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Outline

Will discuss the framework of computations of
effects of gravity treating low energy quantum
general relativity as a perturbative effective field
theory (see John's talk)

Discuss applications of such formalism for
computation of observables in classical gravity and
for effects of perturbative quantum gravity.

Discuss modern amplitudes techniques and on-
shell toolboxes for computations
(see also David’s, Zvi’s, and Julio’s talks)

Outlook

Gravity from Amplitudes



Exciting motivations to
study gravity

2}
LIGO Hanford

LIGO Livingston

0.7 0.8
Time (sec)

First direct observation of a binary merger of black holes
-> access to gravitational interactions in extreme regimes!

® Tasks: Supplement conventional analysis
Match observational precision
Develop gravity phenomenology
Hope for new efficiency from amplitude methods

Gravity from Amplitudes 3



Fundamental paradox

Einstein’s theory presents
us with a beautiful theory

for gravity

However geometrical
description that does not
fit well with notion of
quantum mechanics

Quantum mechanical
extension of General
Relativity?
A fundamental question
of theoretical physics!

Gravity from Amplitudes

A new hope? il



Perturbative quantization of
gravity

Known since the 1960ties that a particle version of
General Relativity can be derived from the Einstein

Hilbert Lagrangian (Feynman, DeWitt)
Expand Einstein-Hilbert Lagrangian :

Lry = / d*x [\/—T]R} G = My + Kl

Derive vertices as in a particle theory - compute
amplitudes as Feynman diagrams!

Gravity from Amplitudes



Quantum theory for gravity

Gravity as a theory with self-interactions

Non-renormalisable theory! (‘t Hooft and Veltman)

Dimensionful
coupling:
Gy=1/M?

planck

Traditional belief : — no known symmetry
can remove all UV-divergences

Except string theory..

Gravity from Amplitudes



Quantum gravity as an
effective field theory

(Weinberg) proposed to view the quantization of general
relativity from the viewpoint of effective field theory.

2R
L= VvV — 4 [? + £matter]

2R
L= \/—g{? + ¢1 R? + R R, +}

(Donoghue) and (NEJBB, Donoghue, Holstein) did the
first one-loop concrete computation in such a framework

Gravity from Amplitudes



Off-shell gravity amplitudes

0

Vertices: 3pt, 4pt, 5pt,..n-pt
Complicated expressions

Expand Lagrangian, tedious process....

| |
Vu(z?uﬁ,afy(klv k2a k3) = ASyll| — §P3<'Zf1 ) 'If2 77#04771/57707) - §P6(k1yk1577ua7707>
1
45 + §P3(k71 ' kQ nuvnaﬁn(w) + P6<k1 ' k2 nuanuanﬁv) + 2P3(klyk1777ua7760>

te r mS o P3<klﬁk2u77a1/770’y> + P3<k10k2777u1/77a5> + P6<klak1777/w77a5>
+ Sym + 2P6<kluk2’ynﬁunao') + 2P3<kluk2unﬁan’ya> - 2P3(/f1 -+ ki naunﬁanvuﬂ ;

(DeWitt;Sannan)

Gravity from Amplitudes



Off-shell gravity amplitudes

(Donoghue) and (NEJBB, Donoghue,

Holstein)
o (k.q) = U P KFEY k H(k v v E Y o2
T0apys(K: @) = = X | Papys [k + (k —q)'(k —q)" +d"¢" — 51™q
¢ oA v oA v o vA o vA
’Y(s + ‘2(1)\(10 !]aﬁ 1'75 g T 175 Iaﬁﬂ o Iaﬂ“ ‘['75 o [76 g Ia,B ]
s
+ laxg® DagLs " + o5l 2" ) + and” (napl < * + nosI oM
Of,B k 7}1/ q X/ HYi 7053 ~é 7’75 af3 NG 701,3 ~é 7’)’6 aff

— ¢ (NapLys ™ — s L") — 1" 4otn (Naplys ™ + Mhslas ™) ]

“(k—q)" + Ls Mg, Kt + L5 1 5 " K)

" [2(1)‘ (Ia,B )\01760 U(I“' - Q)“ + Ia,B /\01’760

+ q2 (Ia,Bcr#I'yé e + [aﬁ Val’ycsa #) + 77’“/(10(1)\ ([aﬂ )\p[‘)’5P 7 + [75 v O‘BPU) ]

o v a v ]' v

— (L. "nk®+ 1 *'n.s(k —q)? })
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Off-shell gravity amplitudes
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1-graviton “~ 2-graviton  ~ass
,\
VZRNN

1

. ik s 1 1K 9

“',7,\/,(,(]),])/) = 7 |: {I,l,\msfﬂ(,rgo — —1 {"]-;p\Ipnm'} + 7)/,(,1,7,\(,3}} (])n])” +])mp}) 7'/1‘1/(])-, ])/) = - 7 [P,J)g, + ])1/]);1' — Nuv {(P : P’) —-m }
1

_5 In/\p(r - 5’77)/\77/70

[(p-p') —m?] ]

1

. 1 1
= K> { ]/+ 7)) — m)Papd G

— (' (p+2)° +7°(p+ 7))

[ @ 3 af € ) €,
+ 7 ( (p+p) +”,~3(p + ') )| + E(p +p')675([€¢’ ‘3I¢ oy ]5q”75]¢ ’ B)

i :
+ — e pys (17, 10 K —]vaﬁnylaﬂ‘aul{p)}.

16 v ov'tp

2-fermion-
vierbein 2-graviton

Gravity from Amplitudes ]_ O



One-loop (off-shell) gravity
computation

(ZLI) ! ) (77]:_2) (my) W (77]:2)
N TN
Boxes
Ve Fg
(ml)W(mZ)
RARC RN AN Triangles
ko
T A¢ k/ kQ\ 4k‘4
Fee (m1) (m2) (my) 1 (ma)
v kN klll %
k4
ko
v /v2\ k4
(ma) o (me(my) | (m2)
/ k1 k,\ kll k3
3 /
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Bubbles

(NEJB, Donoghue, Holstein 2001)
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One-loop result for gravity

Four point one-loop amplitude can be deduced to take

the form
2 a1 '
M ~ (A+Bq + ...+ ak _2"'"3 i )
q

Focus on deriving these ~>
Long-range behavior
(no higher derivative

contributions)

Short range behavior

Important differences compared to QCD
computations 12

Gravity from Amplitudes



One-loop result for gravity

The result for the amplitude (in coordinate space)
after summing all diagrams is:

(NEJB, Donoghue, Holstein)
Gmims G(m1 + m2) N 41 Gh

— 1+3
r N r 10m r2

Post-Newtonian New quantum
term term

Post-Newtonian term in complete accordance with
general relativity™: (lwasaki; Holstein and Ross; Neill
and Rothstein, NEJB, Damgaard, Festuccia, Plante,

Vanhove)
Gravity from Amplitudes



Born subtraction

Born subtraction important to make
contact with Post-Newtonian limit.

Gravity from Amplitudes
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Einstein-Infeld-Hoffman
Potential

*In order to see this. Solve for potential in non-
relativistic limit, (Born subtraction)

i(f|T)i) = —2mid(E —E')
f|Vbs |7l n]Vbs( )| >
X [flvbs +Z o E +Z€ +]
(f|Vas(Q)|i) = _G77¢7712 [1 n 30(777«1:- ma) ]

Contact with Einstein-Infeld-Hoffmann Hamiltonian
7TGmyima(my + ms)
2¢2r?

Gravity from Amplitudes ]_ 5
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Post-Newtonian interaction
potentials

pPi . Pi _ Pi _ P

- + —
2my 21 8777,:1; 8ms
Gmimo( G?*mima(mi + mo)

- r N 2r?
Gmymy (31_7% + 3Py _ TP1-ps (p1-7)(Ps- F))

2r m% mg mM11M9 mymor?

H

(Einstein-Infeld-Hoffman, lwasaki)

Crucial subtraction of Born term to in
order to get the correct PN potential

(3-7/2->-1/2)

Gravity from Amplitudes
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Laboratory for quantum gravity

Consistent quantization
* Working low energy version of quantum gravity

® Possible to derive exact low energy corrections and
start thinking about concrete phenomenology in

quantum graVitY- (see John’s talk)

Important classical application:

® General relativity: hbar-> 0O limit of path-integral
“Surprising” feature: Classical physics from loop  (lwasaki;

diagrams! Donoghue,

, o . _ Holstein;
Explanation: contributions appear in loop diagrams

feature a cancellation of the loop diagram hbar factor Rosower,
, Maybee,
(mass/hbar) expansion.

O’'Connell)
Gravity from Amplitudes 7



Gravity as an EFT

General relativity augmented by higher derivative
operators —most general modified theory

Tiny consequences for most observables — since
curvature is really small. Interesting connection
between observed bounds and theory

Quantum theory -> classical limit general
relativity

Hamiltonians for gravitational systems and post-
Newtonian and post-Minkowskian observables

Unique quantum effects
Measurable consequences? Interpretation?

Gravity from Amplitudes ]_ 8



Spin

Easy to incorporate effects of fundamental spin in
amplitude computations. E.g. vierbein formalism.

Spin-1/2 and spin-1 post-Newtonian computations
similar to the scalar case (Holstein and Ross)

® Confirms universality of (NEJB, Donoghue, Holstein)

Similar off-shell constructions of metric was done for
spin-0, spin-1/2 confirming universality and leading
order classical metric + new quantum effects.

(NEJB, Donoghue, Holstein)

Generic classical “infinite” spin effects still complicated
beyond one-loop..

Gravity from Amplitudes ]_ 9



Feynman diagrams in
gravity theories

Number of unpleasant features

Complicated
infinitely many vertices..

Numerous double (mixed) contractions
Factorial growth in number of legs (like Yang-Mills)

Loop diagrams: no ordering / no planarity!

Loop integrations: tensor integrals / difficult to find a
good basis..

Gravity from Amplitudes 2 O



String theory

String theory given us lots of ideas..

Fact: Using (weak) string theory as a
way to learn more about field theory
IS extremely useful..

Gravity from Amplitudes
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A RELATION BETWEEN TREE AMPLITUDES
OF CLOSED AND OPEN STRINGS*

H. KAWAI, D.C. LEWELLEN and S.-H.H. TYE
Newman Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14853, USA

Received 11 October 1985

We derive a formula which expresses any closed string tree amplitude in terms of a sum of
the products of appropriate open string tree amplitudes. This formula is applicable to the heterotic

string as well as to the closed bosonic string and type II superstrings. In particular, we demonstrate
its use by showing how to write down, without any direct calculation, all four-point heterotic string

tree amplitudes with massless external particles.

...a more efficient way

Gravity from Amplitudes 2 2



Squaring relation for gravity

Gravity from (Yang-Mills)? (Kawai, Lewellen,Tye)

Natural from the
decomposition of
closed strings
Into open.

Gives a smart way
to recycle Yang-Mills
results into gravity results..
(Bern et. al.)

Gravity from Amplitudes 2 3




Gravity Amplitudes

KLT explicit representation:
o ->0

e -> > s, ij Si
= Polynomial (sy)

MEFee(1,2,3) = —iAl'e(1,2,3) A (1,2, 3)
MI™ee(1,2,3,4) = —is1oAT(1,2,3,4) AT (1,2, 4, 3)

No manifest
crossing symmetry

(Bern et al)

Higher point
M;5™°(1,2,3,4,5) =(is12534)A5*(1,2,3,4,5)A5°(2,1,4,3,5) + ex%resspions

£is13504) AFC(1,3,2,4,5) A8 (3,1,4,2,5) quite bulky ..
(2) Sum gauge invariant
Double poles M 5 1 (S100)
.\ Sim . >| S123 <
3

(4)
KLT relations work independently of external polarisations 24

Gravity from Amplitudes



Gravity Amplitudes

— ] !
1 1 2
S12 Sim Si23
= >—'—< + + J—‘—<
M - 2 3

(Link to individual Feynman diagrams lost..)

Certain vertex o ) o
relations possible [(=\/<)”“ v ’%] — [(«z{) uv3 ] 2 [(«;L') p ub’]

Concrete off-shell Lagrangian formulation possible?
(double-copy?)
(Bern and Grant; Ananth and Theisen;
25

Gravity from Amplitudes HOhm)



Monodromy relations
0 1

o o
]— 'x_:()[ ](]:l[ ]l\[
{Bi,....5.} {1} {oq,....op 1} {ar}H {apy1, ..., as} {n} (nz)l functions in basis
An(B1y- s Brs L a1, .. a5, 1) (Kleiss — Kuijf) relations

Monodromy related (n-3)! functions in basis

(Bern-Carrasco-Johansson) relations

0 ]
PAAAASHIAAL b ——a
| — o0; 0] 10; 1] |1; 00|
Mo, ...,0p,....,o U{B..... 5.} {n}
(P

Gravity from Amplitudes 2 6



Massive KLT squaring

In all generality we have

Z\[treez ,--- n-—2)|/~’ .o
a, ]ecn 3
Where

|k1

Sliv, - yiplrs -y dllp = Hp k; +ZH(2,.

s>t

(NEJB, Damgaard, Feng, Sendergaard; NEJB,

Damgaard, Sondergaard, Vanhove)

Gravity from Amplitudes
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Key: D=4, spinor-helicity

Spinor products :

.. . ] o o e, o~
| | (ijy=€""A Ay [ij]= em”)uf,,;l)x,{l
Different representations of

the Lorentz group Paa = Ugapu
PP =0 Paa = AaAa

Momentum parts of amplitudes:

Qua=Mafla Paa = Aara 2(p-q) = sij = —(\, )\, fi]

Spin-2 polarisation tensors in terms of helicities, Xu. 7h
(squares of those of YM): ( lCJ),hanZ;]g,

~

o Aafbe o LhaAg e &

w =% o £l = o——
LYY LR (AP st gt

Gravity from Amplitudes 2 8




Simplifications from
Spinor-Helicity

_ Y- Huge simplifications
Sij = _<)\7:u> [)\,,LL] g p
1 1
Vs (ks s k) = sesym| = = Pyl - ks Muatogion) = 5 Po ko staior) 45
1
+ §P3(k1 ’ kQ nuynaﬁnov) + PG(kl ’ k? nuanuonﬁ7> + 2P3(klyk1777uanﬁa) te r mS
- P3<klﬁk2,unaunafy) + PB(kla]@yn;wnaﬁ) + P6(k10k1777/w77aﬁ) + Sym

+ 2P6<k1uk2’ynﬁu7](w) + 2P3(k1uk2unﬁanfya> - 2P3(k1 ’ k? nal/nﬁan’wﬂ )

Vanish in spinor helicity formalism
Gravity:  A3(17,27,3%)

Contractions

— - I
~ ). g £
_ Aalla =t flala - (12)°

E . ~ . _ _ _
“ N, Gy ) gt &t SCEIRER

Gravity from Amplitudes 2 9




Key: Unitarity

Loop amplitudes

Simpler expressions +

for amplitudes
+

Unitarity .

Amplitudes N=4, Key: Simple trees
N=1, QCD at NLO,

Gravity..

Gravity from Amplitudes 3 O

Hidden structure!



New possibilities and
matter fields

Unitarity offers many advantages

On-shell tree, recursive methods can be used to
compute trees.

It Is easy to consider other types of matter fields
just by making the cut with other external
particles.

Immediate extension to higher loop integrands
once trees are known.

Extensions to any loop integrand possible (or less

impossible than off-shell approaches, current bottle-neck
IS integrations...)

Gravity from Amplitudes 3 ]_



Helicity method vs.
covariant

The cut Is written down in terms of helicity
variables (i.e. a physical transverse polarisations),
has the advantage that ‘ghost’ contributions are
avoided.

For a covariant cut which is also possible, ‘ghosts’
would have to be taken into account.

All symmetry factors plus the various Feynman

channels that would normally have be mapped out
before the computation are automatically included
when calculating the loop amplitude from the cut.

Gravity from Amplitudes 3 2



Example: massless matter

Scattering of massless matter

4G M
O Al = c?R ®

Bending of light/massless matter around the Sun

New features: mass-less external fields ~> IR
singularities

New test of universality of matter

Gravity from Amplitudes

333



Trees and the cut

We have the Lagrangian

2
S = /(141’ ~9 |3 R + Smodel + SER

K

where

1 1/,
Sscalar = /(141" —g (_5(0/173)2 - § ((dpq))Q — J[Q(I)Q))

(

Sfermion — 5 /(141’ VvV —4g {lp\ )

1
SqED = 7 / d*z /=g (V, A, — V,A,)°

Gravity from Amplitudes



Trees and the cut

We have the Lagrangian

2
S = /(141’ ~9 |3 R + Smodel + SER

K

We want to compute the cut

Gravity from Amplitudes



Trees and the cut

We have the Lagrangian

2
S = /a’41‘\/—g fQR+Smodel+SEF

K

We want to compute the cut

1 € 1
disc ﬁﬂ'z /dLIPS“l" —fo) (2m)*6% (p1 + p2 + pa + pa)
A Z 'AA.(’KI'%GQ(pl’gl’p2 o [2) X M((;Z)G‘z(p31621p4a _€1)i
A1,A2

2
M‘(\")(plsp27p3ﬁp4)

Gravity from Amplitudes 3 6



One-loop and the cut

It is in fact much simpler to capture the long-range
behavior from unitarity and on-shell tree amplitudes

KLT + on-shell 4D input trees
recycled from Yang-Mills

(Badger et al; Forde Kosower)

(Neill,Rothstein; NEJB, in D-dimensions (from CHY)
Donoghue, Vanhove) (NEJB, Cristofoli, Damgaard,
Gravity from Amplitudes GO meZ) 3 7



Photons and scalars

For photons we have

2 2 2
I (k)n=(ka)] _ K [p1 k1] (po ko)™ (kalps [k
)y (@Dl 4 (py-po)(p1 - k1) (p1 - ko)

While for scalars

O [ht(ko)ht(ka)] _ K M* [ky ko]
[#(P1)$(p2)] 4 (ky-ko)(ky - p1)(ky - po)
2
i Aqlh (k)RT (k)] _ K2 (k1|p1|ka]® (1 |palka]
[6(P1)é(p2)] 4 (ky-ko)(ky-p1)(k1 - po)

Gravity from Amplitudes
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Result for the amplitude

We can rewrite

M(Q)() D9, P3, P ZZ/ ok T
P1;P2; P3; P4) 321‘2 27)D [2(2 (pi - £1)(pj - £1)

i=1 j=3
where
1 4 | | 4 Scalar
Nnon —singlet — 5 [(tl—((lpl[?p?»)) + (tl‘—(£2])1€1])3)) ] case
%+_ (tl (1])1[2])3) t1‘+(])1])3])2€1])3€2)) - ((5;1 A 62) Fermion
non—singlet <])2 |])3 |])1] case
e (tr—(Lop1lips)try (Cop3lipipap2))” + (€1 4> 2) oy
N, non—singlet — e 112
(p1]ps|p2] case

Gravity from Amplitudes 3 9



General 1-loop amplitudes

—" p = 2n for gravit
/ B
Vertices FP(0 k. ¢ p=n for YM
carry factors /d4€( K, €)

of loop Hipgz “—— Propagators

momentum

reduction

/Q/:2 (k.g) :ﬁv_ 0)? — 72

Collapse of a propagator

Gravity from Amplitudes 40



Result for the amplitude

4 (4(M W) (Ig(t,u) + Is(t, s)) + 3(Mw)*tI3(t)

_ 15@[2&;)2[3(1‘,. M) + bu.X(ﬂ[w)QIQ(f))]

Gravity from Amplitudes 4 1



Result for the amplitude

3 161
bu¥ —= ) = —
u 10 bu 50
31
buX = —
n 30

Taking the Non-Relativistic
low energy limit

5 1 5 2 bu*
’N‘_X(Alw)Q[—H‘l 1> M fir? 1 log(q >+hh4 - log(

» 512 |g| 51272 M?2 (87)2

3 q° Mw 1 q>
NEJBB, Donoghue, — hk? log? [ 21 A ~ oe
( Hols’[(;inno,g - " 12872 05 (ILLQ) TR ST q2 08 (*\[2

Plante, Vanhove)

Gravity from Amplitudes




Gravity from Amplitudes

Making connection to
general relativity

General metric
ds® = A(r)dt* — B(r)?*dr?® — r?dQ?

Schwarzschild

1 2G N M
A(r) = =1
() B(r) r
 4GNM
0 = R

?
Can we reproduce: 43



Bending of light

The simple assumption that we can equate

do = mdp?

and treat the impact parameter classically is
too simple and will only yield the leading
contribution.

Thus we have to treat the problem in a more
quantum mechanically correct way...

Gravity from Amplitudes
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Eikonal Approximation

A partial resolution comes from applying an
Eikonal Approximation

Fourier transformation to impact parameter
space exponentiates into an eikonal phase, so
that a stationary phase method can be applied.

(See e.g. Akhoury, Saotome and Sterman)

M(q) = M{(q) + MP(q)
M(b) = 2(s — M?) [(1 + ixa)e™ — 1]
~ (s — M?) [ei<><1+><2> _ 1]
45

Gravity from Amplitudes



Bending of light via Eikonal
Approximation

Now we can compute

k2ME d?q S|
v1(b) = _,—ZQ'b

Lo log(b/2) — E]

AGNME [(1— 5

15m G2 M?*E

va(b) = G2 M2E
x2(b) = GNM E— Db2

2
<8bu" — 15 + 48log b°>

Gravity from Amplitudes 46



Bending of light via Eikonal

Approximation
Leading to static phase when:
0 |
a7 (@b +x1(b) +x2(0) +---) =0

Using that ¢ = 2E sin(0/2)

We arrive at:
. v B 1 O
2sin 5 > 0 = — =50 (x1(0) + x2(b))

Gravity from Amplitudes

4.7



Bending of light via Eikonal

Approximation
Leading to static phase when:
0
0 (gb+ x1(b) + x2(b) +---) =0

Using that ¢ = 2E sin(0/2)
Or:

AGNM | 15 G2 M?*r
b 4 b2

8bu” + 9 — 481log 2

+

13 + ...

b ) hG2, M

Gravity from Amplitudes 48



Bending of light

Interpreted as a bending angle (eikonal approximation) we have:

~J

ST T

plus a quantum effect of the order of magnitude:
8bu" 4+ 9 + 48 log % 2EM

T b3
We see that we have universality between scalars, fermions and

photons only for the ‘Newton’ and ‘post-Newtonian’
contributions

_l.

Bending angle for quantum effects is likely too naive!

e Should really be treated by quantum means like in QCD... likely
to give a diffraction effect as a wave packet treatment.

Gravity from Amplitudes 49



Classical contributions from
perturbative computations

Use of perturbative framework to compute
observables in general relativity

Truncation to only classical terms

Only non-analytical piece corresponding to long-
distance interactions -> Unitarity cuts useful

Applications:
Computations of post-Newtonian potentials
Scattering angle in post-Minkowskian formalism
New urgency: binary mergers observed by LIGO

NB: Contact with General
Relativity require care..!

Gravity from Amplitudes

50



Example: Massive scalar-scalar
scattering

Will consider scalar-scalar scattering amplitudes
mediated through graviton field theory interaction

1 v . 2,
/d{r,/ [16 2] 5 Z (gyv&)#('f)a O, G0 — 772.;(;)3)]
TGy

ML—loop -~ O( ;f\a'r+l)
=§ML—100P pli‘ = (Eafﬁ): p’é‘ - (Eaaﬁ,):
T Ps = (Ey, —P), vy = (Eb,—p")

P| = |p"| ¢" =p — P

Gravity from Amplitudes 5 ]_



Tree |level

Mires — @X@X?Wm . _47rGN [2(])1 p3) o ’ITL Tn’b |q (

- p3)]

| 3 Ps

p1 - p3 = Ea(p) Es(p) + [P

Newton’s law through Fourier transform

Vir) = — Gmima

r

Gravity from Amplitudes
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Unitarity method trees

Starting from Yang-Mills trees we have 5%4) = 327Gy
'm'fstree(PL-.Pz: k1, kz) = ’{%4) (Pl ‘ kl) AE’“(pl_-.pz, ks, k’l)A(t)ree(pla k2, pa, ’t‘-1)
S = O, 1/2, 1,

The color striped YM amplitude satisfies

- ko
AT (py, p2, ko, k )— A 7 Atm(l)l k2, p2, k1)
2

K{ ky)pr - k
'l'-ﬂ""f;ree(Pl,szk1ak2) = é;) (p1 A )fl = 4tree(P ko, p2, k )‘Wee(Pl ko, p2, k1)
. 1 K2

(NEJB, Donoghue, Vanhove)

Gravity from Amplitudes 5 3



Unitary cut

One has
m? [ky k]
4(p1 - k1) (p1 - k2)

. ka|p1 k1]
tree ko .k+ = ( 2
Ay (p1 kg s p2, ky) 4 (k1 - p1)(p1 - k2)

A(t)ree(plak;-ap%k?) -

This yields

h’:(24) ]_ m4 [kl k2]4
16 (k1 - ko) (k1 -p1)(ky - p2)

’I:J.?\‘j(;’ree(pl 3 p2? ki*-" k;) -

I‘ZQ, 1 k k 2 k L 2
i M3 (py, po, ki k) = (4) (k1 |p1|ko]” (k1 |p2|ko]

16 (k1-ko)  (k1-p1)(k1-p2)

Gravity from Amplitudes



Compact double cut

In the cut we have

Nsmglet _ '771%772382

: 1
Nnon—smglet — 5(tr (€2p1[1p6\ + tr+(52p1€1p3) )
; ]‘,II—IOOP B dDé] Z/\l,/\o ﬁ?\eokla P2, — qu [Al)(\ /{I;e)\eo(p37p47€/2\23—€/1\1))*
- disc (271-)0 tll)f% cut
o picloon| e / dPe N
dise 16 J (2m)P 2222 TT, (p: - 1)
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Result for the one-loop
amplitude

1) Expand out traces

2)Reduce to scalar basis
of integrals

3)Isolate coefficients

(NEJB, Donoghue,
Vanhove)

(See also Cachazo and Guevara;
(Bern, Cheung, Roiban, Shen, Solon, Zeng)

11672 G
E/ = (C'DID + oL + Lo + Lo+ -- )
al-b

Gravity from Amplitudes 5 6
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M l1—loop __

Integrals in the one-loop
amplitude

1167m2G2
E, E;

7 _/ dd+1€ 1
-] @m) (€ + p1)? —m2 +ie) (€ — pa)? — mi + i) (2 + ie) (€ + 9)2 +

ic)

dd+1€ 1
Itx] — B B ;
/(QW)d+1 ((€+p1)? —mg +ie)((£ + pa)? — mf +ie)( +ie)((£ + q)* +

ditiy 1

m=

2m)# (€ + q)% + i) (2 + ie) (£ + p1)? — m2 + ie)
dd+1€ 1

Iﬂ‘/<

2m)F (€~ q)2 + i2)(@ + i) (L — pa)? — 3 + ie)

Gravity from Amplitudes
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Classical pieces in loops

Classical physics from loop diagrams

/ d*/ 1 1 1
(27)% 02 + ie (£ + q)? + i€ (L + p1)? — m? + ie
(f—l—pl)z — m% — 62 —|—2€p1 i 2m1€0

\'\«\,\’w (NEJB, Damgaard, Festuccia,
J?“‘” Plante, Vanhove)

1 / d*/ 1 1
2mq ) (2m)* 0% +ie (L + q)? +%ie by + i€
Gravity from Amplitudes 5 8




Classical pieces in loops

1 / d*! 1 1 1
2my ) (2m)*02% 4+ i€ (0 + q)? + i€ by + i€

Close contour

—

/ >0 i 1 1 B ?
Zl<m (2T)3 4m 2 (0 4 ¢)2 32m/|q]

Gravity from Amplitudes 5 9



Putting i1t all together

Imaginary. phase lgnore quantum pieces
_ 116m2G2, [
Ml loop. _ T E N (C‘D.LD + ool + oLy + g+ -+
al-b
1 1 Mg (Me — mq/{ e 2 o
o= 1672|q|? ( MMM} T 3m2m; T |p|Ep) (3 d log |4 )
B ) 1 mg(mg, — my) 5
Loa = - 1672|7)? (mamb - 3m2m? ) 3—d log|q )
) 2
ID:_ ¢ ]_-, 4+ ... C[]:CN:4(mgmg—2(p1 'p3)2)
32ma |Q| 2 2, 2 2
. i1 ¢, = 3my (mgmj, — 5(p - p3)°)
— — = + P
‘T T %m, |7 ca = 3my (mgmy, — 5(p1 - p3)°)
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Relation to a PM potential

We use the language of old-fashioned time-ordered
perturbation theory

In particular we eliminate by hand

Annihilation channels

Back-tracking diagrams (no intermediate
multiparticle states)

Anti-particle intermediate states

We will also assume (classical) long-distance scattering

(Cristofoli, Bjerrum-Bohr, Damgaard, Vanhove)

Gravity from Amplitudes 6 ]_



Relation to a PM potential

One-loop amplitude after summing all contributions

G5 [ 1 & c
Ml—loop _ ’E2 N |:2 _ ( D> + < )
2¢ 12|lg| \ma T

lmaginary
super-classical/

How to relate to a classical potential?  singular
® Choice of coordinates
® Born subtraction/Lippmann-Schwinger

Gravity from Amplitudes 6 2



Relation to a relativistic
PM potential

Amplitude defined via perturbative expansion
around a flat Minkowskian metric

Now we need to relate the Scattering Amplitude to
the potential for a bound state problem —
alternative to matching (Cheung, Solon, Rothstein;
Bern, Cheung, Roiban, Shen, Solon, Zeng)

Starting point: the Hamiltonian of the relativistic
Salpeter equation

Gravity from Amplitudes 6 3




Relation to a potential

Analysis involves solution of the Lippmann-
Schwinger recursive equation:

plVIy) + [ s L AL

M(ptp,) 27r)3 E — Ek -1 1€

B *k M(p. k)M(k,p')
V1P = M(p.p) — /(27_)3 e

/Qﬂq """V (p, q)

Gravity from Amplitudes 64




Tree |level

D2 P4
q AnG [2(p1 - p3)?® — mimi — |7 |*(p1 - p3))]
tree _ QOO0 = — )
M E,E, k
- ps p1-p3 = Eo(p)Eb(p) + |P|?

Same result as from matching (Cheung, Solon, Rothstein;
Bern, Cheung, Roiban, Shen, Solon, Zeng)

1 Gnei(p?)

Virm(p,r) = F2¢ . mo
P

E, E,
a(p’) = mgmi —2(p1-p)® €=,
p

Gravity from Amplitudes 6 5




One-loop

Mlterated IGWZG?V / d’k A p l‘ A(’” ) g(p2 kz)
- E.p)E@?) J @r)d |5— k2 |p — k|2 Ea(K?)Ey(K?)
1
60 F) = 5Bt
P . Expanded
3272G%, dk 1
MIterated _ N 2 / — _
Be 1) ) p— Rl — k(2 — )
1672G% (2(1—¢€) dik 1
B ( 2E2%¢ Hclpl'p3>/(27r)d|p‘—12?|2|ﬁ'—§|2+
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One-loop

Vapm (p, q) = MI7109P | pqlterated

™G3 [1/ ¢ c 2 [(c3(E—-1)
% D. — N 2= h 1 — deypy -
opMm (D q) E2%|q [2 (ma T mb) + E¢ ( VB2 C1P1 ])3)]

Again same result as from matching, no singular term

Gravity from Amplitudes 6 7




Effective potential

In fact we do not have to go through either matching
procedure or solving Lippmann-Schwinger to derive

observables such as the scattering angle

Energy relation makes everything simple:

])2 — pgo o QEf Mtree(' ) T Mil.—loop(pgcw 7)

(Damour; Bern, Cheung, Roiban, Shen, Solon, Zeng;
Kalin, Porto; NEJB, Cristofoli, Damgaard; Cristofoli,
Damgaard, Di Vecchia, Heissenberg)

63
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Effective potential

Thus given the classical amplitude

-//\\/l/d'(‘? 7) — 1 i ;%Z(n—l)—loop(p)
]? J T 2E£ .rn
n=1
e e 0 0)
(B) = o-ttomre) Vo) = - 3 i
Non-relativistic Hamiltonian - ®

with effective potential

Gravity from Amplitudes 6 9



Scattering angle all orders

00 op [+ d kv%(,) ,,,2(k—1)
Y = Ye(b) . Y(b) = lu| —— L
X ;,\k( ), X(b) (U( dug) T
(Kalin, Porto; NEJB, Cristofoli,Damgaard)
Dy = 2 Vioel(r Corrects naive
' * 2 e () light-bending
oo ‘_ ‘Bohm’s formula’
X / 7 Opr ™ + no reference
a minimal distance
2 . 0L 2

Gravity from Amplitudes
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Any PM order given

amplitude...
PM [y PM /(S )™
L | f
2 |37mp2 fo
3 2f3l) + fifapZ —f—l
4 |Smps (2fapd + 13 +2f1f3)

3 fsvle + 4(fafs + fLfo) v + F1(S3 + fufs)ph — § 17 forke + &

~J| Oy| Ot

D5 (3feph + 3(f3 + 2fafu + 2f1f5) 2 + f3 + 6 f1fafs + 31 f1)

5 fross +8(fafat fafs + fufo)pee + 6(fafy +2f1fafo + Fi(f3 + fifs))pac
A3+ 3hufafs + SR — LRSS + Sufs)re + I fufe —

155 P50 (4575 +6(f4 +2(fafs + fofes + fufr))phe + 12(fufs + (f3 + 2f1fs5) fo
+f1(2fafa+ fife) ) p2 + fo + 61213 +12f1f5 fs + 12f2 fofa + ASP f5)

Confirmation of 3PM & 4PM
Bern, Cheung, Roiban, Shen, Solon, Zeng) )
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Outlook

Amplitude toolbox for computations already
provided many new efficient methods for
computation

Amplitude tools very useful for computations:
Double-copy and KLT
Recursion:
Unitarity
Spinor-helicity
CHY formalism
Low energy limits of string theory

Gravity from Amplitudes
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Outlook

Already extensive work on QFT approaches to gravity. (Many talks)

Forms the theoretical backbone of current investigations using
templates at LIGO/Virgo.

Observation: Amplitude methods provide new efficiency to
calculations.

1) Double-copy allows recycling of Yang-Mills results in gravity.

2) Off-shell -> On-shell (removes clutter from computations, while
essence contributions remains). However important considerations
when throwing away off-shell information. (coordinate dependence etc.)

3) Classical parts are possible to identify and target independently of
quantum contributions. (non-analytic pieces, have unique cuts)

4) New technology for integrations is helpful.

5) Possible to address quantum gravity effects.

Gravity from Amplitudes 7 3



Outlook

A number of very impressive 3PM amplitude computations.
(Bern et al; Cheung et al, Parra-Martinez et al, Kalin et al) + many
more. (see Zvi’s, Rafael’s, Carlos’s and Damour’s and Julio’s talks)

Endless additional tasks ahead

* |mproved ways to include effects of spin (Guevara et al; Bautista et
al; Johansson at al; Ochirov ; Arkani-Hamed; Chung et al; Huang at al,
O’'Connell et al; Bern et al + many more)

®* |Improved take on radiation effects / new understanding? (Kosower et
al; Kalin et al many more)

® |nclusion of high order curvature terms, finite size effects, tidal
effects, double-copy etc (Brandhuber et al; Helset and Haddad;
Cheung et al, Di Vecchia et all; Damour)

e Better understanding of quantum effects and their implications

Clearly much more physics to learn....

Gravity from Amplitudes 7 4



Discussion / Conclusion

Treating general relativity as an effective field is a
smart way to avoid the usual complications and
confusions in quantizing gravity

The new results are unique consequences of an
underlying more fundamental theory

e Effects are tiny but this is a consequence of gravity

being a very weak force (Weinberg; Donoghue:

Classical GR has a huge validity NEJBB, Donoghue,
Holstein )

GR-EFT provides a natural laboratory for
investgating low energy quantum corrections

THANKS !

Gravity from Amplitudes 7 5
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