jik (w) — %wzkzIz’jz(w) L. ] ’

The energy would also follow ;) — 1 d?k An(kl, k)2 = P | =/|k|d1“h(k)
directly by squaring: T (2m)>2|k| ’ =22 ke

In PMEFT we should re-compute the soft part of the H-diagram in the in-in formalism:

1 1 1 , o—1 , , o—1
(Iu + I) |ln(—t) = 613 2 N arcsinh 5 |7t 2i arcsinh 5 |- (D.3)
Bern et al.

1908.01493
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in-in b.c PHYSICAL REVIEW D 93, 124010 (2016)
L Tail effect in gravitational radiation reaction: Time nonlocality
cons. vs dissip. from and renormalization group evolution

symmetry in w->-w 1 o . )
Chad R. Galley,” Adam K. Leibovich,” Rafael A. Porto,” and Andreas Ross

near zone far zone

Slmllarly 262 MI(3)13I(3)U (_.l. + 210g(ﬂr) + .- .) + (i. + 2log(Q/p) +4 . .)
to NRQCD: . -
2G3,M [ dw ’ y 1
+ N 6 7 v]
Weales] = 285 [~ S I (0)| - g — v+ log
log W 5 T A
- iy iy u2 30
g Vien () = XTI (199) 1 0 ,

dissipative part



Radiation-Reaction

PHYSICAL REVIEW D 96, 024063 (2017)
Lamb shift and the gravitational binding energy for binary black holes

Rafael A. Porto

(See Pineda, Vairo (S
and Aneesh’s talks) § 2
3
5En,£ - (5En,£)US + (5En,£)cv + .- %
20, 2 [¥ne(® = 0)[? p i 2|En — Em|
o (ot 5 (e 2| mt) (B~ Enytog 2 ST,
e m;én,e € e ée 00\\
& 2
40!2 > h > > ? >

2
3ms

(pYr s, PUs) ~ (Mev?, Mmev?)

only cancel explicitly in dim. reg.!

(zero-bin subtraction) Space-Time Approach to Quantum Electrodynamics

R. P. FEYNMAN
Depariment of Physics, Cornell University, Ithaca, New York

(Received May 9, 1949)
Lamb shift as interpreted in more detail in B."®

13 That the result given in B in Eq. (19) was in error was re-
peatedly pointed out to the author, in private communication,
by V. F. Weisskopf and J. B. French, as their calculation, com-
pleted simultaneously with the author’s early in 1948, gave a
different result. French has finally shown that although the ex-
pression for the radiationless scattering B, Eq. (18) or (24) above
1s correct, it was incorrectly joined onto Bethe’s non-relativistic
result. He shows that the relation In2km.x—1=InApi, used by the
author_should have been ankw—-5§6=ln)\min. This results in
adding a term — (1/6) to the logarithm in B, Eq. (19) so that the
result now agrees with that of J. B. French and V. F.|Weisskopf,




The most exciting phrase
to hear in science,

the one that heralds

new discoveries, is not EXt ra SI id eS
EUREKAY

but, “that's funny..”

—Isaac Asimov

"A method 1s more important than a discovery, since the right
method will lead to new and even more important discoveries."

Lev Landau

“IDEAS ARE TESTED
BY EXPERIMENT."
THAT 1S THE (ORE
OF SCIENCE.
EVERYTHING ELSE
IS BOOKKEEPING,

/
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Reconstruct the Hamiltonian

oo e B (B £

Solve iteratively — For instance at 3PM ¢ = EyE,/E?

c3(p) _

3!

Py(E) | (3¢~ DPAE)Pi(E)
2E¢ AE3¢3

L (B(E)P((E) + Py(E) Py (E))

AE2¢2

_ (58 —5¢+1)PP(E)  (9€ —3)PE(E)PI(E)

16 E5£5 - 16 44

_ PEE)P(E)  P(E)(P{(E))*

16E3¢3  8E3¢3

Use map from momentum to re-write using deflection angle

Z g(n) (A(Ge)) 4

oc€P(n)
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Boundary to Bound Map

1910.03008
Analytic
Continuation!
r_(J,€) =7_(J,€) J>0,€<0.
ri(J,E) =F_(=J,E) J>0,E<O0,
- €= <0--
woooC
Circular orbit Binding energy to 3PM  (accurate to 2PN)
ry(J, &) =r_(J,E) [z 2 (o oV 535  5585v ) (3508
e—x{—ﬁ(9+u)—§(7— 91/+3> 32(6 5 +135V—162)
First_law bina d namics: 4 5599931/ B 340271/ 113541/ 771/
ry ay 384( 10171 + = I )+O )]
GE\ 1 (di(€)\ ! /
Qeire = (%) == (%)) . Controlled to all PN orders
v by 1PM (strikingly simple!)
(1 —~2) e = —2E
2/3 = (GMw)?3 ~ v?

1 B2 — m? — m3 1
e m2:1+5+§z/82,

’Y=§
mims
I'=E/M=+1+2v(y—1)=1+vE.
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2008.06047 EFT approach: Tidal Effects

Bound orbits

Quadrupole ¢ = (GMw)?? ~ v?
uadrupole to
GA2YAL & GA3YAD Quadrupole to

e
and LO octupole NLO agrees with
i Cheng-Solon
agree with
Henry et al. 2006.06665
1912.01920

Quadrupole/Octupole TLN in binding energy to O(G"3)

1326v

13
A€t = x [18 Ag2x® + 11(3(1 —V)Ag2 4+ 6 A2 + 5v K‘,Ez)SEG + (390/\572 = %(1611/2 — 161v — 132)Ag2 — K B2

7

13 13 13 . _
+ 5 (6161 + 699)Ap2 + 8—:(4901/ — 729)kp2 + 6AP§§t’CB>) 27+ 75(45vK 52 — (130 + 3)Agz + 16X 52)2®

85 27200 85 630 17 « (5.5
- (% (10830% + 1530y + 163) Apa + ——5— Rga — — (2700 + 383)uk g — ~— (900 + 173)A s — ?Apf(f;ﬁ))m"]

NNLO terms from PM-static and probe limit

1326

Apéfgf) = vkp2 + (243 — 901/)1//1132 . 1
| ' 8850 675 837 APyl = 5(2050/\@ — 13120A 52) + O(v).
(4502 = S0 4 20 ) — (2840 + 5 ) e
( 7 14 14

*We also reconstructed the full PM Hamiltonian to NLO
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2008.06047 EFT approach: Tidal Effects

T AL,
N p— / dra G (a(ra)

o0
—
=) dr, ( — =2 v B EMY Aps = i i
a=1,2
(1) (2) (1) (2)
(a) pr _ (a) pa _ (a) o s = A+ Cp2 T Cpa _ 1 Cp2 n Cp2
»B,., B EWQE B“,,aB E2 = Ap2 eE airi \my T,
A 457 (42 —1)2
X}E’B) _ 6: O 7 6) [(3574 —307% — 5) Az + (357% — 3072 + 11) )\Ez]
192 (2 —1)3/2
p ¥l n _)2 [ (1609° = 1929 + 3092 + 2) Agz + (1607° — 192" +729” = 5) A
J
Agreement 96 51 .
. VY 9 8 7 6 5 4 3 2
with + 5 T 22477 — 3209° — 72877 + 7047° + 5488° — 444" + 662627° + 569 + 28084fy+4]
Cheng-Solon 06v /2 —1 T
+ — kg2 |224+° — 32078 — 728~7 + 704+ + 562875 — 528y + 659822 + 15442 4 28329~ — 10
2006.06665 35 (Ij)" 7 7 g Y g 2 v v Y
576v4/72 — 1
_ ”(Fj“)ﬂ [ (4407 + 47472 + 32) K2 + (4407* + 4744% 4 33) K E] ash(7) ,

ash(v) = (y?—1)"1/2sinh! \/'72;1
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2008.06047 EFT approach: Tidal Effects

+o0
Apt =~ / dr, 28 ()

— 00

(1) (2)
I a) pv _ 1 Cp2 Cp2
Spp = E /dTa ——g,wv v, —I—c Y I ) AB2 = i (m2m1+m1m2) ,
a=1,2
(1) (2) (1) (2)
_ Cp2 tCp2 1 Cp2 | Cp2
(a)B v B — (a)EﬁwaEwa )BMVOABWQ | K2 = Ap2 + —ois - = Gang (ml N m2)

Axe,B) _ 45m (v* —1)?

a 2 4 2
= —30v“ —=5) Az + (359" —30y“ +11) A ]
T 64 (Ij)° Y Y ) B2 ( Y Y ) E?2

© —1929* 4+ 307 + 2) Ag2 + (1607° — 1929* + 72+ —

7
Agreement 5 (1Y)
with %6 \/7* — 1 9 8 7 5 4 3 2
35 @) — 32078 — 728~7 + 70475 548875 — 444~* + 6626273 + 5672 + 28084~y + 4]

Cheng-Solon J

96v /72 — 1

2006.06665 Ty — 320+8 7287 + 70455+ 562875 — 528v* + 6598273 + 154~2 +283297—10]
_ 5760y/7% —
_ 'l (4407* + 47442 + 32) Ko + (4409* + 47472 + 33 Ez]ash(’y),

Notice (I'5)7

iah- imit!
high-energy limit! deh(y) = (72_1)_1/2sinh_1\/§
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Spw= 3 [ dra

a12

(a)B B;u/

Notice
high-energy limit!

EFT approach: Tidal Effects

T AL
o= | e @)

(1) (2)
d’Ta —2 Guv Vi v, —|—c 2EWE B2 = G | M2, +my ol

(1) (2) (1) (2)
a _ Cgz +¢g2 1 Cp2 | Cp2
ct )EuvaEWa )BHVCXB/WQ ' Rz = Apz + GAMS5 — GAMA \ my i mo
A
X(I‘? B) _ =z 1522(?7;)8 (v2 - 1) [(2176 +3859% — 30592 + 91) A g2 + (2175 + 3859* — 38592 — 21)/\,;,2]

512(y2 —1)5/2

8 6 4 2
3003(T)9 [(48007 + 775207° — 74888~* + 1770772 + 1888) A

+ (480093 + 7752075 — 874729 + 55527% — 400) A éz]

128v4/92 — 1k
+ goog(r .)9”32 [27456713 — 1920072 4 205920~ — 271680~ — 1589016+ + 950848~% + 22048884~
J

— 1032064+° 4 5795403907° + 395904~* + 8266139317° — 25408~* + 1483310407 + 1600]

12804/ — 1k
+ goog(r .)gﬂEz [27456713 — 1920072 + 205920~ — 271680+ — 1468896~° + 900512+® 4 21724560~
J

— 9800127° + 5804533027° + 433656+ + 837773079y — 55724+ + 1552919947y — 7552]

3840v4/792 — 1
- 1(1\{)17 [(729276 +194847% + 790572 + 288)k o + (72927° + 196447 + 814142 + 310)”15“2] ash(7).
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2008.06047 EFT approach: Tidal Effects

oo AL,
Agft =~ / dra G (a(ra)

?M%ﬁ

2
How to reconstruct ; Poo X(l) 1 4 2 Z ( "
the radial action? "2 < (1- 2”)92”
We h = 2 _1)2
e have n=3 AX(FE,B) _ 465: (,Y(I‘j)i') [(3574 3042 = 5) Aps + (357 — 3042 + 11) AEz]

We are missing n=4,5...
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2008.06047 EFT approach: Tidal Effects

£
n) VT (n+1 1 g,
Yoo = 2F( 2 ) 2 F(1+§—Ef)1;[af!’

oc€eP(n)

Eﬁ?%ﬁ%ﬁ

2
How to reconstruct ; poo (1) L2 Z ( n)
the radial action? "= (1 - gn)]zn
We have n=3 .
We are missing n=4,5... XSG) 3 (P2 + 6P, Py P3 + 3p2, P35 + 3p=g Ps + - - )

(But we have P6 & P7 for Quadrupole) (8) _ 1057 (P24 N P2p%
(and P8 & P9 for Octupole) 64 \12 2

B, = P,/(12M™) and po = poo /i, + Py P3) +_gago (P, P; + PyP;) +p§°p8+...)

(10) _ 3157 (P25

512 \ 5

+ Py Pr+ ) +6p (P Ps + 2PL Py Py + -+ -)

+ 4po, (PoPs + Py Py + Py Pr) + pog Pro + - - )

+P1P2P3+ (P12P6'

+ P! Ps + -+ + 4p2, (3P Py Pg
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2008.06047 EFT approach: Tidal Effects

Bound orbits
Poo ~E 1/J ~ |poo]

VYNV

(2n)
How to reconstruct . _ P (1)
by = X (1+ Z (1 _2n)32n)

i ion? 2 V]
the radial action? —p2_
We have n=3 .
. (6) _ 97T A
We are missing n=4,5... Xj = 39 (Pz +6PLPyP3 + 395, Ps 6 +

D4 D2 D2
(But we have P6 & P7 for Quadrupole) (8) _ 1057 (Pz N Py Pg + PP2P; 1512156 |
(and P8 & P9 for Octupole) o4 A 12 2 —
—I—PQP?)Q) p1p7+p2p6) 8 + )
Notice the PN-suppression (10 _ 3157 ( P L PPy 4 b 42 (3PP,
Counts the number of Pn’s 512 \5 TP el
which is tied to each PM order + PP+ ) +P12P8 +2P PPy + - -)

P2P8 + Py Py + P3P;) 10 + .. )
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2008.06047 EFT approach: Tidal Effects

Bound orbits
Poo ~ & 1/J~ [Poo

2 o0 (2n)
The same PN order appears — Poo (1) —il1+% Z X4
at different PM orders ini_r ir v/ —p m = (1 —2n)j2n
e.g. recover the full Newtonian 6 _ 57
Periastron Advance Xj =35 T )
15m _ pS 1057 P}  P2?P% ~
Newton o o= 1462+21€41 , (8) — (Lo 1473 5 525
(Poo,J) = g~ ;6 [ ] X; 61 \1g T 5 1113 Prq p2 (PEP
P8
€ = Gmima/(PooPy)= 1/(poc]) + P2P32) + ﬁgo (p1p7 + p2p6) Pg + - )

Bini Damour Geralico (10)
2001.00352

c 4P (3152152156
+ PPy + ) +6pa, (PP Ps + 2P PoPr + -+ )
+ 4po, (PoPs + Py Py + Py Pr) + pog Pro + - - )



Cheung etal. Bern et al. >< = —iV(k, k)
1808.02489 1908.01493
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Can we map
gauge-invariant objects?

Do we need the
Hamiltonian?
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Can we map X
gauge-invariant objects?

Bern et al. Hamiltonian?
1908.01493

Do we need the a A

Momentum in the Center-of-Mass

p(r,E) = p2 (E) + ;Pi(E) (g)z = Poo(E) (1 + ;fz’(E) (GTM)z)

Related to the Fourier transform|of the amplitude (relativistic normalization)

00 n
— —~ G . 1 d3
_ q 2 2 —iqr
—_— —_— E o = E a
M(r, E) E My (E) (r M(r,B) = 5 (2w)3M(q,p Poo(E))e
n=1
The most exciting phrase
to hear in science,

the one that heralds
new discoveries, is not

“E“ n EKA‘”
-

but, “mats funny.”

—Isaac Asimov
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Impetus Formula

Dow d the ﬂ\ s AP
Har an? ’ :

Momentum in the Center-of-Mass

p*(r,E) = p> (E) + zi:P,;(E) (g)z = poo(E) (1 + Zi:fi(E) (G_M)z)

r

Related to the Fourier transform|of the amplitude (relativistic normalization)

00 n
—~ —~ G — 1 [ d° -
M(r,E) = ) Mn(E) (7> M B) = 5 [ s M@ p? = g (B))e "

n=1

The most exciting phrase Remarkablv! *

to hear in science, y:

the one that heralds

new discoveries, is not

: r 2 _ 2 Vi

E“nilﬁt‘,“mmmf p (’f’, LK ) = Poo (E ) + M (’I“, b )

—Isaac Asimov

* potential Modes
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N\

\
\
e
\
X
\y

(r,E) = p>.(E) +M('r E)

P

Sketch of the Proof / \ AP
(via NR Matching): i -

Effective Non-Relativistic Schrédinger-type equation

Hefpr(poo)) = (Pz + V;eff) |¢p(poo)> = Pgo(E)Wp(Poo»

Iterations

— ™ —

Anf(p,q) = —(p + q|Ver|D) +

T
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Born
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p?(r, E) = p% (E) + M(r, E)
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Sketch of the Proof Y \ A
(via NR Matching): i -
Effective Non-Relativistic Schrédinger-type equation

Het|90p(Poo)) = (P° + Vest) [¥p(Pos)) = Poo (E)[¢p(Poo))

Impetus Iterations

RMIattc_:h ttc_> 4 f (p ; CI) — @_ Q‘Veff ‘p > CANCEL OUT
elativistic ON BOTH SIDES!

d 1
160 = 0 O = s M@k 0

[an L pa %”
|l +qlB2l-p + 1)’ R divergent
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Sketch of the Proof W/ \ AP
(inspired by 1811.10950 ) i

Kosower Maybee O’Connell)

Introduce a ‘scattered momentum’ at a point (in standard QM)

P (r,p%) = YL(r,psc) (—V? = P2 )¥p(T, Poc)

\ f(é))ez'pr

Uy ~ePr 4
r

Two contributions (linear and in the amplitude)

<
3
I

Psc '[(2)(747 E) D

IR-safe by construction!
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| p’(r,E) = p2.(E) + M(r,E) ‘
M

ﬁz(r, E) = exXp g /oo Xb(ga E)dE
o o

Firsov

™

(P = Ipl/Po)

angle from momentum (and vice-verse):

(n)_ﬁ n+1 1 i
Xo = 2P( 2 ) 3 I‘(1+ﬂ—2€)Haf!’

oc€eP(n)

Directly from the amplitude to all orders!

1 2 1p1 4
0 =24yt (3) (r i+ oo s + v et e o)

2 (2) 1! r'(-1) 4!

3rpd

" = == (] +2h1fs +2fa) =

(Keep an eye on this expression)
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| p’(r,E) =p%X(E)+ M(n,E) | N\ \__ _____
M

pZ(T, E) = exp g /oo ~Xb(ba E)db FlrSOV
T Jrp(r,E)| \/b2 _ 7.21—)2(7., E) (p — |p‘/poo)

In general f_i’s enter to all PM orders:

n 1
(2n) _ VTf3T (n+ 3) _ 19
X, Lf1,2] T D) n=12...
(2n+1) _l n 1 . § f12 _
Xb [fl,?]—zflfQ 2F1 (27 na274f22 9 'n—O,].,...,

xlfi2] +m 1 m Y _ 2
> —\/1_]__23!2 (2+arctan(2\/1_}_2y2>> Fo = fa/ fi



