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Multiple approaches
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• From scaLering amplitudes to observables for the 2-body problem

EFT matching “in-in” (KMO’C)
V (r, p)�(b, p)

ScaLering amplitude
M(q, p)

�
�� Erad J rad

p1

<latexit sha1_base64="/PoYfziZd3Di+tTDtbV4GUkVqX4=">AAAB+nicbVC7SgNBFL0bXzE+smphYbMYBKuwK4IKIgEby4jmAckSZiezyZCZ3WVmVghrPsFWa+3EUr/Bf7AVbNPaOtlYmMQDwz2ccy9zOF7EqFS2/WFk5uYXFpeyy7mV1bX1vLmxWZVhLDCp4JCFou4hSRgNSEVRxUg9EgRxj5Ga1zsf+bUbIiQNg2vVj4jLUSegPsVIaekqajkts2AX7RTWLHF+SaG0PRzmT1+/yi3zs9kOccxJoDBDUjYcO1JugoSimJFBrhlLEiHcQx3S0DRAnEg3SaMOrD2ttC0/FPoFykrVvxcJ4lL2uac3OVJdOe2NxP+8Rqz8YzehQRQrEuCJFInHxx/7MbNUaI16sNpUEKxYXxOEBdXZLdxFAmGl28rpUpzpCmZJ9aDoHBZPLp1C6QzAfP9+hCzswC7sgwNHUIILKEMFMHTgDu7hwbg1noxn4wVSZIzxhC2YgPH2A7JZmsc=</latexit>

p3

<latexit sha1_base64="YQzpBkie+pwuRoTZppyTBp3MOFI=">AAAB+nicbVC7SgNBFL3rM8ZHVi0sbBaDYBV2VVBBJGBjGdE8IFnC7GQ2GTKzu8zMCmHNJ9hqrZ1Y6jf4D7aCbVpbJxsLk3hguIdz7mUOx4sYlcq2P4yZ2bn5hcXMUnZ5ZXUtZ65vVGQYC0zKOGShqHlIEkYDUlZUMVKLBEHcY6Tqdc+HfvWGCEnD4Fr1IuJy1A6oTzFSWrqKmgdNM28X7BTWNHF+Sb64NRjkTl+/Sk3zs9EKccxJoDBDUtYdO1JugoSimJF+thFLEiHcRW1S1zRAnEg3SaP2rV2ttCw/FPoFykrVvxcJ4lL2uKc3OVIdOekNxf+8eqz8YzehQRQrEuCxFInHRx/7MbNUaA17sFpUEKxYTxOEBdXZLdxBAmGl28rqUpzJCqZJZb/gHBZOLp188QzAfP9+hAxsww7sgQNHUIQLKEEZMLThDu7hwbg1noxn4wVSzBijCZswBuPtB7WBmsk=</latexit>

p4

<latexit sha1_base64="PRmFJhFSR+Jv1h790glaY0xqFQ0=">AAAB+nicbVC7SgNBFL3rM8ZHVi0sbBaDYBV2JaCCSMDGMqJ5QLKE2clsMmR2dpmZFcKaT7DVWjux1G/wH2wF27S2TjYWJvHAcA/n3MscjhcxKpVtfxhz8wuLS8uZlezq2vpGztzcqsowFphUcMhCUfeQJIxyUlFUMVKPBEGBx0jN652P/NoNEZKG/Fr1I+IGqMOpTzFSWrqKWsWWmbcLdgprlji/JF/aGQ5zp69f5Zb52WyHOA4IV5ghKRuOHSk3QUJRzMgg24wliRDuoQ5paMpRQKSbpFEH1r5W2pYfCv24slL170WCAin7gac3A6S6ctobif95jVj5x25CeRQrwvFEisQLxh/7MbNUaI16sNpUEKxYXxOEBdXZLdxFAmGl28rqUpzpCmZJ9bDgFAsnl06+dAZgvn8/QgZ2YQ8OwIEjKMEFlKECGDpwB/fwYNwaT8az8QIp5ozxhG2YgPH2A7cVmso=</latexit>

p2

<latexit sha1_base64="TI0PchOyikt4BAJRW7PlTuqHC64=">AAAB+nicbVC7SgNBFL3rM8ZHVi0sbBaDYBV2g6CCSMDGMqJ5QLKE2clsMmRmd5mZFcKaT7DVWjux1G/wH2wF27S2TjYWJvHAcA/n3MscjhcxKpVtfxhz8wuLS8uZlezq2vpGztzcqsowFphUcMhCUfeQJIwGpKKoYqQeCYK4x0jN652P/NoNEZKGwbXqR8TlqBNQn2KktHQVtYotM28X7BTWLHF+Sb60MxzmTl+/yi3zs9kOccxJoDBDUjYcO1JugoSimJFBthlLEiHcQx3S0DRAnEg3SaMOrH2ttC0/FPoFykrVvxcJ4lL2uac3OVJdOe2NxP+8Rqz8YzehQRQrEuCJFInHxx/7MbNUaI16sNpUEKxYXxOEBdXZLdxFAmGl28rqUpzpCmZJtVhwDgsnl06+dAZgvn8/QgZ2YQ8OwIEjKMEFlKECGDpwB/fwYNwaT8az8QIp5ozxhG2YgPH2A7Ptmsg=</latexit>

see other 
talks today!



Multiple approaches

Gauge 
Invariant 

Observables

Eikonal ResumaHon

• From scaLering amplitudes to observables for the 2-body problem

EFT matching “in-in” (KMO’C)
V (r, p)�(b, p)

ScaLering amplitude
M(q, p)

�
�� Erad J rad

p1

<latexit sha1_base64="/PoYfziZd3Di+tTDtbV4GUkVqX4=">AAAB+nicbVC7SgNBFL0bXzE+smphYbMYBKuwK4IKIgEby4jmAckSZiezyZCZ3WVmVghrPsFWa+3EUr/Bf7AVbNPaOtlYmMQDwz2ccy9zOF7EqFS2/WFk5uYXFpeyy7mV1bX1vLmxWZVhLDCp4JCFou4hSRgNSEVRxUg9EgRxj5Ga1zsf+bUbIiQNg2vVj4jLUSegPsVIaekqajkts2AX7RTWLHF+SaG0PRzmT1+/yi3zs9kOccxJoDBDUjYcO1JugoSimJFBrhlLEiHcQx3S0DRAnEg3SaMOrD2ttC0/FPoFykrVvxcJ4lL2uac3OVJdOe2NxP+8Rqz8YzehQRQrEuCJFInHxx/7MbNUaI16sNpUEKxYXxOEBdXZLdxFAmGl28rpUpzpCmZJ9aDoHBZPLp1C6QzAfP9+hCzswC7sgwNHUIILKEMFMHTgDu7hwbg1noxn4wVSZIzxhC2YgPH2A7JZmsc=</latexit>

p3

<latexit sha1_base64="YQzpBkie+pwuRoTZppyTBp3MOFI=">AAAB+nicbVC7SgNBFL3rM8ZHVi0sbBaDYBV2VVBBJGBjGdE8IFnC7GQ2GTKzu8zMCmHNJ9hqrZ1Y6jf4D7aCbVpbJxsLk3hguIdz7mUOx4sYlcq2P4yZ2bn5hcXMUnZ5ZXUtZ65vVGQYC0zKOGShqHlIEkYDUlZUMVKLBEHcY6Tqdc+HfvWGCEnD4Fr1IuJy1A6oTzFSWrqKmgdNM28X7BTWNHF+Sb64NRjkTl+/Sk3zs9EKccxJoDBDUtYdO1JugoSimJF+thFLEiHcRW1S1zRAnEg3SaP2rV2ttCw/FPoFykrVvxcJ4lL2uKc3OVIdOekNxf+8eqz8YzehQRQrEuCxFInHRx/7MbNUaA17sFpUEKxYTxOEBdXZLdxBAmGl28rqUpzJCqZJZb/gHBZOLp188QzAfP9+hAxsww7sgQNHUIQLKEEZMLThDu7hwbg1noxn4wVSzBijCZswBuPtB7WBmsk=</latexit>

p4

<latexit sha1_base64="PRmFJhFSR+Jv1h790glaY0xqFQ0=">AAAB+nicbVC7SgNBFL3rM8ZHVi0sbBaDYBV2JaCCSMDGMqJ5QLKE2clsMmR2dpmZFcKaT7DVWjux1G/wH2wF27S2TjYWJvHAcA/n3MscjhcxKpVtfxhz8wuLS8uZlezq2vpGztzcqsowFphUcMhCUfeQJIxyUlFUMVKPBEGBx0jN652P/NoNEZKG/Fr1I+IGqMOpTzFSWrqKWsWWmbcLdgprlji/JF/aGQ5zp69f5Zb52WyHOA4IV5ghKRuOHSk3QUJRzMgg24wliRDuoQ5paMpRQKSbpFEH1r5W2pYfCv24slL170WCAin7gac3A6S6ctobif95jVj5x25CeRQrwvFEisQLxh/7MbNUaI16sNpUEKxYXxOEBdXZLdxFAmGl28rqUpzpCmZJ9bDgFAsnl06+dAZgvn8/QgZ2YQ8OwIEjKMEFlKECGDpwB/fwYNwaT8az8QIp5ozxhG2YgPH2A7cVmso=</latexit>

p2

<latexit sha1_base64="TI0PchOyikt4BAJRW7PlTuqHC64=">AAAB+nicbVC7SgNBFL3rM8ZHVi0sbBaDYBV2g6CCSMDGMqJ5QLKE2clsMmRmd5mZFcKaT7DVWjux1G/wH2wF27S2TjYWJvHAcA/n3MscjhcxKpVtfxhz8wuLS8uZlezq2vpGztzcqsowFphUcMhCUfeQJIwGpKKoYqQeCYK4x0jN652P/NoNEZKGwbXqR8TlqBNQn2KktHQVtYotM28X7BTWLHF+Sb60MxzmTl+/yi3zs9kOccxJoDBDUjYcO1JugoSimJFBthlLEiHcQx3S0DRAnEg3SaMOrH2ttC0/FPoFykrVvxcJ4lL2uac3OVJdOe2NxP+8Rqz8YzehQRQrEuCJFInHxx/7MbNUaI16sNpUEKxYXxOEBdXZLdxFAmGl28rqUpzpCmZJtVhwDgsnl06+dAZgvn8/QgZ2YQ8OwIEjKMEFlKECGDpwB/fwYNwaT8az8QIp5ozxhG2YgPH2A7Ptmsg=</latexit>

see other 
talks today!

my talk

Not the scenic 
route!



• All orders results are not impossible  

• Logs/divergences can be predicted to all orders, resum! 

• Toy models are useful:

Lessons from amplitudes/EFT

QCD N = 4
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• All orders results are not impossible  

• Logs/divergences can be predicted to all orders, resum! 

• Toy models are useful:

Lessons from amplitudes/EFT

N = 8
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•  graviton mulHplet (massless) 

   +   fermions 

• Extremal BH ~ half-BPS mulHplet (focus on scalar component) 

     Central charges   

                       

                                            

• Force between BH depends on alignment of charges                                          

• Two-body problem solved for aligned charges to  all orders in  !

N = 8

CIJ
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A useful toy model
[Andrianopoli, D’Auria, Ferrara, Fre, Trigiante]

[Caron-Huot, Zahraee]

Charge, not spin
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• One-loop integrand 

         M
(1)
4 = �i(8⇡G)216m4

1m
4
2(� � cos�)4

<latexit sha1_base64="9ZQv0DbfB5kapubAzmLyEI6sNKc="></latexit>

[Brink, Green, Schwarz; Caron-Huot, Zahraee]

[Bern, Dixon, Perelstein, Rozowski; JPM, Ruf, Zeng]
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• Two-loop integrand 
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Simplicity in  supergravity

• Loop integrand known up to five loops
[Bern, Brink, Carrasco, Chen, Dixon, Edison, Green, Johansson, 
JPM, Kosower, Perelstein, Roiban, Rozowski, Schwarz, Zeng]



• In general, calculaHons can be separated in two parts: 

• Integrands - solved problem for near future                          
(unitarity methods, double copy, simplified Feynman rules,…) 

• Integrals - real boLleneck (not a surprise for QCD friends) 

• Today’s talk, single scale integrals to all orders for observables that : 

1. are integrated over orbits and celesHal sphere 

2. are independent of the phase of GW

State of matters

“inclusive enough”e.g. scaLering angle/impulse, energy loss

Gravitons only 
inside cuts

See Emil’s, 
Zvi’s talks



• Gauge invariant observables directly from amplitudes + unitarity cuts

KMO’C (in-in) approach

See David’s 
talk!

X

states

Iµ = qµ

Example 1: Impulse

Example 2: Radiated momentum Rµ =

Z
dDq �(2u1 · q)�(2u2 · q) eib·q Rµ

�pµ1 =

Z
dDq �(2u1 · q)�(2u2 · q) eib·q Iµ

Rµ = kµ
X

states

⇠
Z

kµ|h↵� |2

Kernels are “inclusive enough”

`1

`µ1+

See also [Maybee, O’Connell, Vines]

[Kosower, Maybee, O’Connell]



Integrals



• Classical limit = Large angular momentum      

• Method of regions 

                                   

(!, `) ⇠ (m,m)

(!, `) ⇠ (|q|, |q|) ⇠ J�1 (m|v|,m|v|)
(!, `) ⇠ (|q||v|, |q|) ⇠ J�1 (m|v|2,m|v|)
(!, `) ⇠ (|q||v|, |q||v|) ⇠ J�1 (m|v|2,m|v|2)

Method of Regions

[Beneke, Smirnov]

hard:
sor:

potenHal:
radiaHon:

|v| = q0/|q|

<latexit sha1_base64="dphPjomfyaLK4TxDSdVLjviWkVE=">AAACDnicbVDLSgMxFL1TX7W+quLKTWgRBKHOiKAuhKIblxXsA9paMmnahiYz0yRTKNP+gwt/wK3u3Ylbl2679UtMRxe29UDIueck3MNxA86Utu2xlVhYXFpeSa6m1tY3NrfS2zsl5YeS0CLxuS8rLlaUM48WNdOcVgJJsXA5Lbvd64lf7lOpmO/d6UFA6wK3PdZiBGsjNdJ7w5orUH+ILlHv3j6Op96wkc7aOTsGmifOL8nmM7Wjx3F+UGikv2pNn4SCeppwrFTVsQNdj7DUjHA6StVCRQNMurhNq4Z6WFBVj+L4I3RglCZq+dIcT6NY/fsjwkKpgXDNS4F1R816E/E/rxrq1nk9Yl4QauqRqRSRK34Wt0KOtI8m3aAmk5RoPjAEE8lMdkQ6WGKiTYMpU4ozW8E8KZ3knNPcxa2TzV8BJEn0CUnYhwwcggNnkIcbKEARCETwBM/wYj1Yr9ab9Q4xEtbPDbswBevjGwZYoAk=</latexit>

• PotenHal gravitons off-shell, mediate instantaneous interacHons 

ConservaHve dynamics
# q

p1 � q/2 p1 + q/2

p2 + q/2 p2 � q/2

V (p, q)

<latexit sha1_base64="ambRJDUEPHwdMmTaVNaaT4CMG9c=">AAACCHicbVC7SgNBFL3rM8ZHVi1thgQhooRdEdQuaGMZwTwgG8LsZJIMmdldZ2aFsOQHrO1stbcTW7/ANq1f4mRjYRIPXO7hnDvM4fgRZ0o7zthaWl5ZXVvPbGQ3t7Z3cvbuXk2FsSS0SkIeyoaPFeUsoFXNNKeNSFIsfE7r/uB64tcfqFQsDO70MKItgXsB6zKCtZHadq5W9HyBohM0WfdHbbvglJwUaJG4v6RQznvHT+PysNK2v71OSGJBA004VqrpOpFuJVhqRjgdZb1Y0QiTAe7RpqEBFlS1kjT4CB0apYO6oTQTaJSqf18kWCg1FL65FFj31bw3Ef/zmrHuXrQSFkSxpgGZSZH4YvpxN+ZIh2jSCuowSYnmQ0MwkcxkR6SPJSbadJc1pbjzFSyS2mnJPStd3rqF8hVAhiRfkIEDyEMRXDiHMtxABapAIIZneIFX69F6s96tD0ixZE037MMMrM8fxKqdHw==</latexit>

See Zvi’s Talk!

<latexit sha1_base64="fPKgTjx5MKRxoYER9KgO3xh3Ca4=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCF0dbFD0OvYinCe4F1q6kWdqFJW1NUmGUfQ8vfhUvHhTxJHjw25htPczNBxL+/P7PQ/L8g5RRqSzrx1haXlldWy9tlDe3tnd2zb39pkwygUkDJywR7QBJwmhMGooqRtqpIIgHjLSCwfXYbz0SIWkS36thSjyOopiGFCOlkW86bigQzrlPu84oP33Qtyspn1I5Q+Bt14FuFEHbNytW1ZoUXBR2ISqgqLpvfrm9BGecxAozJGXHtlLl5UgoihkZld1MkhThAYpIR8sYcSK9fLLbCB5r0oNhIvSJFZzQ2YkccSmHPNCdHKm+nPfG8D+vk6nw0stpnGaKxHj6UJgxqBI4Dgr2qCBYsaEWCAuq/wpxH+lYlI6zrEOw51deFE2nap9XrbuzSu2qiKMEDsEROAE2uAA1cAPqoAEweAIv4A28G8/Gq/FhfE5bl4xi5gD8KeP7F06CoOY=</latexit>

m2
i

�q2
⇠ s

�q2
⇠ J2 � 1



• Special variables                    

• Sor integrals (HQET-like) 

                                                                                  

                            ,        

p̄i · q = 0

<latexit sha1_base64="MXYC+ldm1EWrKjfJbjXrYRMFPBo=">AAACDXicbVC7SgNBFL3rM8bXauxsBkPAKuyKYCyEgI1lBPOAbAizk0kyZPbhzKwQl3T2/oKW2tuJZfwGLS38AsHWycbCJB4Y7uGce5nDcUPOpLKsN2NufmFxaTm1kl5dW9/YNLe2KzKIBKFlEvBA1FwsKWc+LSumOK2FgmLP5bTq9k5HfvWKCskC/0L1Q9rwcMdnbUaw0lLT3HFcLFDYZMghrUChS3SCrKaZtfJWAjRL7F+SLWZyN1/Dz/dS0/xwWgGJPOorwrGUddsKVSPGQjHC6SDtRJKGmPRwh9Y19bFHZSNO0g9QTist1A6Efr5Cifr3IsaelH3P1ZseVl057Y3E/7x6pNqFRsz8MFLUJxMpYtcbf9yOOFIBGlWDWkxQonhfE0wE09kR6WKBidIFpnUp9nQFs6RykLcP88fndrZYADCH3/eQgl3Yg32w4QiKcAYlKAOBa7iDB3g0bo0n49l4gQRzxnhCBiZgvP4Awy+hSQ==</latexit>

`2 ! `2

<latexit sha1_base64="9fVqKfg7vyofqQsZ9WR0jnqsONY=">AAACHnicbZDLSgMxGIX/qbdab6Mu3QRLwVWZqYK60YIblxXsBTq1ZNK0Dc1cTDJKGfoEvoQ+gltdCt2JW936Em5Npwq29UDI4TsJ+XPckDOpLOvDSM3NLywupZczK6tr6xvm5lZFBpEgtEwCHoiaiyXlzKdlxRSntVBQ7LmcVt3e2Siv3lAhWeBfqn5IGx7u+KzNCFYaNc2cQzm/KiDnOsIt5AjW6SosRHD7S5K4aWatvJUIzRr7x2RPX/YTlZrmp9MKSORRXxGOpazbVqgaMRaKEU4HGSeSNMSkhzu0rq2PPSobcfKdAcpp0kLtQOjlK5TQvzdi7EnZ91x90sOqK6ezEfwvq0eqfdSImR9GivpkYorY9cYPtyOOVIBGXaEWE5Qo3tcGE8H07Ih0scBE6UYzuhR7uoJZUynk7YP88YWdLZ4AmMOvB0jDDuzCHthwCEU4hxKUgcAdPMITPBv3xtB4Nd4gUcoY77ANEzLevwEuwabv</latexit>

(`+ pi)2 �m2
i ! 2` · ui

<latexit sha1_base64="0nR3t1CAFUY0FtN5LFCg45b1NVg="></latexit>

ui = p̄i/m̄i

<latexit sha1_base64="CF6ZGEwt0En3HHQjf9u+zXRQ1cU=">AAACEHicbZA9SwMxHMb/V99qfTt1cBAkWASneieCOigFF8cK9gXacuTStA1N7o4kJ5SjX8JNN3HV3U1cHPwGrn4JV9Org219IOTH8yTkn8ePOFPacT6tzMzs3PxCdjG3tLyyumavb1RUGEtCyyTkoaz5WFHOAlrWTHNaiyTFwue06vcuhnn1hkrFwuBa9yPaFLgTsDYjWBvLs7dij6Ez1PCxRJHHDlIQHvPsvFNwUqFpcH8hX9y5G+q+5NlfjVZIYkEDTThWqu46kW4mWGpGOB3kGrGiESY93KF1gwEWVDWT9AMDtGecFmqH0qxAo9T9eyPBQqm+8M1JgXVXTWZD87+sHuv2STNhQRRrGpCxKRJfjB5uxxzpEA3bQS0mKdG8bwATyczsiHSxxESbDnOmFHeygmmoHBbco8LplZsvngPY798PkIVt2IV9cOEYinAJJSgDgQE8whM8W7fWi/VqvUGqjDXaYRPGZH38AM/dolc=</latexit>

Integration by parts (IBP)

• Homogeneous mass and  dependence trivialized - manifest power counHng 

• Result can be wriLen in terms of a basis of master integrals via IBP

q

[Sudakov]
" q

p̄1 � q/2 p̄1 + q/2

p̄2 + q/2 p̄2 � q/2

• Automated IBP tools exist (FIRE, Reduze, …) and can be applied to this problem.

Z
dD`

@

@`µ
vµ

`2(`� q)2 · · · = 0



Velocity differential equations
• Single variable! canonical form 

                            

                             

I(q, p̄i, m̄i) = (�q2)a I(y)

<latexit sha1_base64="1AcABIx4z1+D14U0ZhKFKGfnjps="></latexit>

y = p̄1·p̄2

m̄1m̄2
= � +O(q2)

<latexit sha1_base64="8EsjJb4BiapWVtADcv2ndLfG23w="></latexit>

d~I(y) = ✏
P

i Aidlog↵i(y) ~I(y)

<latexit sha1_base64="PBppsiQGQFRJlRtWiCx0chIIG3I="></latexit>

[Henn]

• Symbol alphabet:   new funcHons e.g.    

               

{x, x+ 1, x� 1} !

<latexit sha1_base64="zDy/8PFcOyl93kb+iNgBhlG/YMU="></latexit>

Li2(1� x2)

<latexit sha1_base64="aCnjB4LJe9mecqXf21vXmz9sHoI=">AAACC3icbVC7SgNBFL0bXzG+1lgKshiEWBh2g6A2ErCxsIhgEiGJYXYySYbMPpi5KwlLPsEP0EKw0t5ObPUfbP0JWycbC18Hhns4517mcNxQcIW2/WakpqZnZufS85mFxaXlFXM1W1VBJCmr0EAE8twlignuswpyFOw8lIx4rmA1t3809muXTCoe+Gc4DFnTI12fdzglqKWWmW0gG2B8wketYt7ZGVwUt1tmzi7YCay/xPkiudLG9Rg35Zb53mgHNPKYj1QQpeqOHWIzJhI5FWyUaUSKhYT2SZfVNfWJx1QzTrKPrC2ttK1OIPXz0UrU7xcx8ZQaeq7e9Aj21G9vLP7n1SPs7Ddj7ocRMp/+SBG73uTjTiQsDKxxMVabS0ZRDDUhVHKd3aI9IglFXV9Gl+L8ruAvqRYLzm7h4NTJlQ4BzNePO0jDOmxCHhzYgxIcQxkqQGEAt3APD8aV8Wg8Gc+QIGVMJqzBDxgvn2nAoIM=</latexit>

y = 1+x2

2x

<latexit sha1_base64="As1M8RsebxrlZeMRyhXMF1OBrFY=">AAACDXicbVC7SgNBFL0bo8b4Wh+dzWAUBCHsBkEtlICNZQSTCJsYZiezyZDZBzOzkrjkF/QXtNTeTiwVP8HWn7ASnUQLNR4Y7uGce5nDcSPOpLKsFyM1lh6fmMxMZadnZufmzYXFigxjQWiZhDwUJy6WlLOAlhVTnJ5EgmLf5bTqdg4GfvWMCsnC4Fj1Ilr3cStgHiNYaalhLvfQHqp5ApPE3uyeFvpJodtvmDkrbw2BRon9TXLFtfeLZ+cjXWqYr7VmSGKfBopwLKVjW5GqJ1goRjjtZ2uxpBEmHdyijqYB9qmsJ8P0fbSulSbyQqFfoNBQ/XmRYF/Knu/qTR+rtvzrDcT/PCdW3k49YUEUKxqQXykS1//62Is5UiEaVIOaTFCieE8TTATT2RFpY12N0gVmdSn23wpGSaWQt7fyu0d2rrgPYD6+XUMGVmAVNsCGbSjCIZSgDATO4Qpu4Na4NO6Me+MBhkgZXxOW4BeMp085U6GO</latexit>

log x ⇠ arcsinh
q

��1
2

<latexit sha1_base64="A5ckYii1vjXvJpGbrTmGXomfQTs="></latexit>

More generally, Harmonic polylogs (HPL)                                        or worse![Remiddi, Vermaseren]

Relevant 

at ? O(G4)

<latexit sha1_base64="hOzcF49TDl/5Vda+/E/VD89t90g=">AAACCXicbVC7SgNBFL0bXzG+1kelzeIixCbsSkDtAhaxM4J5QLKG2clsMmT2wcxsICwp0gn+gq2CpZ0IVn6Fbb7ESWJhEg8M93DOvczhuBGjQlrWt5ZaWl5ZXUuvZzY2t7Z39N29ighjjkkZhyzkNRcJwmhAypJKRmoRJ8h3Gam63auxX+0RLmgY3Ml+RBwftQPqUYykkpq63vCR7GDEkptBtnifP23qppWzJjAWif1LzMKBNzSH2w+lpj5qtEIc+ySQmCEh6rYVSSdBXFLMyCDTiAWJEO6iNqkrGiCfCCeZJB8YJ0ppGV7I1QukMVH/XiTIF6Lvu2pznFPMe2PxP68eS+/CSWgQxZIEeCZF4vrTj72YGTI0xrUYLcoJlqyvCMKcquwG7iCOsFTlZVQp9nwFi6RylrPzuctb2yzk4bD4OvqENBzBMWTBhnMowDWUoAwYevAEz/CiPWpv2rv2AROktOmEfZiB9vUDV0CesQ==</latexit>

Example: ✓ ✓ ✓ ✓
✏ d log xd

0

@
0 0 1
0 0 0
0 0 0

1

A=



Static boundary conditions
• RadiaHon and potenHal regions split in near-staHc limit   

• Only need to calculate appropriate boundary condiHons (PN data),     
diff. eq. resum the velocity series. 

• PotenHal region integral   with cut maLer propagators 

          Graviton:        

             MaLer:        

•  Singular, evaluated by residue prescripHon 

v ⌧ 1

<latexit sha1_base64="JqeusoRUd4/7P59WmBpv4STXUWo=">AAAB/nicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMGJhwMYygnlAsoTZyWwyZPbBzGwgLIH8gq1WNnZi6xfoN9hai9iIrZONhYkeGO7hnHuZw3EjzqSyrBcjMze/sLiUXc6trK6tb5ibW1UZxoLQCgl5KOoulpSzgFYUU5zWI0Gx73Jac3tnY7/Wp0KyMLhUg4g6Pu4EzGMEKy3V+qjJObJbZt4qWCnQX2L/kPzpx/vn2+j5pNwyX5vtkMQ+DRThWMqGbUXKSbBQjHA6zDVjSSNMerhDG5oG2KfSSdK4Q7SnlTbyQqFfoFCq/r5IsC/lwHf1po9VV856Y/E/rxErr+gkLIhiRQMylSJx/cnHXsyRCtG4C9RmghLFB5pgIpjOjkgXC0yUbiynS7FnK/hLqgcF+7BwfGHnS0UA8+nrFrKwA7uwDzYcQQnOoQwVINCDK7iGG2Nk3Bn3xgOkyBiTCdswBePxGwpfnW4=</latexit>

1
`2 = 1

!2�`2 = � 1
`2 � !2

(`2)2 � !4

(`2)3 + · · ·

<latexit sha1_base64="Kh5wkz0gTEHFa6YsBnHNz6jWqAc="></latexit>

1
2ui·` = 1

2(u0
i !�ui`)

<latexit sha1_base64="mX3Ymz+y9ArEwC0faf+R6+mzDl4="></latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

(Similar to NRQCD/NRGR)

!

<latexit sha1_base64="8jxTX+3EPeNRKfui7MFNwaBu/bI=">AAAB/XicbVC7SgNBFL0bX3F9RS1tBoNgFXZFUAsxaGMZwTwgWcLsZDYZM7O7zMwKYQn+gq22Yie2foKtndj6JU42FibxwHAP59zLHI4fc6a043xZubn5hcWl/LK9srq2vlHY3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjPz6LZWKReG1HsTUE7gbsoARrI1Ua0WCdnG7UHRKTgY0S9xfUjx7t0/jp0+70i58tzoRSQQNNeFYqabrxNpLsdSMcDq0W4miMSZ93KVNQ0MsqPLSLO0Q7Rmlg4JImhdqlKl/L1IslBoI32wKrHtq2huJ/3nNRAfHXsrCONE0JBMpUl+MPw4SjnSERlWgDpOUaD4wBBPJTHZEelhiok1htinFna5gltQOSu5h6eTKLZbPAfIk/YA87MAu7IMLR1CGS6hAFQjcwD08wKN1Zz1bL9YrZMhZ4wnbMAHr7Qf8OprB</latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>



Full soft integrals
• Advantage over potenHal region: analyHcity in velocity 

• Advantage over massless integrals: Euclidean region! 

• Only a few boundary condiHons are independent. 

• No divergence from splivng potenHal + radiaHon (tails) 

�

� = 1
staHc

u-channel
“bound” scaLering “unbound”

Integrals are real

[image credit Porto, et al.]



• Phase space integrals - no problem! 

• On-shell condiHons are just like propagators 

• SaHsfy same type of differenHal equaHons as uncut integrals! 

• Importantly, we sum over full intermediate phase space! 

Reverse unitarity

Simple example:
d

d�
= 0

Result equals 
staHc limit

[Anastasiou, Melnikov]

2⇡i �(2u1 · `1) =
1

2u1 · `1 + i✏
� 1

2u1 · `1 � i✏� +



Application: 
Gravitational Bremsstrahlung 

p1

<latexit sha1_base64="/PoYfziZd3Di+tTDtbV4GUkVqX4=">AAAB+nicbVC7SgNBFL0bXzE+smphYbMYBKuwK4IKIgEby4jmAckSZiezyZCZ3WVmVghrPsFWa+3EUr/Bf7AVbNPaOtlYmMQDwz2ccy9zOF7EqFS2/WFk5uYXFpeyy7mV1bX1vLmxWZVhLDCp4JCFou4hSRgNSEVRxUg9EgRxj5Ga1zsf+bUbIiQNg2vVj4jLUSegPsVIaekqajkts2AX7RTWLHF+SaG0PRzmT1+/yi3zs9kOccxJoDBDUjYcO1JugoSimJFBrhlLEiHcQx3S0DRAnEg3SaMOrD2ttC0/FPoFykrVvxcJ4lL2uac3OVJdOe2NxP+8Rqz8YzehQRQrEuCJFInHxx/7MbNUaI16sNpUEKxYXxOEBdXZLdxFAmGl28rpUpzpCmZJ9aDoHBZPLp1C6QzAfP9+hCzswC7sgwNHUIILKEMFMHTgDu7hwbg1noxn4wVSZIzxhC2YgPH2A7JZmsc=</latexit>

p3

<latexit sha1_base64="YQzpBkie+pwuRoTZppyTBp3MOFI=">AAAB+nicbVC7SgNBFL3rM8ZHVi0sbBaDYBV2VVBBJGBjGdE8IFnC7GQ2GTKzu8zMCmHNJ9hqrZ1Y6jf4D7aCbVpbJxsLk3hguIdz7mUOx4sYlcq2P4yZ2bn5hcXMUnZ5ZXUtZ65vVGQYC0zKOGShqHlIEkYDUlZUMVKLBEHcY6Tqdc+HfvWGCEnD4Fr1IuJy1A6oTzFSWrqKmgdNM28X7BTWNHF+Sb64NRjkTl+/Sk3zs9EKccxJoDBDUtYdO1JugoSimJF+thFLEiHcRW1S1zRAnEg3SaP2rV2ttCw/FPoFykrVvxcJ4lL2uKc3OVIdOekNxf+8eqz8YzehQRQrEuCxFInHRx/7MbNUaA17sFpUEKxYTxOEBdXZLdxBAmGl28rqUpzJCqZJZb/gHBZOLp188QzAfP9+hAxsww7sgQNHUIQLKEEZMLThDu7hwbg1noxn4wVSzBijCZswBuPtB7WBmsk=</latexit>

p4

<latexit sha1_base64="PRmFJhFSR+Jv1h790glaY0xqFQ0=">AAAB+nicbVC7SgNBFL3rM8ZHVi0sbBaDYBV2JaCCSMDGMqJ5QLKE2clsMmR2dpmZFcKaT7DVWjux1G/wH2wF27S2TjYWJvHAcA/n3MscjhcxKpVtfxhz8wuLS8uZlezq2vpGztzcqsowFphUcMhCUfeQJIxyUlFUMVKPBEGBx0jN652P/NoNEZKG/Fr1I+IGqMOpTzFSWrqKWsWWmbcLdgprlji/JF/aGQ5zp69f5Zb52WyHOA4IV5ghKRuOHSk3QUJRzMgg24wliRDuoQ5paMpRQKSbpFEH1r5W2pYfCv24slL170WCAin7gac3A6S6ctobif95jVj5x25CeRQrwvFEisQLxh/7MbNUaI16sNpUEKxYXxOEBdXZLdxFAmGl28rqUpzpCmZJ9bDgFAsnl06+dAZgvn8/QgZ2YQ8OwIEjKMEFlKECGDpwB/fwYNwaT8az8QIp5ozxhG2YgPH2A7cVmso=</latexit>

p2
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Conservative result

• KMO’C formulas can be used evaluaHng integrals in potenHal region. 

Only two-parHcle cuts necessary 

• ScaLering angle:                                      matches result from eikonal/EFT 

• Purely transverse due to “no-triangle” property at one loop 
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High-energy log see Heissenberg, 
Damour talks!



Two-loop radiative impulse

• EvaluaHng integrals in full sor region 

• Angle with radiaHon matches eikonal [Di Vecchia, Heissenberg, Russo, Veneziano]

• Contains more informaHon!

[Herrmann, JPM, Ruf, Zeng]

ConservaHve

New funcHon!
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Energy loss
• Radiated momentum Rµ = ��p1 ��p2

• Energy loss in rest frame of one of the parHcles 
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Erad = u1 ·R = R0

• Has expected mass dependence [Kovacs, Thorne; Bini, Damour, Geralico]

• High-energy limit as expected!

Modulo coefficient…

Erad ⇠ 8⇡(2 log 2� 1)
G3m2
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[Kovacs, Thorne]



Results in pure gravity underway…
stay tuned!



Conclusions



• Real Hme dynamics - Schwinger-Keldish 

• OpHon 1: Hme ordered propagators/Feynman rules, unitarity cuts 

• OpHon 2: Keldish basis, causal (advanced, retarded) propagators, 
manifest classical limit 

• Different from other approaches which calculate Hme-symmetric 
quanHHes. Here Feynman vs causal propagators just a choice of basis.

Comments about KMO’C approach
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KMO’C!

c.f. Damour’s talk



Conclusions

• KMO’C formalism captures real Hme dynamics in a way amenable to 
tradiHonal methods for covariant integraHon 

• Adapted modern techniques (IBP, canonical diff. eq.) for calculaHon of 
integrals relevant for classical gravity (or Heavy ParHcle EFTs). Single 
scale to all orders! 

• In our example, different velocity regions captured in boundary 
condiHons. 

• Thanks to reverse unitarity: “inclusive enough observables” require no 
more complicated methods than virtual amplitude/scaLering angle. 
Also in full sor region hereditary effects (tails) should not be an issue. 

• Technology/automaHon ripe to go to higher orders! 



Questions
• Can we adapt classical methods to use same integraHon techniques? 

(Yes! see Porto’s talk) 

• Can we have have our cake and eat it?  

• EFT: non-covariant integrals - integrand level subtracHons 

• Eikonal, KMO’C: covariant integrals - no integrand level subtracHons  

• How much does the four-point amplitude know? Bounds states, decay 
rates, analyHc conHnuaHon? 

• Does EFT philosophy (“one scale at a Hme”) + manifest power counHng 
always imply one integraHon variable at a Hme? 



Thank you!


