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Overview 
Era of gravitational wave astronomy has begun. 

We in the scattering amplitudes community are eager to help contribute to  
problems of importance for gravitational wave physics. 
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Outline 

1.  Some basic ideas from scattering amplitudes. 
2.  Search for useful structures. 
3.  EFT approach. 
4.  Applications 
          —  O(G3) two-body Hamiltonian. 
          — S1 S2 O(G2) two-body Hamiltonian. 
          —  Eikonal formula for spinning case.   
          — New results for tidal operators. 
5.  Outlook. 

Earlier amplitudes based talks from Bjerrum-Bohr, Kosower, Parra-Martinez. 
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Some Basic Principles 

•  On-shell. No gauge fixing, coordinate, or field variable dependence. 
•  Generalized unitarity. 
•  Double copy and color-kinematics duality. 
•  Hidden simplicity. 
•  Advanced integration methods 

 
 

General Relativity is a mature subject.  Surprising that there can be a 
radically different way of looking at old problems. 

 (gravity) ~ (gauge theory)2  

Some of the ideas from scattering amplitudes  

These ideas have already proven useful:  Here will discuss applications 
 for bound-state case: 
   1. high orders 
   2. spin 
   3. tidal effects 



5 

The search for new structures. 

A virtuous cycle.   

 
 

Examples of identified relevant structures in gravitational 2 body problem: 
1.  Double copy.  
2.  Direct amplitude relations to scattering angles (which feed into EOB). 
3.  Eikonal phase capturing the physics. 
4.    Infinite sequences of tidal operators. 

New Structures New Calculations 

New Tools 

See Porto’s and  
Bjerrum Bohr’s  talks 

An(1
�, 2�, 3+, . . . n+) = i

h12i4

h12ih23ih34i · · · hn1i

<latexit sha1_base64="LlANhtIYWisOQBv/KCIQMLu+TZk="></latexit>

•  Key priority for new calculations is to uncover new and useful structures. 
•  Simultaneously push state of the art for quantities of interest to LIGO/Virgo 

Parke Taylor; 
Mangano, Parke, Xu 
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From Tree to Loops: Generalized Unitarity Method 

Two-particle cut: 

Generalized    
unitarity as a 
practical tool 
for loops. 

Three-particle cut: 

ZB, Dixon and Kosower; 
ZB, Morgan; 
Britto, Cachazo, Feng; 
Ossala,Pittau,Papadopoulos; 
Ellis, Kunszt, Melnikov; 
Forde; Badger; 
ZB, Carrasco, Johansson, Kosower 
and many others 

•  Systematic assembly of  
  complete loop amplitudes  
  from tree amplitudes. 
•  Works for any number of 
  particles or loops. 

on-shell 

on-shell 

Idea used in the “NLO revolution” in QCD collider physics.   
No gauge fixing in the formalism.  

ZB, Dixon, Dunbar and Kosower (1994) 

Use tree amplitudes to build higher-order (loop) amplitudes. 

E2 = ~p 2 +m2
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Three Vertices 

    About 100 terms in three vertex 
 Naïve conclusion: Gravity is a nasty mess. 

Three-graviton vertex: 

Three-gluon vertex: 

Standard perturbative approach: 
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Simplicity of Gravity Amplitudes 

Yang-Mills (QCD) 
gauge theory: 

Einstein 
gravity: 

“square” of  
Yang-Mills  
vertex.  

On-shell three vertices contains all information:  

People were looking at gravity amplitudes the wrong way. 
On-shell viewpoint overwhelmingly more powerful. 

Gravitons are like two gluons! 

E2
i � ~k2i = 0
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“color” factor 

Starting from this on-shell vertex any multi-loop amplitude can be constructed 
via modern methods   
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KLT Relation Between Gravity and Gauge Theory 

Kawai-Lewellen-Tye string relations in low-energy limit:  
gravity gauge-theory color ordered 

1.  Gravity is derivable from gauge theory.   
2.  Once gauge-theory amplitude is  simplified, so is gravity. 
3.  Standard Lagrangian methods offer no hint why this is possible. 
4.  It is very general property of gravity. 

Generalizes to explicit all-leg form.  

KLT (1985) 

ZB, Dixon, Perelstein, Rozowsky 

Inherently gauge invariant! 

See also Bjerrum-Bohr’s talk 
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 Duality Between Color and Kinematics 

Consider five-point tree amplitude: 

 kinematic numerator factor 

 Feynman propagators 

Claim: We can always find a rearrangement so color and  
  kinematics satisfy the same algebraic constraint equations. 

 color factor 
ZB, Carrasco, Johansson (BCJ) 

⇔c1 + c2 + c3 = 0 n1 + n2 + n3 = 0

c2 = fa3a4bf ba2cf ca1a5c1 = fa3a4bf ba5cf ca1a2 c3 = fa3a4bf ba1cf ca2a5

Atree
5 =

15X

i=1

ciniQ
↵i

p2↵i



11 

gauge theory 
(QCD): 

Einstein gravity: 
sum over diagrams 
with only 3 vertices 

Cries out for a unified description of gravity with gauge theory, 
presumably along the lines of string theory. 

Gravity and gauge theory kinematic numerators are the same! 

Gravity from Gauge Theory 
ZB, Carrasco, Johansson 

 kinematic numerator 
 factor 
 Feynman propagators 

 color factor 

ci ! ni



•  Connection to scattering amplitudes. 

•  Worldline approach for radiation and double copy. 

•  Technical issues having to do with keeping right physical states.   
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Scattering Amplitudes and Gravitational Radiation 

A small industry had developed to study this. 

Bjerrum-Bohr, Donoghue, Holstein, Plante, Pierre Vanhove;  Luna, Nicholson, O'Connell, White; Guevara; 
Bjerrum-Bohr, Damgaard, Festuccia, Planté,  Vanhove;  Cheung, Rothstein, Solon; Damour; Bautista, Guevara;  
Kosower, Maybee, O’Connell; Plefka, Steinhoff, Wormsbecher; Foffa, Mastrolia, Sturani, Sturm; 
 Guevara, Ochirov, Vines;  Chung, Huang, Kim, Lee; etc. 

Goldberger and Ridgway; Goldberger, Li, Prabhu, Thompson; Chester; Shen;  Almeida, Foffa, Sturani   

Luna, Nicholson, O'Connell, White; Johansson, Ochirov; Johansson,  Kalin;  
Henrik Johansson, Gregor Kälin, Mogull. 

Key question:  Can we do something of direct interest for LIGO/Virgo theorists?  



13 

Effective Field Theory Approach 

Gravitational 
Scattering 

Amplitudes  

Effective 
Field Theory 

Methods 

Post 
Minkowskian 

Potentials 

We prefer the EFT matching when we need to guarantee correctness. 

ZB, Cheung,  Roiban,  Shen, Solon, Zeng  

Goldberger, Rothstein; 
Porto; Neill, Rothstein;  
Vaydia, Foffa , Porto, Rothstein, Sturani;  
Kol, Smolkin, Levi, Steinhoff, etc. 
 

Kawai, Lewellen, Tye 
ZB, Dixon, Dunbar and Kosower  
ZB, Dixon, Dunbar, Perelstein, Rozowsky 
ZB, Carrasco, Johansson; Etc 

Amplitudes 
community 

EFT  
community 

Cheung, Rothstein, Solon (2018) 

The EFT directly gives us a two-body Hamiltonian of a form appropriate to  
enter LIGO analysis  pipeline (after importing into EOB or pheno models). 

In a form useful for 
bound state problem 
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Potentials and Amplitudes 

Tree-level: Fourier transform gives classical potential. 

Piece of loops are classical:  Our task is to extract these pieces. 

 We harness EFT to clean up confusion 

eiSclassical/~
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1/~L
<latexit sha1_base64="uZ50eyt8FCO8ij1yXWk4bfMKPpc=">AAAB9HicbVA9SwNBEJ2NXzF+RS1tFoNgFe9E0DJoY2ERwXxAcoa9zV6yZG/v3N0LhON+h42FIrb+GDv/jZvkCk18MPB4b4aZeX4suDaO840KK6tr6xvFzdLW9s7uXnn/oKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Qz9VtjpjSP5IOZxMwLyUDygFNirOSlbnaWdoc+UY93Wa9ccarODHiZuDmpQI56r/zV7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2ktnR2f4xCp9HETKljR4pv6eSEmo9ST0bWdIzFAvelPxP6+TmODKS7mME8MknS8KEoFNhKcJ4D5XjBoxsYRQxe2tmA6JItTYnEo2BHfx5WXSPK+6TtW9v6jUrvM4inAEx3AKLlxCDW6hDg2g8ATP8ApvaIxe0Dv6mLcWUD5zCH+APn8AiWCR7w==</latexit><latexit sha1_base64="uZ50eyt8FCO8ij1yXWk4bfMKPpc=">AAAB9HicbVA9SwNBEJ2NXzF+RS1tFoNgFe9E0DJoY2ERwXxAcoa9zV6yZG/v3N0LhON+h42FIrb+GDv/jZvkCk18MPB4b4aZeX4suDaO840KK6tr6xvFzdLW9s7uXnn/oKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Qz9VtjpjSP5IOZxMwLyUDygFNirOSlbnaWdoc+UY93Wa9ccarODHiZuDmpQI56r/zV7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2ktnR2f4xCp9HETKljR4pv6eSEmo9ST0bWdIzFAvelPxP6+TmODKS7mME8MknS8KEoFNhKcJ4D5XjBoxsYRQxe2tmA6JItTYnEo2BHfx5WXSPK+6TtW9v6jUrvM4inAEx3AKLlxCDW6hDg2g8ATP8ApvaIxe0Dv6mLcWUD5zCH+APn8AiWCR7w==</latexit><latexit sha1_base64="uZ50eyt8FCO8ij1yXWk4bfMKPpc=">AAAB9HicbVA9SwNBEJ2NXzF+RS1tFoNgFe9E0DJoY2ERwXxAcoa9zV6yZG/v3N0LhON+h42FIrb+GDv/jZvkCk18MPB4b4aZeX4suDaO840KK6tr6xvFzdLW9s7uXnn/oKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Qz9VtjpjSP5IOZxMwLyUDygFNirOSlbnaWdoc+UY93Wa9ccarODHiZuDmpQI56r/zV7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2ktnR2f4xCp9HETKljR4pv6eSEmo9ST0bWdIzFAvelPxP6+TmODKS7mME8MknS8KEoFNhKcJ4D5XjBoxsYRQxe2tmA6JItTYnEo2BHfx5WXSPK+6TtW9v6jUrvM4inAEx3AKLlxCDW6hDg2g8ATP8ApvaIxe0Dv6mLcWUD5zCH+APn8AiWCR7w==</latexit><latexit sha1_base64="uZ50eyt8FCO8ij1yXWk4bfMKPpc=">AAAB9HicbVA9SwNBEJ2NXzF+RS1tFoNgFe9E0DJoY2ERwXxAcoa9zV6yZG/v3N0LhON+h42FIrb+GDv/jZvkCk18MPB4b4aZeX4suDaO840KK6tr6xvFzdLW9s7uXnn/oKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Qz9VtjpjSP5IOZxMwLyUDygFNirOSlbnaWdoc+UY93Wa9ccarODHiZuDmpQI56r/zV7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2ktnR2f4xCp9HETKljR4pv6eSEmo9ST0bWdIzFAvelPxP6+TmODKS7mME8MknS8KEoFNhKcJ4D5XjBoxsYRQxe2tmA6JItTYnEo2BHfx5WXSPK+6TtW9v6jUrvM4inAEx3AKLlxCDW6hDg2g8ATP8ApvaIxe0Dv6mLcWUD5zCH+APn8AiWCR7w==</latexit>

at L loops 

At higher orders things quickly become 
 less obvious: 

•  What we learned in grad school on     counting is wrong.  
      Loops have classical pieces. 
•  Double counting and iteration. 
•          scaling of loop amplitudes. 
•  Non-uniqueness of potential. 
•  Cross terms between         and  
 

q
<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit>

1/~

~

~

1/~

Iwasaki; Bjerrum-Bohr, Donoghue, Vanhove; Neill, Rothstein 
Bjerrum-Bohr, Damgaard, Festuccia, Planté. Vanhove 

V (r) ⇠
Z

d3q

(2⇡)3
e�iq·rAtree(q)

<latexit sha1_base64="L6RGzeKVzbvm3AZ3INhqRDYZx8k="></latexit>

Talks from Donoghue and Bjerrum-Bohr 
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EFT is a Clean Approach 

Goldberger and Rothstein 
Neill, Rothstein 
Cheung, Rothstein, Solon (2018) 

No need to re-invent the wheel. 
Build EFT from which we can read off potential. 

Match amplitudes of this theory to the full theory in classical limit to  
extract a potential. 

A, B scalars 
represents spinless 
black holes 

We prefer the EFT approach whenever we need to guarantee correctness. 
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EFT Matching 

Roundabout but efficiently determines potential 

(complicated) (simpler) 
Amplitude methods 
double copy 

full general relativity effective theory 

tree amplitude 

generalized  
unitarity 

loop integrand 

loop 
integration 

GR loop amplitude 

identical 
physics 

= 

potential 

loop integrand 

build  
ansatz 

Feynman 
diagrams 

EFT loop amplitude 

~ ! 0

loop 
integration 
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 Feynman diagrams for EFT 

•  EFT scattering amplitudes easy to compute using Feynman diagrams. 
•  No need for advanced methods. 

=

Newton’s constant 

vertices contain all powers of G 

AEFT =
1X

i=1

GiA(i)
EFT

Match to Full Theory 
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General Relativity: Unitarity + Double Copy 

  

•  Long-range force:  Two matter lines must be separated by on-shell propagators. 
•  Classical potential: 1 matter line per loop is cut (on-shell). 

Independent generalized unitarity cuts for 3 PM. 

Only independent unitarity cut for 2 PM 2 body Hamiltonian. 

Neill and Rothstein ; Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove; Cheung, Rothstein, Solon  

1

2 3

4

Treat exposed lines on-shell (long range). 
Pieces we want are simple! 

Our amplitude tools fit perfectly with 
extracting pieces we want. 

gravity loops 

Compton 

3 vertex, EM tensor on-shell 
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Generalized Unitarity Cuts  

  
Problem of computing the generalized cuts in gravity is reduced  
to multiplying and summing gauge-theory tree amplitudes.   

2nd post-Minkowkian order 
KLT relations 

•  For spinless case, same logic works to all orders: KLT  and BCJ work 
      for massless n-point in D-dimension.  Dimensional reduction gives massive case 

•  Unwanted states (dilaton) easy to remove with physical state projectors. 

s23 = (p1 + p2)
2

<latexit sha1_base64="HcabJ6A/ZZkn35IjrGs5x9n+V0c=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKEgvqQii6cVnBPqCNYTKdtkMnkzAzEUrIxl9x40IRt36GO//GSZuFth64cDjnXu69x48Ylcqyvo3C0vLK6lpxvbSxubW9Y+7utWQYC0yaOGSh6PhIEkY5aSqqGOlEgqDAZ6Ttj28yv/1IhKQhv1eTiLgBGnI6oBgpLXnmgfQS5yyFV7ASeTY8hZHnnDw4Jc8sW1VrCrhI7JyUQY6GZ371+iGOA8IVZkjKrm1Fyk2QUBQzkpZ6sSQRwmM0JF1NOQqIdJPpAyk81kofDkKhiys4VX9PJCiQchL4ujNAaiTnvUz8z+vGanDhJpRHsSIczxYNYgZVCLM0YJ8KghWbaIKwoPpWiEdIIKx0ZlkI9vzLi6TlVO1a9fKuVq5f53EUwSE4AhVgg3NQB7egAZoAgxQ8g1fwZjwZL8a78TFrLRj5zD74A+PzB0Ebk6A=</latexit>
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Amplitude in Conservative Classical Potential Limit  
ZB, Cheung, Roiban, Shen, Solon, Zeng (BCRSSZ) 

To make longer story short.   The O(G3) or 3PM conservative terms are: 

m = mA +mB ,
<latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit> ⌫ = µ/m,

<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

•  Amplitude remarkably compact. 

•  Arcsinh and the appearance of a mass singularity is new and robust feature.  
     Cancels mass singularity of real radiation, as expected from KLN theorem.  
•  IR finite parts of amplitude directly connected to scattering angle. 

•  Derived conservative scattering angle has simple mass dependence. 
Observed by Antonelli, Buonanno, Steinhoff, van de Meent, Vines (1901.07102) 
Comprehensive understanding:  Damour 

Expanded on by Kälin, Porto;    Bjerrum-Bohr,  Cristofoli,  Damgaard    

Di Vecchia, Heissenberg, Russo,Veneziano; Damour  
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Conservative 3PM Hamiltonian 

  

BCRSSZ 

The O(G3) 3PM Hamiltonian: 

m = mA +mB ,
<latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit> ⌫ = µ/m,

<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

3 

Newton in here 

•  Expanding in velocity gives infinite sequence of terms in PN expansion. 
•  Can be put into EOB form.  Antonelli,  Buonannom Steinhoff,van de Meent, Vines 



22 

How do we know it is right?    

Original check: 

Compared to 4PN Hamiltonians after canonical transformation 

Thibault Damour seriously questioned correctness. 
 Specific corrections proposed. 

Damour, Jaranowski, Schäfer; Bernard, Blanchet, Bohé, Faye, Marsat 
 

1.  Recent papers confirm our result  
         in 6PN overlap. 

2.  New calculations reproducing our 3PM result. 

3.  Scattering angle check. 

4.  Adding real radiation removes mass singularity. 

Blümlein, Maier,  Marquard,  Schäfer;  
Bini, Damour, Geralico 

Cheung and Solon;   Kälin, Liu, Porto 

Damour, arXiv:1912.02139v1 

ZB, Ita, Parra-Martinez, Ruf 

3PM results have passed highly nontrivial checks and careful scrutiny. 

New calculations confirm our 3PM result: 

Di Vecchia, Heissenberg, Russo,Veneziano;  Damour  
See Damour’s, Parra-Martinez, Heissenberg’s talk 



~ 
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Eikonal-Phase Insight 

Dominant part: stationary phase approximation: 

May seem like a bold claim, but we can explicitly check. 

Expect there to be a scalar function—the eikonal phase—from 
which all classical scattering information can be extracted. 

Recall eikonal phase  

eikonal phase 

•  Directly extracted from gauge-invariant amplitude.  
•  No need to solve Hamilton’s equation. 
•  Angle feeds into EOB.                    

slowly varying Eikonal discussed in talks from  
Bjerrum-Bohr and Heissenberg 

�p = q = �rb�(b)

<latexit sha1_base64="oPismV22QFeUBxtKHoZHwtP3/58=">AAACCXicbVA9SwNBEN2LXzF+nVraLAYhFoY7CahFIKiFZQTzAbkjzG02yZK9vXN3TwghrY1/xcZCEVv/gZ3/xk1yhSY+GHi8N8PMvCDmTGnH+bYyS8srq2vZ9dzG5tb2jr27V1dRIgmtkYhHshmAopwJWtNMc9qMJYUw4LQRDK4mfuOBSsUicaeHMfVD6AnWZQS0kdo29q4p14BjXMb3ZXyCPQEBh3aAPdJnheC4beedojMFXiRuSvIoRbVtf3mdiCQhFZpwUKrlOrH2RyA1I5yOc16iaAxkAD3aMlRASJU/mn4yxkdG6eBuJE0Jjafq74kRhEoNw8B0hqD7at6biP95rUR3z/0RE3GiqSCzRd2EYx3hSSy4wyQlmg8NASKZuRWTPkgg2oSXMyG48y8vkvpp0S0VL25L+cplGkcWHaBDVEAuOkMVdIOqqIYIekTP6BW9WU/Wi/VufcxaM1Y6s4/+wPr8Ac3Gl+M=</latexit>

� =
p1 · p2
m1m2

<latexit sha1_base64="X3pNa1NgmVyB4WeLMHUaFqMzAp0=">AAACD3icbZBNS8MwGMfT+TbnW9Wjl+BQPI12DNSDMPTicYJ7gbWUNE23sKQpSSqMsm/gxa/ixYMiXr1689uYbT3o5h8Cv/yf5yF5/mHKqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKNEJjFpY8GE7IVIEUYT0tZUM9JLJUE8ZKQbjm6m9e4DkYqK5F6PU+JzNEhoTDHSxgrsU0/RAUfwCnqxRDhPAxd6OBIapkF9knNz5QYCu+rUnJngMrgFVEGhVmB/eZHAGSeJxgwp1XedVPs5kppiRiYVL1MkRXiEBqRvMEGcKD+f7TOBJ8aJYCykOYmGM/f3RI64UmMemk6O9FAt1qbmf7V+puMLP6dJmmmS4PlDccagFnAaDoyoJFizsQGEJTV/hXiITC7aRFgxIbiLKy9Dp15zG7XLu0a1eV3EUQZH4BicARecgya4BS3QBhg8gmfwCt6sJ+vFerc+5q0lq5g5BH9kff4AA5abZw==</latexit>
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Kerr Black Hole Case 

Is there a notion of eikonal phase for spinning particles?    

S2 
•  Orbital angular momentum  not conserved. 
•  Orbital or motion complicated, not in a plane. 

Yes, from scattering amplitude perspective it should be there:   

At O(G): 

S1 

ZB, Luna, Roiban Shen, Zeng, 2005.03071  

Here we use rest frame spins;  
Maybee, O’Connell, Vines;  Guevara, Ochirov, Vines  had earlier form with covariant spin. 

Impulse and spin kick is indeed given by simple formula: 

�p? = [P?, i�1] = rb?�1

<latexit sha1_base64="CuFA5m4HPRXR1b6VE53kr11hX7o="></latexit>

Poisson bracket 

+ · · ·
�

<latexit sha1_base64="sbCVsVNIPt/3sGvk1TwMMiu0qe8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSRSUHdFNy4r2Ac0oUwmk3ToZCbMTJQS+yluXCji1i9x5984abPQ1gMXDufcy733BCmjSjvOt7Wyura+sVnZqm7v7O7t27WDrhKZxKSDBROyHyBFGOWko6lmpJ9KgpKAkV4wvin83gORigp+rycp8RMUcxpRjLSRhnbtDHo4FFpBL6BxLP3q0K47DWcGuEzcktRBifbQ/vJCgbOEcI0ZUmrgOqn2cyQ1xYxMq16mSIrwGMVkYChHCVF+Pjt9Ck+MEsJISFNcw5n6eyJHiVKTJDCdCdIjtegV4n/eINPRpZ9TnmaacDxfFGUMagGLHGBIJcGaTQxBWFJzK8QjJBHWJq0iBHfx5WXSPW+4zcbVXbPeui7jqIAjcAxOgQsuQAvcgjboAAwewTN4BW/Wk/VivVsf89YVq5w5BH9gff4Ayl+TEw==</latexit>

coefficients in paper 

�Si = [S, i�1] = �✏ijk
@�1

@Sj
a

Sk
a

<latexit sha1_base64="fXSrkc7fK/oHkKsBYTXZQjRWe5E="></latexit>
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Kerr Black Hole Case 
ZB, Luna, Roiban, Shen, Zeng 

S2 

S1 Does this continue to higher order? 

•  Conjecture that the eikonal phase indeed determines physical  
     observables to all orders. 
•   Possible analytic continuations to bound state observables or that it 
      can be imported to EOB. 
•  Similar formulas might exist for covariant instead of rest-frame spin. 

While still conjectural, example of structures we are seeking. 

[S, i�1] = �✏ijk
@�

@Sj
a

Sk
a

<latexit sha1_base64="8pdy+U5mNO2m1i8CJ3Cd+BYEE+w="></latexit>

[P?, i�1] = rb?�1

<latexit sha1_base64="ajAffo6giAUlFKtGuxqP3HrjK8s="></latexit>

See talks from Damour and Porto 

�O = e�i�D[O, ei�D]

<latexit sha1_base64="0mH+IxlvnWRsnxFXyES2PU6fYGc=">AAACOnicbVC7SgNBFJ2Nrxhfq5Y2g0Gw0LArAbUQgqawMwHzgOwaZic3yZDZBzOzQljyXTZ+hZ2FjYUitn6AkwdEkxwYOJxzLnPv8SLOpLKsVyO1tLyyupZez2xsbm3vmLt7VRnGgkKFhjwUdY9I4CyAimKKQz0SQHyPQ83r3Qz92iMIycLgXvUjcH3SCVibUaK01DTLThG4ItjxiepSwvEdvsKAH5JThh3aZVOjOMCNaepkFFqQcZtm1spZI+B5Yk9IFk1QapovTiuksQ+BopxI2bCtSLkJEYpRDoOME0uICO2RDjQ0DYgP0k1Gpw/wkVZauB0K/QKFR+rfiYT4UvZ9TyeHS8pZbygu8hqxal+4CQuiWEFAxx+1Y45ViIc94hYTQBXva0KoYHpXTLtEEKp02xldgj178jypnuXsfO6ynM8Wrid1pNEBOkTHyEbnqIBuUQlVEEVP6A19oE/j2Xg3vozvcTRlTGb20T8YP79yPqrb</latexit>

Conjecture: 

Guevara, Ochirov, Vines 

As part of obtaining this formula generated new state of the art  
O(G2)  S1 S2 two-body Hamiltonian. 
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Nontrivial Double Copy and Spin 
ZB,  Luna Roiban,  Shen, Zeng  

Consider generic O(G) energy momentum tensor for spin: 

Does this have a double-copy construction?   Yes! 

On-shell, can factorize the energy momentum tensor: 

At O(G) energy momentum tensor factorizes 
to all orders in spin!  Only works on shell.   

For  matches Vines’ Kerr black hole tensor CES2n = 1, CBS2n = 1

<latexit sha1_base64="Dd7an2qjr2X4D+SNJLZebAqPJWI=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXEhJSkFFhNIiuKxoL9DGMplO26GTSZiZCCXkBdz4Km5cKOLWvTvfxkmbRW39YeDnO+dw5vxuwKhUlvVjZJaWV1bXsuu5jc2t7R1zd68h/VBgUsc+80XLRZIwykldUcVIKxAEeS4jTXdUTerNRyIk9fm9GgfE8dCA0z7FSGnUNY+q3ej67iEq8jiGV9A+hZ1LqFllhuW6Zt4qWBPBRWOnJg9S1brmd6fn49AjXGGGpGzbVqCcCAlFMSNxrhNKEiA8QgPS1pYjj0gnmlwTw2NNerDvC/24ghM6OxEhT8qx5+pOD6mhnK8l8L9aO1T9cyeiPAgV4Xi6qB8yqHyYRAN7VBCs2FgbhAXVf4V4iATCSgeYhGDPn7xoGsWCXSpc3Jby5UoaRxYcgENwAmxwBsrgBtRAHWDwBF7AG3g3no1X48P4nLZmjHRmH/yR8fULwbqY1Q==</latexit>

"(s, p) = "(sL, p)⌦ "(sR, p)

<latexit sha1_base64="Fe61CcbOp0K4SZ0TThh+bGsB+Lk=">AAACLXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkYK6EIq6cOGiir1AOwyZNG1DM8mQZAql9IXc+CoiuKiIW1/DzLQL23og8PP953By/iBiVGnHmViZldW19Y3sZm5re2d3z94/qCkRS0yqWDAhGwFShFFOqppqRhqRJCgMGKkH/dvErw+IVFTwZz2MiBeiLqcdipE2yLfvWgMkSaQoE7ygzmB0Cq/hHPMfUtoSmoZELXhPiZfz7bxTdNKCy8KdiTyYVcW331ttgeOQcI0ZUqrpOpH2RkhqihkZ51qxIhHCfdQlTSM5Mpu9UXrtGJ4Y0oYdIc3jGqb078QIhUoNw8B0hkj31KKXwP+8Zqw7l96I8ijWhOPpok7MoBYwiQ62qSRYs6ERCEtq/gpxD0mEtQk4CcFdPHlZ1M6Lbql49VjKl29mcWTBETgGBeCCC1AG96ACqgCDF/AGJuDTerU+rC/re9qasWYzh2CurJ9fFRSmzA==</latexit>

Tµ⌫ = �i"(s, p2)V
µ⌫
3,GR"(s, p1)

= [�i"(sL, p2)V
µ
3 "(sL, p1)][�i"(sR, p2)V

⌫
3 "(sR, p1)]

<latexit sha1_base64="BZxZbWIglRhCu5xCFjj5ssFs/4E="></latexit>

Closely related to worldline Lagrangian. 

gauge theory  

Porto, Rothstein;  Levi, Steinhoff 
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More Double Copy 
ZB, Luna. Roiban,  Shen, Zeng  

However, simple KLT-like formula holds for Compton  
amplitudes used for constructing O(G2) S1 S2 potentials. 

Consider higher-spin electrodynamics  

Compare to minimally coupled gravity:  

Two theories seem pretty different. 

Used in extraction of two body S1 S2 Hamiltonian at O(G2)  

Remarkable idea:  gauge theory likely encodes all information for spin  
interaction in General Relativity to all orders in G and in spin.      

Our paper demonstrates this through O(G2) and S1 S2  

electrodynamics 
special to 4 points 
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Field Theory Approach to Tidal Effects 

We use a field theory approach to tidal effects. 

Large literature on tidal effects.  Worldline is popular. 

analogous to EM 
susceptibililty 

By design we match standard worldline tidal operators at leading order in G 

Similar for magnetic type 

Systematically add higher-derivative operators corresponding to tidal effects 

Flanagan, Hinderer; Damour, Nagar; Carney, Wade and Irwin; Bini and Damour; 
Steinhoff, Hinderer, Buonanno,Taracchini; Henry, Faye, Blanchet;  
Goldberger, Rothstein;  Bini, Damour, Geralico; etc 

Cheung, Solon; Haddad and Helset 

Electric and magnetic 
combinations of Weyl 

Weyl tensor 

ZB, Luna, Roiban, Shen, Zeng (2 weeks ago) 
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Structures in Tidal Effects 
ZB, Parra-Martinez, Roiban, Sawyer, Shen 

Leading order effects from tidal operators relatively simple. 

What structures can we uncover here? Bini, Damor, Geralico 

Related recent papers:  Haddad, Helset;   Cheung, Shah, Solon;   Mougiakakos,Vanhove 

Leading order contributions from each operator simple 

`i ⇠ ~

<latexit sha1_base64="5aJ0eog0/3E40q41cHwju2wFJNE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIQb0VvXisYD+gCWGznbRLN5uwu1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzwpQzpR3n2yqtrW9sbpW3Kzu7e/sHdvWwo5JMUmjThCeyFxIFnAloa6Y59FIJJA45dMPxzczvPoBULBH3epKCH5OhYBGjRBspsKsecB4w7CkWY28UEhnYNafuzIFXiVuQGirQCuwvb5DQLAahKSdK9V0n1X5OpGaUw7TiZQpSQsdkCH1DBYlB+fn89Ck+NcoAR4k0JTSeq78nchIrNYlD0xkTPVLL3kz8z+tnOrr0cybSTIOgi0VRxrFO8CwHPGASqOYTQwiVzNyK6YhIQrVJq2JCcJdfXiWd87rbqF/dNWrN6yKOMjpGJ+gMuegCNdEtaqE2ougRPaNX9GY9WS/Wu/WxaC1ZxcwR+gPr8welgJOg</latexit>

tidal operator �O�

<latexit sha1_base64="THqthbuJKf4LrGgOlGevNPaIfgY=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBVZmRgrorunFnBfuAzlAyaaYNzWSGJCPUofgrblwo4tb/cOffmGlnoa0HAifn3EtOTpBwprTjfFtLyyura+uljfLm1vbOrr2331JxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLrO/fYDlYrF4l6PE+pHeCBYyAjWRurZh14yZMiLsB4SzNEtyu89u+JUnSnQInELUoECjZ795fVjkkZUaMKxUl3XSbSfYakZ4XRS9lJFE0xGeEC7hgocUeVn0/QTdGKUPgpjaY7QaKr+3shwpNQ4CsxkHlPNe7n4n9dNdXjhZ0wkqaaCzB4KU450jPIqUJ9JSjQfG4KJZCYrIkMsMdGmsLIpwZ3/8iJpnVXdWvXyrlapXxV1lOAIjuEUXDiHOtxAA5pA4BGe4RXerCfrxXq3PmajS1axcwB/YH3+AHtslJ4=</latexit>

•  At leading order easy to align operator basis with worldline. 
•  Leading in      is always classical. 
•  Keep only leading in  
          — No expansion of operator. 
          — No expansion of energy momentum tensor.  All are identical! 
•  Double copy is very simple.  Weyl tensor is product of two  gauge theory  
•  No iteration, EFT matching is trivial. 
 

`i

<latexit sha1_base64="Qhz7rs1qWD5I9/nVnmS6Kf6HGsI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kkkptt0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUMSrRlLWpEkr3AmKY4JK1LbeC9WLNSBQI1g2mV5nfvWfacCVv7SxmfkTGkoecEuukzoAJMeTDYgmVEUIYY5gRXLtAjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKvlxk211LxcxZEHJ+AUnAMMaqAJrkELtAEFd+ABPIFnT3mP3ov3umzNeauZY/AD3tsn2tKPWQ==</latexit>

`i

<latexit sha1_base64="Qhz7rs1qWD5I9/nVnmS6Kf6HGsI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kkkptt0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUMSrRlLWpEkr3AmKY4JK1LbeC9WLNSBQI1g2mV5nfvWfacCVv7SxmfkTGkoecEuukzoAJMeTDYgmVEUIYY5gRXLtAjjQa9QquQ5xZDiWwQmtYfB+MFE0iJi0VxJg+RrH1U6Itp4LNC4PEsJjQKRmzvqOSRMz46eLaOTxzygiGSruSFi7U7xMpiYyZRYHrjIidmN9eJv7l9RMb1v2UyzixTNLlojAR0CqYvQ5HXDNqxcwRQjV3t0I6IZpQ6wIquBC+PoX/k06ljKvlxk211LxcxZEHJ+AUnAMMaqAJrkELtAEFd+ABPIFnT3mP3ov3umzNeauZY/AD3tsn2tKPWQ==</latexit>

Fµ⌫

<latexit sha1_base64="96k8gfvOgk//A9Tc30JQGxPPZkk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KpNSbLsrCuKygn3AzFAyaaYNTTJDkhHK0M9w40IRt36NO//GTFtBRQ9cOJxzL/feEyacaeO6H05hbX1jc6u4XdrZ3ds/KB8e9XScKkK7JOaxGoRYU84k7RpmOB0kimIRctoPp1e537+nSrNY3plZQgOBx5JFjGBjJe96mPkihb5M58Nyxa26rosQgjlBjQvXklarWUNNiHLLogJW6AzL7/4oJqmg0hCOtfaQm5ggw8owwum85KeaJphM8Zh6lkosqA6yxclzeGaVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//K81ETNIGMySQ2VZLkoSjk0Mcz/hyOmKDF8ZgkmitlbIZlghYmxKZVsCF+fwv9Jr1ZF9Wrrtl5pX67iKIITcArOAQIN0AY3oAO6gIAYPIAn8OwY59F5cV6XrQVnNXMMfsB5+wRu/JFk</latexit>
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Structures in Tidal Effects 
ZB, Parra-Martinez, Roiban, Sawyer, Shen 

position space  
 factorization 

Binomial expansion gives exact formulas for potential for any n 

E2: 

B2: 

E3: 

h = 6

<latexit sha1_base64="jKfBwdSX/GLJ6AnCrm/XCgiRbf4=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBU9iV4OMgBL14jGAekCxhdjKbjJmdWWZmhbDkH7x4UMSr/+PNv3GS7EETCxqKqm66u8KEM20879sprKyurW8UN0tb2zu7e+7+QVPLVBHaIJJL1Q6xppwJ2jDMcNpOFMVxyGkrHN1O/dYTVZpJ8WDGCQ1iPBAsYgQbKzWHCF2j855b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0zyp+tXJ1Xy3XbvI4inAEx3AKPlxADe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHzc2N/Q==</latexit>

h = 6

<latexit sha1_base64="jKfBwdSX/GLJ6AnCrm/XCgiRbf4=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBU9iV4OMgBL14jGAekCxhdjKbjJmdWWZmhbDkH7x4UMSr/+PNv3GS7EETCxqKqm66u8KEM20879sprKyurW8UN0tb2zu7e+7+QVPLVBHaIJJL1Q6xppwJ2jDMcNpOFMVxyGkrHN1O/dYTVZpJ8WDGCQ1iPBAsYgQbKzWHCF2j855b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0zyp+tXJ1Xy3XbvI4inAEx3AKPlxADe6gDg0g8AjP8ApvjnRenHfnY95acPKZQ/gD5/MHzc2N/Q==</latexit>

h = 9

<latexit sha1_base64="ocQlTypjZ01uqefjm7MJaHLvwY0=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0B6EohePFewHtKFstpt26WY37G6EEvojvHhQxKu/x5v/xk2bg7Y+GHi8N8PMvDDhTBvP+3ZKa+sbm1vlbXdnd2//oHJ41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJJ3e533miSjMpHs00oUGMR4JFjGBjpc4Y3aC66w4qVa/mzYFWiV+QKhRoDipf/aEkaUyFIRxr3fO9xAQZVoYRTmduP9U0wWSCR7RnqcAx1UE2P3eGzqwyRJFUtoRBc/X3RIZjradxaDtjbMZ62cvF/7xeaqLrIGMiSQ0VZLEoSjkyEuW/oyFTlBg+tQQTxeytiIyxwsTYhPIQ/OWXV0n7ouZf1uoPl9XGbRFHGU7gFM7BhytowD00oQUEJvAMr/DmJM6L8+58LFpLTjFzDH/gfP4A5nWN/g==</latexit>

O = {E2, B2, E3
}

<latexit sha1_base64="/gd72JUZDvK6xEbruAmvyDZxYEw=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0VwISWpBXUhlErBnRVsKzRpmUwn7dDJJMxMhBK6deOvuHGhiFv/wJ1/46TtQlsPzHA4517uvcePGZXKtr+N3NLyyupaft3c2Nza3rF295oySgQmDRyxSNz7SBJGOWkoqhi5jwVBoc9Iyx9eZX7rgQhJI36nRjHxQtTnNKAYKS11LeiGSA0wYvAGXkI3rXVKJ7CafbXOqTs2za5VsIv2BHCRODNSADPUu9aX24twEhKuMENSth07Vl6KhKKYkbHpJpLECA9Rn7Q15Sgk0ksnl4zhkVZ6MIiEflzBifq7I0WhlKPQ15XZ3nLey8T/vHaignMvpTxOFOF4OihIGFQRzGKBPSoIVmykCcKC6l0hHiCBsNLhZSE48ycvkmap6JSLF7flQqU6iyMPDsAhOAYOOAMVcA3qoAEweATP4BW8GU/Gi/FufExLc8asZx/8gfH5A2IxlvI=</latexit>

Similar results on infinite 
sequences of  tidal operators: 
Cheung, Shah, Solon.  

�On�

<latexit sha1_base64="HGAeAgnGSTE0ywvFV1uQJz0zDdY=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJFNRd0Y07K9gHNLFMppN26GQSZiZCiV34K25cKOLW33Dn3zhpu9DWAwOHc+7lnjlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtQ+8ZMCQF2E9IJijm3uBcqVrl52KMwFaJO6MlGGGetf+8noxSSMqNOFYqY7rJNrPsNSMcDoueamiCSZD3KcdQwWOqPKzSf4xOjZKD4WxNE9oNFF/b2Q4UmoUBWYyD6rmvVz8z+ukOjz3MyaSVFNBpofClCMdo7wM1GOSEs1HhmAimcmKyABLTLSprGRKcOe/vEiapxW3Wrm4rZZrl7M6inAIR3ACLpxBDa6hDg0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/AAoslX4=</latexit>

Obtained leading terms in 2-body potential for infinite sequences of tidal operators 

E and B tensors have no more than rank 3.  Also parity.  
 Simple relations between operators 

(B2k) =
1

2k�1
(B2)k,

<latexit sha1_base64="JmNfcPMOO89XaeQHwlTVn/7AA2s=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpQUsSCupCKHXjsoJ9QJuWyXTSDpk8mJkIJeQP3Pgrblwo4tatO//GSduFth64cDjnXu69x4kYFdIwvrXcyura+kZ+s7C1vbO7p+8ftEQYc0yaOGQh7zhIEEYD0pRUMtKJOEG+w0jb8W4yv/1AuKBhcC8nEbF9NAqoSzGSShrop6V6P7G8tAyvYc/lCCdmmlj9xDs30xQq0yr3vbPCQC8aFWMKuEzMOSmCORoD/as3DHHsk0BihoTomkYk7QRxSTEjaaEXCxIh7KER6SoaIJ8IO5n+k8ITpQyhG3JVgYRT9fdEgnwhJr6jOn0kx2LRy8T/vG4s3Us7oUEUSxLg2SI3ZlCGMAsHDiknWLKJIghzqm6FeIxUKlJFmIVgLr68TFpWxaxWru6qxVp9HkceHIFjUAImuAA1cAsaoAkweATP4BW8aU/ai/aufcxac9p85hD8gfb5A590meI=</latexit>
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Additional Comments 

•  Evaluated all DnE2 and DnB2 tidal operators.  
     All one loop integrals can be evaluated. 

•  Example of interaction between spin and DnE2 tidal worked out.  

•  Generating higher G corrections well understood in 
     momentum space, though integrals can be nontrivial. 

•  Higher-dimension modifications of  GR can also be done with same  
     methods.    Beyond simplest cases, UV divergences and renorm of tidal. 

•  Test mass case can be done exactly, compact formulas. Also nice results  
     on all orders in Schwarzschild background.  Used geodesics. 
 

Haddad and Helset 

Cheung, Shah and Solon 

Cheung and Solon; Porto 

Rn

<latexit sha1_base64="uNc/hOf3m9JrcQ3rh/kyUSObKtM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVQvVW9OKxiv2Adi3ZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iySD2YaU1/gkWQhI9hk0v2jRINyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrz0UybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEraF1WvVr26q1Ua13kcRTiBUzgHD+rQgFtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AhyGN7A==</latexit>

Brandhuber, Travaglini; Edmond and Moynahan; Cristofoli 

ZB, Parra-Martinez, Roiban, Sawyer, Shen 
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Outlook 

•  State of the art for higher orders. 

•  Radiation.  

•  Finite size effects.   

•  Spin.  

To high orders 
and beyond! 

Vaidya; Geuvara, O’Connell, Vines;  
 Chung, Huang,  Kim, Lee; ZB, Luna, Roiban, Shen, Zeng; etc 

Cheung and Solon; Haddad and Helset;    Kälin, Liu, Porto;  Cheung, 
Shah, Solon; ZB, Parra-Martinez, Roiban, Sawyer, Shen.  

Much of the future progress will be driven by our ability to evaluate integrals. 

Our current preferred methods are IBP and differential equations.   
Only single-scale integrals to all orders in PM expansion.   

Parra-Martinez, Ruf and Zeng  

See talks from Kosower and Parra-Martinez. 

Amplitude methods have a lot of promise and 
their use has already been tested for a variety of  
problems. 

Cristofoli, Gonzo, Kosower, O’Connell;  Parra-Martinez, Herrmann, Ruf, Zeng  
ZB, Cheung, Roiban, Shen, Solon, Zeng 
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•   Amplitudes provide a new and useful way to think about  
    problems of direct interest to gravitational-wave community. 
•  Amplitudes are independent of gauges, coordinates and 
     field variables, making it simpler to identify useful new structures. 

•  Examples described:  pushed state of the art for O(G3),  
     eikonal encoding of spin observables, explicit results 
     for infinite sequences of tidal operators.   Methods work  
     well for a variety of topics. 

Summary 

In the coming years we can expect new advances, not only in  
gravitational-wave physics, but also in understanding gravity and its  
relation to gauge theory. 


