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• Grouping the QFT Models   

· Landscape (EFTs w/ a UV completion into QG) 
  - contains the String Landscape (String EFTs)  
 

· Swampland (EFTs w/o a UV completion) 

• The Swampland Program 

· Goal: distinguish EFTs in the Landscape from those in the Swampland [Vafa ’05] 

  - reveal common properties of quantum gravity theory (aka Quantum Gravity Conjectures) 

· String Landscape as a guiding principle 

  - extract common physical properties of String EFTs   

  - establish universal behaviors of the internal geometry    

The Swampland Program 
In Light of the String Landscape
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m0 ⇠ e�↵ ��
MPl MPlA tower of states become light w/ the mass scale                            [Ooguri, Vafa ’06]  

• Universal Features of EFTs at Infinite Distance 

 EFTs in the Moduli Space 
Limits at Infinite Distance vs. Limitations at Finite Distance
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• EFTs in Scrutiny 

· Supergravity EFTs w/ minimal SUSY (main focus: EFTs of F-theory, mostly in 6d)  

• Bounds on the Gauge Sector (6d) as seen by a solitonic string 

· Goal:  constrain the global structure of the non-abelian gauge sector  

  - order of each cyclic quotient: 

· Bonus:  find a connection to the rank bound on the abelian gauge sector  

  - number of U(1) factors:     

• Limits of the Gauge Sector (6d/8d) as what sets the bound 

· Goal:  classify unconventional “non-minimal” stacks of coalescing 7-branes 

  - non-minimal stacks at infinite distance:  decompactifications   

· Alert:  distinguish finite distance limits in disguise from the classification    

  - non-minimal stacks at finite distance:  standard gauge enhancement
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• 6d F-theory 

· IIB string on compact 2-fold B2 w/ 7-branes on complex curves (varying axio-dilaton)  

· 7-brane configuration encoded in an elliptic Calabi-Yau 3-fold 
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DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12
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• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over divisors bi  

 
 
 
  

 
· Gi -brane loci bi 
-  /184

Gauge Algebras 

Physics of Axio-dilaton Profile
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⇡ : Y3 ! B2
<latexit sha1_base64="DI6rehF19KvOoVsIUO8Jfo850Vw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEJSS1FLdCAU3LivYC7RpmEwn7dDJJMxMpCEU3Pgqblwo4taXcOfbOG2z0OoPAx//OYcz5/ciRqWyrC8jt7S8srqWXy9sbG5t75i7e00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpeaPrab11T4SkIb9TSUScAA049SlGSluueZD0yvAKjnvn8BT6bgV2z+BY48CtumbRKlkzwb9gZ1AEmequ+dnthzgOCFeYISk7thUpJ0VCUczIpNCNJYkQHqEB6WjkKCDSSWc3TOCxdvrQD4V+XMGZ+3MiRYGUSeDpzgCpoVysTc3/ap1Y+ZdOSnkUK8LxfJEfM6hCOA0E9qkgWLFEA8KC6r9CPEQCYaVjK+gQ7MWT/0KzXLKrpcptpVirZnHkwSE4AifABhegBm5AHTQABg/gCbyAV+PReDbejPd5a87IZvbBLxkf35xalEY=</latexit>

y2 = x3 + f4 x+ g6
<latexit sha1_base64="fao2p2U6e9r4f+f2sWUrLcSjGJ8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgrVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPnbiWVQ==</latexit>

K̄⌦4
B2

<latexit sha1_base64="TQ8keBXenstJGraFJ5SHe/axgg8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgvVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPoMKWVw==</latexit>

K̄⌦6
B2

<latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠ <latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠

B2
x

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over divisors bi  

 
 
 
  

 
· Gi -brane loci bi 
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• 6d F-theory 

· IIB string on compact 2-fold B2 w/ 7-branes on complex curves (varying axio-dilaton)  

· 7-brane configuration encoded in an elliptic Calabi-Yau 3-fold 

 -                               discriminant  

<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2
<latexit sha1_base64="DI6rehF19KvOoVsIUO8Jfo850Vw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEJSS1FLdCAU3LivYC7RpmEwn7dDJJMxMpCEU3Pgqblwo4taXcOfbOG2z0OoPAx//OYcz5/ciRqWyrC8jt7S8srqWXy9sbG5t75i7e00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpeaPrab11T4SkIb9TSUScAA049SlGSluueZD0yvAKjnvn8BT6bgV2z+BY48CtumbRKlkzwb9gZ1AEmequ+dnthzgOCFeYISk7thUpJ0VCUczIpNCNJYkQHqEB6WjkKCDSSWc3TOCxdvrQD4V+XMGZ+3MiRYGUSeDpzgCpoVysTc3/ap1Y+ZdOSnkUK8LxfJEfM6hCOA0E9qkgWLFEA8KC6r9CPEQCYaVjK+gQ7MWT/0KzXLKrpcptpVirZnHkwSE4AifABhegBm5AHTQABg/gCbyAV+PReDbejPd5a87IZvbBLxkf35xalEY=</latexit>

y2 = x3 + f4 x+ g6
<latexit sha1_base64="fao2p2U6e9r4f+f2sWUrLcSjGJ8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgrVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPnbiWVQ==</latexit>

K̄⌦4
B2

<latexit sha1_base64="TQ8keBXenstJGraFJ5SHe/axgg8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgvVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPoMKWVw==</latexit>

K̄⌦6
B2

<latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠ <latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠

B2
x

<latexit sha1_base64="k9B5t7Ql4P/bWXYmVViT16OSaA4="></latexit>

� := 4f3 + 27g2 = 0

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over divisors bi  

 
 
 
  

 
· Gi -brane loci bi 
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• 6d F-theory 

· IIB string on compact 2-fold B2 w/ 7-branes on complex curves (varying axio-dilaton)  

· 7-brane configuration encoded in an elliptic Calabi-Yau 3-fold 

 -                               discriminant  

<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2
<latexit sha1_base64="DI6rehF19KvOoVsIUO8Jfo850Vw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEJSS1FLdCAU3LivYC7RpmEwn7dDJJMxMpCEU3Pgqblwo4taXcOfbOG2z0OoPAx//OYcz5/ciRqWyrC8jt7S8srqWXy9sbG5t75i7e00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpeaPrab11T4SkIb9TSUScAA049SlGSluueZD0yvAKjnvn8BT6bgV2z+BY48CtumbRKlkzwb9gZ1AEmequ+dnthzgOCFeYISk7thUpJ0VCUczIpNCNJYkQHqEB6WjkKCDSSWc3TOCxdvrQD4V+XMGZ+3MiRYGUSeDpzgCpoVysTc3/ap1Y+ZdOSnkUK8LxfJEfM6hCOA0E9qkgWLFEA8KC6r9CPEQCYaVjK+gQ7MWT/0KzXLKrpcptpVirZnHkwSE4AifABhegBm5AHTQABg/gCbyAV+PReDbejPd5a87IZvbBLxkf35xalEY=</latexit>

y2 = x3 + f4 x+ g6
<latexit sha1_base64="fao2p2U6e9r4f+f2sWUrLcSjGJ8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgrVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPnbiWVQ==</latexit>

K̄⌦4
B2

<latexit sha1_base64="TQ8keBXenstJGraFJ5SHe/axgg8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgvVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPoMKWVw==</latexit>

K̄⌦6
B2

<latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠ <latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠

bi
B2

x
x

<latexit sha1_base64="k9B5t7Ql4P/bWXYmVViT16OSaA4="></latexit>

� := 4f3 + 27g2 = 0

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over divisors bi  

 
 
 
  

 
· Gi -brane loci bi 
-  

7-brane loci bi
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• 6d F-theory 

· IIB string on compact 2-fold B2 w/ 7-branes on complex curves (varying axio-dilaton)  

· 7-brane configuration encoded in an elliptic Calabi-Yau 3-fold 

 -                               discriminant  

<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2
<latexit sha1_base64="DI6rehF19KvOoVsIUO8Jfo850Vw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEJSS1FLdCAU3LivYC7RpmEwn7dDJJMxMpCEU3Pgqblwo4taXcOfbOG2z0OoPAx//OYcz5/ciRqWyrC8jt7S8srqWXy9sbG5t75i7e00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpeaPrab11T4SkIb9TSUScAA049SlGSluueZD0yvAKjnvn8BT6bgV2z+BY48CtumbRKlkzwb9gZ1AEmequ+dnthzgOCFeYISk7thUpJ0VCUczIpNCNJYkQHqEB6WjkKCDSSWc3TOCxdvrQD4V+XMGZ+3MiRYGUSeDpzgCpoVysTc3/ap1Y+ZdOSnkUK8LxfJEfM6hCOA0E9qkgWLFEA8KC6r9CPEQCYaVjK+gQ7MWT/0KzXLKrpcptpVirZnHkwSE4AifABhegBm5AHTQABg/gCbyAV+PReDbejPd5a87IZvbBLxkf35xalEY=</latexit>

y2 = x3 + f4 x+ g6
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B2

<latexit sha1_base64="TQ8keBXenstJGraFJ5SHe/axgg8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgvVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPoMKWVw==</latexit>

K̄⌦6
B2

<latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠ <latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠
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� := 4f3 + 27g2 = 0

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12
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• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over divisors bi  

 
 
 
  

 
· Gi -brane loci bi 
-  

7-brane loci bi
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<latexit sha1_base64="k9B5t7Ql4P/bWXYmVViT16OSaA4="></latexit>

� := 4f3 + 27g2 = 0

• Gaug 

 Abelian U(1)A vectors 

· Sections                         to the elliptic fibration  
· U(1)A-brane loci                                      (height pairing)

<latexit sha1_base64="Yay6mOFpLghDCWazU5ab1ioe77s=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclaSWKq6qblxWsA9pQ5hMJs3QySTMTJQSunLjr7hxoYhbv8Gdf+O0zUJbD1w4nHMv997jJYxKZVnfxsLi0vLKamGtuL6xubVt7uy2ZJwKTJo4ZrHoeEgSRjlpKqoY6SSCoMhjpO0NrsZ++54ISWN+q4YJcSLU5zSgGCktueaBdC/gObx0K7DnIxkK2g8VEiJ+gHfuiWuWrLI1AZwndk5KIEfDNb96fozTiHCFGZKya1uJcjIkFMWMjIq9VJIE4QHqk66mHEVEOtnkjRE80ooPg1jo4gpO1N8TGYqkHEae7oyQCuWsNxb/87qpCs6cjPIkVYTj6aIgZVDFcJwJ9KkgWLGhJggLqm+FOEQCYaWTK+oQ7NmX50mrUrZr5epNtVSv5XEUwD44BMfABqegDq5BAzQBBo/gGbyCN+PJeDHejY9p64KRz+yBPzA+fwAW7pea</latexit>

sA : B2 99K Y3

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12
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• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over divisors bi  

 
 
 
  

 
· Gi -brane loci bi 
-  

7-brane loci bi
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<latexit sha1_base64="PXCKb/NhWr5xZHAUhYlUPiLwjbs=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsBUsiRUUQqm5cVrAPaEKYTKbt0EkmzEyEEvoJbvwVNy4UcevSnX/jtM2iVg9cOJxzL/fe48eMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mpInApMG5oyLto8kYTQiDUUVI+1YEBT6jLT8wc3Ybz0QISmP7tUwJm6IehHtUoyUljzz8OLy2Impd1RyJO2FqCS9qzJ0cMAVnFHKnlm0KtYE8C+xM1IEGeqe+eUEHCchiRRmSMqObcXKTZFQFDMyKjiJJDHCA9QjHU0jFBLpppOHRvBAKwHscqErUnCizk6kKJRyGPq6M0SqL+e9sfif10lU99xNaRQnikR4uqibMKg4HKcDAyoIVmyoCcKC6lsh7iOBsNIZFnQI9vzLf0nzpGKfVqp31WLtOosjD/bAPigBG5yBGrgFddAAGDyCZ/AK3own48V4Nz6mrTkjm9kFv2B8/gA4kJrV</latexit>

:= �⇡⇤(�(sA) · �(sA))
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<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2
<latexit sha1_base64="DI6rehF19KvOoVsIUO8Jfo850Vw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEJSS1FLdCAU3LivYC7RpmEwn7dDJJMxMpCEU3Pgqblwo4taXcOfbOG2z0OoPAx//OYcz5/ciRqWyrC8jt7S8srqWXy9sbG5t75i7e00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpeaPrab11T4SkIb9TSUScAA049SlGSluueZD0yvAKjnvn8BT6bgV2z+BY48CtumbRKlkzwb9gZ1AEmequ+dnthzgOCFeYISk7thUpJ0VCUczIpNCNJYkQHqEB6WjkKCDSSWc3TOCxdvrQD4V+XMGZ+3MiRYGUSeDpzgCpoVysTc3/ap1Y+ZdOSnkUK8LxfJEfM6hCOA0E9qkgWLFEA8KC6r9CPEQCYaVjK+gQ7MWT/0KzXLKrpcptpVirZnHkwSE4AifABhegBm5AHTQABg/gCbyAV+PReDbejPd5a87IZvbBLxkf35xalEY=</latexit>

y2 = x3 + f4 x+ g6
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<latexit sha1_base64="TQ8keBXenstJGraFJ5SHe/axgg8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgvVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPoMKWVw==</latexit>
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<latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠ <latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠

bi
B2

x
x

<latexit sha1_base64="k9B5t7Ql4P/bWXYmVViT16OSaA4="></latexit>

� := 4f3 + 27g2 = 0

• Gaug 

 Abelian U(1)A vectors 

· Sections                         to the elliptic fibration  
· U(1)A-brane loci     (height pairing)

<latexit sha1_base64="Yay6mOFpLghDCWazU5ab1ioe77s=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclaSWKq6qblxWsA9pQ5hMJs3QySTMTJQSunLjr7hxoYhbv8Gdf+O0zUJbD1w4nHMv997jJYxKZVnfxsLi0vLKamGtuL6xubVt7uy2ZJwKTJo4ZrHoeEgSRjlpKqoY6SSCoMhjpO0NrsZ++54ISWN+q4YJcSLU5zSgGCktueaBdC/gObx0K7DnIxkK2g8VEiJ+gHfuiWuWrLI1AZwndk5KIEfDNb96fozTiHCFGZKya1uJcjIkFMWMjIq9VJIE4QHqk66mHEVEOtnkjRE80ooPg1jo4gpO1N8TGYqkHEae7oyQCuWsNxb/87qpCs6cjPIkVYTj6aIgZVDFcJwJ9KkgWLGhJggLqm+FOEQCYaWTK+oQ7NmX50mrUrZr5epNtVSv5XEUwD44BMfABqegDq5BAzQBBo/gGbyCN+PJeDHejY9p64KRz+yBPzA+fwAW7pea</latexit>

sA : B2 99K Y3

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over divisors bi  

 
 
 
  

 
· Gi -brane loci bi 
-  

7-brane loci bi

/18
bA

<latexit sha1_base64="PXCKb/NhWr5xZHAUhYlUPiLwjbs=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsBUsiRUUQqm5cVrAPaEKYTKbt0EkmzEyEEvoJbvwVNy4UcevSnX/jtM2iVg9cOJxzL/fe48eMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mpInApMG5oyLto8kYTQiDUUVI+1YEBT6jLT8wc3Ybz0QISmP7tUwJm6IehHtUoyUljzz8OLy2Impd1RyJO2FqCS9qzJ0cMAVnFHKnlm0KtYE8C+xM1IEGeqe+eUEHCchiRRmSMqObcXKTZFQFDMyKjiJJDHCA9QjHU0jFBLpppOHRvBAKwHscqErUnCizk6kKJRyGPq6M0SqL+e9sfif10lU99xNaRQnikR4uqibMKg4HKcDAyoIVmyoCcKC6lsh7iOBsNIZFnQI9vzLf0nzpGKfVqp31WLtOosjD/bAPigBG5yBGrgFddAAGDyCZ/AK3own48V4Nz6mrTkjm9kFv2B8/gA4kJrV</latexit>

:= �⇡⇤(�(sA) · �(sA))

Gauge Algebras 

Physics of Axio-dilaton Profile

4



• 6d F-theory 

· IIB string on compact 2-fold B2 w/ 7-branes on complex curves (varying axio-dilaton)  

· 7-brane configuration encoded in an elliptic Calabi-Yau 3-fold 

 -                               discriminant  

<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2
<latexit sha1_base64="DI6rehF19KvOoVsIUO8Jfo850Vw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEJSS1FLdCAU3LivYC7RpmEwn7dDJJMxMpCEU3Pgqblwo4taXcOfbOG2z0OoPAx//OYcz5/ciRqWyrC8jt7S8srqWXy9sbG5t75i7e00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpeaPrab11T4SkIb9TSUScAA049SlGSluueZD0yvAKjnvn8BT6bgV2z+BY48CtumbRKlkzwb9gZ1AEmequ+dnthzgOCFeYISk7thUpJ0VCUczIpNCNJYkQHqEB6WjkKCDSSWc3TOCxdvrQD4V+XMGZ+3MiRYGUSeDpzgCpoVysTc3/ap1Y+ZdOSnkUK8LxfJEfM6hCOA0E9qkgWLFEA8KC6r9CPEQCYaVjK+gQ7MWT/0KzXLKrpcptpVirZnHkwSE4AifABhegBm5AHTQABg/gCbyAV+PReDbejPd5a87IZvbBLxkf35xalEY=</latexit>

y2 = x3 + f4 x+ g6
<latexit sha1_base64="fao2p2U6e9r4f+f2sWUrLcSjGJ8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgrVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPnbiWVQ==</latexit>

K̄⌦4
B2

<latexit sha1_base64="TQ8keBXenstJGraFJ5SHe/axgg8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWklOqy6EZwU8E+oIlhMp20QyczYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+grUQqMWlhwYTshkgRRjlpaaoZ6SaSoDhkpBOOrqZ+54FIRQW/0+OE+DEacBpRjLSRAvvIC5GEN0F2GVQn95knNI2JgvVJYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHZo+fzT6YwFOj9GEkpCmu4Uz9PZGhWKlxHJrOGOmhWvSm4n9eL9XRhZ9RnqSacDxfFKUMagGnccA+lQRrNjYEYUnNrRAPkURYm9BKJgR38eVl0q5W3HqldlsrN+p5HEVwDE7AGXDBOWiAa9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPoMKWVw==</latexit>

K̄⌦6
B2

<latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠ <latexit sha1_base64="WbKbtVSVMBe8tKA9qnCBqSvKw88=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBobLYbXm1b0F8DrxC1KDAq1h9WswimkqmbJUEGP6vpfYICPacirYvDJIDUsInZIx6zuqiGQmyBa3zvGFU0Y4irUrZfFC/T2REWnMTIauUxI7MateLv7n9VMb3QYZV0lqmaLLRVEqsI1x/jgecc2oFTNHCNXc3YrphGhCrYun4kLwV19eJ52rut+oXz9c15qNIo4ynME5XIIPN9CEe2hBGyhM4Ble4Q1J9ILe0ceytYSKmVP4A/T5Ax8BjkQ=</latexit> ⇠

bi
B2

x
x

<latexit sha1_base64="k9B5t7Ql4P/bWXYmVViT16OSaA4="></latexit>

� := 4f3 + 27g2 = 0

• Gaug 

 Abelian U(1)A vectors 

· Sections                         to the elliptic fibration  
· U(1)A-brane loci     (height pairing)

<latexit sha1_base64="Yay6mOFpLghDCWazU5ab1ioe77s=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclaSWKq6qblxWsA9pQ5hMJs3QySTMTJQSunLjr7hxoYhbv8Gdf+O0zUJbD1w4nHMv997jJYxKZVnfxsLi0vLKamGtuL6xubVt7uy2ZJwKTJo4ZrHoeEgSRjlpKqoY6SSCoMhjpO0NrsZ++54ISWN+q4YJcSLU5zSgGCktueaBdC/gObx0K7DnIxkK2g8VEiJ+gHfuiWuWrLI1AZwndk5KIEfDNb96fozTiHCFGZKya1uJcjIkFMWMjIq9VJIE4QHqk66mHEVEOtnkjRE80ooPg1jo4gpO1N8TGYqkHEae7oyQCuWsNxb/87qpCs6cjPIkVYTj6aIgZVDFcJwJ9KkgWLGhJggLqm+FOEQCYaWTK+oQ7NmX50mrUrZr5epNtVSv5XEUwD44BMfABqegDq5BAzQBBo/gGbyCN+PJeDHejY9p64KRz+yBPzA+fwAW7pea</latexit>

sA : B2 99K Y3

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2

• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over divisors bi  

 
 
 
  

 
· Gi -brane loci bi 
-  

7-brane loci bi
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bA

<latexit sha1_base64="PXCKb/NhWr5xZHAUhYlUPiLwjbs=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsBUsiRUUQqm5cVrAPaEKYTKbt0EkmzEyEEvoJbvwVNy4UcevSnX/jtM2iVg9cOJxzL/fe48eMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mpInApMG5oyLto8kYTQiDUUVI+1YEBT6jLT8wc3Ybz0QISmP7tUwJm6IehHtUoyUljzz8OLy2Impd1RyJO2FqCS9qzJ0cMAVnFHKnlm0KtYE8C+xM1IEGeqe+eUEHCchiRRmSMqObcXKTZFQFDMyKjiJJDHCA9QjHU0jFBLpppOHRvBAKwHscqErUnCizk6kKJRyGPq6M0SqL+e9sfif10lU99xNaRQnikR4uqibMKg4HKcDAyoIVmyoCcKC6lsh7iOBsNIZFnQI9vzLf0nzpGKfVqp31WLtOosjD/bAPigBG5yBGrgFddAAGDyCZ/AK3own48V4Nz6mrTkjm9kFv2B8/gA4kJrV</latexit>

:= �⇡⇤(�(sA) · �(sA))

Gauge Algebras 

Physics of Axio-dilaton Profile

4



• The Mordell-Weil (MW) Group  

· The rational sections to an elliptic fibration                      form a group    

· MW theorem (1929).  The MW group is a finitely-generated abelian group.  

 

• The Abelian Gauge Sectors 

· The continuous abelian gauge sector 

 - encoded in the free part of the MW group: 

                                                            

· The global structure of the gauge group 

 - encoded in the torsional part of the MW group:  

                                                            
 - rationale:  analysis of the Shioda image of an n-torsional section reveals that the coweight    

    lattice of the group is finer by order n than that of the universal cover [Mayrhofer, Morrison, Till, Weigand ’14] 

<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2

<latexit sha1_base64="7fW33j2AJhY0QGZmNwUSWnvjDH8=">AAACK3icbVBLTwIxGOziC/GFevTSSEzwQnaVoEeiFy8aTHgpi5tuKdDQbte2a0I2/B8v/hUPevARr/4Pu8BB0EmaTGe+L+2MHzKqtG1/WKmFxaXllfRqZm19Y3Mru71TVyKSmNSwYEI2faQIowGpaaoZaYaSIO4z0vAH54nfeCBSURFU9TAkbY56Ae1SjLSRvOxZ7EoOLxujPLzxjg+hqygn99DlSPd9H97eXUFXhCxScHbQG1+rQqqRl83ZBXsM+Jc4U5IDU1S87IvbETjiJNCYIaVajh3qdoykppiRUcaNFAkRHqAeaRkaIE5UOx5nHcEDo3RgV0hzAg3H6u+NGHGlhtw3k0kGNe8l4n9eK9Ld03ZMgzDSJMCTh7oRg1rApDjYoZJgzYaGICyp+SvEfSQR1qbejCnBmY/8l9SPCk6pULwu5sqlaR1psAf2QR444ASUwQWogBrA4BE8gzfwbj1Zr9an9TUZTVnTnV0wA+v7B/zGpbY=</latexit>

MW(Y3) ' ZN �MW(Y3)Tors

<latexit sha1_base64="vOz0vnj8RAWco1ddrmHQDrzg27U="></latexit>

MW(Y3)Tors ' Zn � Zm ) G = Ĝ/(Zn ⇥ Zm)

/185

Non-abelian Group and Abelian Rank  
Physics of the Arithmetic

<latexit sha1_base64="oYY/2aC5oklfuB6kiYQ5zaNNCfI=">AAACEXicbZDLSsNAFIYn9VbrrerSzWAR0k1JtKgIhaIbN5YKpq20IUym03boZBJmJkIJeQU3voobF4q4defOt3F6WWjrDwMf/zmHM+f3I0alsqxvI7O0vLK6ll3PbWxube/kd/caMowFJg4OWShaPpKEUU4cRRUjrUgQFPiMNP3h1bjefCBC0pDfqVFE3AD1Oe1RjJS2vLxZu6gkHRFAgfgwNSd400xNeO+dFIuwAmte4ph2MfXyBatkTQQXwZ5BAcxU9/JfnW6I44BwhRmSsm1bkXITJBTFjKS5TixJhPAQ9UlbI0cBkW4yuSiFR9rpwl4o9OMKTtzfEwkKpBwFvu4MkBrI+drY/K/WjlXv3E0oj2JFOJ4u6sUMqhCO44FdKghWbKQBYUH1XyEeIIGw0iHmdAj2/MmL0Dgu2ael8m25UL2cxZEFB+AQmMAGZ6AKrkEdOACDR/AMXsGb8WS8GO/Gx7Q1Y8xm9sEfGZ8/GQCapQ==</latexit>

N := rank(MW(Y3)) = NU(1)
<latexit sha1_base64="q5Bk2hNLS4UmGPImnjMXaKJtqI8=">AAAB8nicbZC7SgNBFIZnvcZ4i1raLAYhNmFXJNoZsLGMYi6wu4TZyWwyZHZmmTmrhCXPYGVjoYitj2DlI9j5IPZOLoUm/jDw8f/nMOecMOFMg+N8WQuLS8srq7m1/PrG5tZ2YWe3oWWqCK0TyaVqhVhTzgStAwNOW4miOA45bYb9i1HevKVKMyluYJDQIMZdwSJGMBjL869ZtwdYKXnXLhSdsjOWPQ/uFIrn76Xvj3v/qNYufPodSdKYCiAca+25TgJBhhUwwukw76eaJpj0cZd6BgWOqQ6y8chD+9A4HTuSyjwB9tj93ZHhWOtBHJrKGENPz2Yj87/MSyE6CzImkhSoIJOPopTbIO3R/naHKUqADwxgopiZ1SY9rDABc6W8OYI7u/I8NI7LbqV8cuUUqxU0UQ7towNUQi46RVV0iWqojgiS6AE9oWcLrEfrxXqdlC5Y05499EfW2w/Z+5VU</latexit>)



Non-abelian Group and Abelian Rank  
Physics of the Arithmetic

• The Mordell-Weil (MW) Group  

· The rational sections to an elliptic fibration                      form a group    

· MW theorem (1929).  The MW group is a finitely-generated abelian group.  

 

• The Abelian Gauge Sectors 

· The continuous abelian gauge sector 

 - encoded in the free part of the MW group: 

                                                            

· The global structure of the gauge group 

 - encoded in the torsional part of the MW group:  

                                                            
 - rationale:  analysis of the Shioda image of an n-torsional section reveals that the coweight    

    lattice of the group is finer by order n than that of the universal cover [Mayrhofer, Morrison, Till, Weigand ’14] 

<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2

<latexit sha1_base64="7fW33j2AJhY0QGZmNwUSWnvjDH8=">AAACK3icbVBLTwIxGOziC/GFevTSSEzwQnaVoEeiFy8aTHgpi5tuKdDQbte2a0I2/B8v/hUPevARr/4Pu8BB0EmaTGe+L+2MHzKqtG1/WKmFxaXllfRqZm19Y3Mru71TVyKSmNSwYEI2faQIowGpaaoZaYaSIO4z0vAH54nfeCBSURFU9TAkbY56Ae1SjLSRvOxZ7EoOLxujPLzxjg+hqygn99DlSPd9H97eXUFXhCxScHbQG1+rQqqRl83ZBXsM+Jc4U5IDU1S87IvbETjiJNCYIaVajh3qdoykppiRUcaNFAkRHqAeaRkaIE5UOx5nHcEDo3RgV0hzAg3H6u+NGHGlhtw3k0kGNe8l4n9eK9Ld03ZMgzDSJMCTh7oRg1rApDjYoZJgzYaGICyp+SvEfSQR1qbejCnBmY/8l9SPCk6pULwu5sqlaR1psAf2QR444ASUwQWogBrA4BE8gzfwbj1Zr9an9TUZTVnTnV0wA+v7B/zGpbY=</latexit>

MW(Y3) ' ZN �MW(Y3)Tors

<latexit sha1_base64="vOz0vnj8RAWco1ddrmHQDrzg27U="></latexit>

MW(Y3)Tors ' Zn � Zm ) G = Ĝ/(Zn ⇥ Zm)

/185

<latexit sha1_base64="oYY/2aC5oklfuB6kiYQ5zaNNCfI=">AAACEXicbZDLSsNAFIYn9VbrrerSzWAR0k1JtKgIhaIbN5YKpq20IUym03boZBJmJkIJeQU3voobF4q4defOt3F6WWjrDwMf/zmHM+f3I0alsqxvI7O0vLK6ll3PbWxube/kd/caMowFJg4OWShaPpKEUU4cRRUjrUgQFPiMNP3h1bjefCBC0pDfqVFE3AD1Oe1RjJS2vLxZu6gkHRFAgfgwNSd400xNeO+dFIuwAmte4ph2MfXyBatkTQQXwZ5BAcxU9/JfnW6I44BwhRmSsm1bkXITJBTFjKS5TixJhPAQ9UlbI0cBkW4yuSiFR9rpwl4o9OMKTtzfEwkKpBwFvu4MkBrI+drY/K/WjlXv3E0oj2JFOJ4u6sUMqhCO44FdKghWbKQBYUH1XyEeIIGw0iHmdAj2/MmL0Dgu2ael8m25UL2cxZEFB+AQmMAGZ6AKrkEdOACDR/AMXsGb8WS8GO/Gx7Q1Y8xm9sEfGZ8/GQCapQ==</latexit>

N := rank(MW(Y3)) = NU(1)
<latexit sha1_base64="q5Bk2hNLS4UmGPImnjMXaKJtqI8=">AAAB8nicbZC7SgNBFIZnvcZ4i1raLAYhNmFXJNoZsLGMYi6wu4TZyWwyZHZmmTmrhCXPYGVjoYitj2DlI9j5IPZOLoUm/jDw8f/nMOecMOFMg+N8WQuLS8srq7m1/PrG5tZ2YWe3oWWqCK0TyaVqhVhTzgStAwNOW4miOA45bYb9i1HevKVKMyluYJDQIMZdwSJGMBjL869ZtwdYKXnXLhSdsjOWPQ/uFIrn76Xvj3v/qNYufPodSdKYCiAca+25TgJBhhUwwukw76eaJpj0cZd6BgWOqQ6y8chD+9A4HTuSyjwB9tj93ZHhWOtBHJrKGENPz2Yj87/MSyE6CzImkhSoIJOPopTbIO3R/naHKUqADwxgopiZ1SY9rDABc6W8OYI7u/I8NI7LbqV8cuUUqxU0UQ7towNUQi46RVV0iWqojgiS6AE9oWcLrEfrxXqdlC5Y05499EfW2w/Z+5VU</latexit>)



• The Mordell-Weil (MW) Group  

· The rational sections to an elliptic fibration                      form a group    

· MW theorem (1929).  The MW group is a finitely-generated abelian group.  

 

• The Abelian Gauge Sectors 

· The continuous abelian gauge sector 

 - encoded in the free part of the MW group: 

                                                            

· The global structure of the gauge group 

 - encoded in the torsional part of the MW group:  

                                                            
 - rationale:  analysis of the Shioda image of an n-torsional section reveals that the coweight    

    lattice of the group is finer by order n than that of the universal cover [Mayrhofer, Morrison, Till, Weigand ’14] 

<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2

<latexit sha1_base64="7fW33j2AJhY0QGZmNwUSWnvjDH8=">AAACK3icbVBLTwIxGOziC/GFevTSSEzwQnaVoEeiFy8aTHgpi5tuKdDQbte2a0I2/B8v/hUPevARr/4Pu8BB0EmaTGe+L+2MHzKqtG1/WKmFxaXllfRqZm19Y3Mru71TVyKSmNSwYEI2faQIowGpaaoZaYaSIO4z0vAH54nfeCBSURFU9TAkbY56Ae1SjLSRvOxZ7EoOLxujPLzxjg+hqygn99DlSPd9H97eXUFXhCxScHbQG1+rQqqRl83ZBXsM+Jc4U5IDU1S87IvbETjiJNCYIaVajh3qdoykppiRUcaNFAkRHqAeaRkaIE5UOx5nHcEDo3RgV0hzAg3H6u+NGHGlhtw3k0kGNe8l4n9eK9Ld03ZMgzDSJMCTh7oRg1rApDjYoZJgzYaGICyp+SvEfSQR1qbejCnBmY/8l9SPCk6pULwu5sqlaR1psAf2QR444ASUwQWogBrA4BE8gzfwbj1Zr9an9TUZTVnTnV0wA+v7B/zGpbY=</latexit>

MW(Y3) ' ZN �MW(Y3)Tors

<latexit sha1_base64="oYY/2aC5oklfuB6kiYQ5zaNNCfI=">AAACEXicbZDLSsNAFIYn9VbrrerSzWAR0k1JtKgIhaIbN5YKpq20IUym03boZBJmJkIJeQU3voobF4q4defOt3F6WWjrDwMf/zmHM+f3I0alsqxvI7O0vLK6ll3PbWxube/kd/caMowFJg4OWShaPpKEUU4cRRUjrUgQFPiMNP3h1bjefCBC0pDfqVFE3AD1Oe1RjJS2vLxZu6gkHRFAgfgwNSd400xNeO+dFIuwAmte4ph2MfXyBatkTQQXwZ5BAcxU9/JfnW6I44BwhRmSsm1bkXITJBTFjKS5TixJhPAQ9UlbI0cBkW4yuSiFR9rpwl4o9OMKTtzfEwkKpBwFvu4MkBrI+drY/K/WjlXv3E0oj2JFOJ4u6sUMqhCO44FdKghWbKQBYUH1XyEeIIGw0iHmdAj2/MmL0Dgu2ael8m25UL2cxZEFB+AQmMAGZ6AKrkEdOACDR/AMXsGb8WS8GO/Gx7Q1Y8xm9sEfGZ8/GQCapQ==</latexit>

N := rank(MW(Y3)) = NU(1)

<latexit sha1_base64="vOz0vnj8RAWco1ddrmHQDrzg27U="></latexit>

MW(Y3)Tors ' Zn � Zm ) G = Ĝ/(Zn ⇥ Zm)

/18
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<latexit sha1_base64="q5Bk2hNLS4UmGPImnjMXaKJtqI8=">AAAB8nicbZC7SgNBFIZnvcZ4i1raLAYhNmFXJNoZsLGMYi6wu4TZyWwyZHZmmTmrhCXPYGVjoYitj2DlI9j5IPZOLoUm/jDw8f/nMOecMOFMg+N8WQuLS8srq7m1/PrG5tZ2YWe3oWWqCK0TyaVqhVhTzgStAwNOW4miOA45bYb9i1HevKVKMyluYJDQIMZdwSJGMBjL869ZtwdYKXnXLhSdsjOWPQ/uFIrn76Xvj3v/qNYufPodSdKYCiAca+25TgJBhhUwwukw76eaJpj0cZd6BgWOqQ6y8chD+9A4HTuSyjwB9tj93ZHhWOtBHJrKGENPz2Yj87/MSyE6CzImkhSoIJOPopTbIO3R/naHKUqADwxgopiZ1SY9rDABc6W8OYI7u/I8NI7LbqV8cuUUqxU0UQ7towNUQi46RVV0iWqojgiS6AE9oWcLrEfrxXqdlC5Y05499EfW2w/Z+5VU</latexit>)



• The Mordell-Weil (MW) Group  

· The rational sections to an elliptic fibration                      form a group    

· MW theorem (1929).  The MW group is a finitely-generated abelian group.  

 

• The Abelian Gauge Sectors 

· The continuous abelian gauge sector 

 - encoded in the free part of the MW group: 

                                                            

· The global structure of the gauge group 

 - encoded in the torsional part of the MW group:  

                                                            
 - rationale:  analysis of the Shioda image of an n-torsional section reveals that the coweight    

    lattice of the group is finer by order n than that of the universal cover [Mayrhofer, Morrison, Till, Weigand ’14] 

<latexit sha1_base64="XtxiZTtF2D3HvIUg6QxH2/UNGHM=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS11Meq6MZlBfuQJITJdNIOnTyYmQgl5Fvc+CtuXCjqSvBjnKYRtPXAwOGce+/ce7yYUSEN41NbWFxaXlktrZXXNza3tvWd3Y6IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeqOrid+9J1zQKLyV45g4ARqE1KcYSSW5+nlq50MsPvCc1KgaOY7nSGbH9ALeuSfQlhG8dGuZq1d+TDhPzIJUQIGWq7/b/QgnAQklZkgIyzRi6aSIS4oZycp2IkiM8AgNiKVoiAIinDTfLoOHSulDP+LqhRLm6u+OFAVCjANPVQZIDsWsNxH/86xE+mdOSsM4kSTE04/8hEF15SQv2KecYMnGiiDMqdoV4iHiCEuValmFYM6ePE86tarZqNZv6pVmo4ijBPbBATgCJjgFTXANWqANMHgAT+AFvGqP2rP2pn1MSxe0omcP/IH29Q3Zp57e</latexit>

⇡ : Y3 ! B2

<latexit sha1_base64="7fW33j2AJhY0QGZmNwUSWnvjDH8=">AAACK3icbVBLTwIxGOziC/GFevTSSEzwQnaVoEeiFy8aTHgpi5tuKdDQbte2a0I2/B8v/hUPevARr/4Pu8BB0EmaTGe+L+2MHzKqtG1/WKmFxaXllfRqZm19Y3Mru71TVyKSmNSwYEI2faQIowGpaaoZaYaSIO4z0vAH54nfeCBSURFU9TAkbY56Ae1SjLSRvOxZ7EoOLxujPLzxjg+hqygn99DlSPd9H97eXUFXhCxScHbQG1+rQqqRl83ZBXsM+Jc4U5IDU1S87IvbETjiJNCYIaVajh3qdoykppiRUcaNFAkRHqAeaRkaIE5UOx5nHcEDo3RgV0hzAg3H6u+NGHGlhtw3k0kGNe8l4n9eK9Ld03ZMgzDSJMCTh7oRg1rApDjYoZJgzYaGICyp+SvEfSQR1qbejCnBmY/8l9SPCk6pULwu5sqlaR1psAf2QR444ASUwQWogBrA4BE8gzfwbj1Zr9an9TUZTVnTnV0wA+v7B/zGpbY=</latexit>

MW(Y3) ' ZN �MW(Y3)Tors

<latexit sha1_base64="vOz0vnj8RAWco1ddrmHQDrzg27U="></latexit>

MW(Y3)Tors ' Zn � Zm ) G = Ĝ/(Zn ⇥ Zm)
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<latexit sha1_base64="oYY/2aC5oklfuB6kiYQ5zaNNCfI=">AAACEXicbZDLSsNAFIYn9VbrrerSzWAR0k1JtKgIhaIbN5YKpq20IUym03boZBJmJkIJeQU3voobF4q4defOt3F6WWjrDwMf/zmHM+f3I0alsqxvI7O0vLK6ll3PbWxube/kd/caMowFJg4OWShaPpKEUU4cRRUjrUgQFPiMNP3h1bjefCBC0pDfqVFE3AD1Oe1RjJS2vLxZu6gkHRFAgfgwNSd400xNeO+dFIuwAmte4ph2MfXyBatkTQQXwZ5BAcxU9/JfnW6I44BwhRmSsm1bkXITJBTFjKS5TixJhPAQ9UlbI0cBkW4yuSiFR9rpwl4o9OMKTtzfEwkKpBwFvu4MkBrI+drY/K/WjlXv3E0oj2JFOJ4u6sUMqhCO44FdKghWbKQBYUH1XyEeIIGw0iHmdAj2/MmL0Dgu2ael8m25UL2cxZEFB+AQmMAGZ6AKrkEdOACDR/AMXsGb8WS8GO/Gx7Q1Y8xm9sEfGZ8/GQCapQ==</latexit>

N := rank(MW(Y3)) = NU(1)
<latexit sha1_base64="q5Bk2hNLS4UmGPImnjMXaKJtqI8=">AAAB8nicbZC7SgNBFIZnvcZ4i1raLAYhNmFXJNoZsLGMYi6wu4TZyWwyZHZmmTmrhCXPYGVjoYitj2DlI9j5IPZOLoUm/jDw8f/nMOecMOFMg+N8WQuLS8srq7m1/PrG5tZ2YWe3oWWqCK0TyaVqhVhTzgStAwNOW4miOA45bYb9i1HevKVKMyluYJDQIMZdwSJGMBjL869ZtwdYKXnXLhSdsjOWPQ/uFIrn76Xvj3v/qNYufPodSdKYCiAca+25TgJBhhUwwukw76eaJpj0cZd6BgWOqQ6y8chD+9A4HTuSyjwB9tj93ZHhWOtBHJrKGENPz2Yj87/MSyE6CzImkhSoIJOPopTbIO3R/naHKUqADwxgopiZ1SY9rDABc6W8OYI7u/I8NI7LbqV8cuUUqxU0UQ7towNUQi46RVV0iWqojgiS6AE9oWcLrEfrxXqdlC5Y05499EfW2w/Z+5VU</latexit>)



[Martucci ’14], [Haghighat, Murthy, Vafa, Vandoren ’15], [Lawrie, Schafer-Nameki, Weigand ‘16]  

N=(0,4) worldsheet theory of a 6d stringN=4 SYM along C w/ varying coupling

<latexit sha1_base64="Nvtj+42ytzpVy82wtgt4e0bHCcQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgqsyUUsVV0Y3LCvYBnXHIpGkbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2llo64HA4Zx7yT0njBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnH15nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX0cX8KroAo9HUGPIz0KQ9i8d4PUkxyG08AuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLMYWnRunDQSTNExrO1N8bKeJKTXhoJrNT1aKXif95vUQPLvyUijjRROD5R4OEQRM6KwX2qSRYs4khCEtqboV4hCTC2lRXMiW4i5GXSbtaceuV2m2t3KjndRTBETgBZ8AF56ABbkATtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/gU2XzQ==</latexit>

p : B2 ! P1
b

.

• Branes on Curves  

· 7-brane on b I :  6d vector multiplet 

· 3-brane on C :  effective string (Q = [C])

• Solitonic Strings   

· 
 
 
 

 - the 3-7 modes present at k I (:= C  b I) points are charged under G I 

 - topology of the curve C in B2 determines the associated string type  

· Essentially all 2-fold bases are     -fibered,                            #(tensor multiplets) = nT > 0 

 - full list:              and blowups thereof [Grassi ’91], [Gross ’93] (all but      is     -fibered & has more than one 2-forms)  

· A distinguished string from the     -fiber                                  

 - focus first on generic F-theory vacua w/ heterotic string (w/ nT > 0) 

 - separately analyze models on               (w/ nT = 0) afterwards         
/186

Solitonic Strings 

Heterotic String

<latexit sha1_base64="09/D5eoh1Q+znE/i7adj/OH0+50=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARXJQyU4q6LArisoJ9QDsOmTRtQzMPkoxQhuLGX3HjQhG3foU7/8ZMO4K2HgicnHMv997jRZxJZVlfRm5peWV1Lb9e2Njc2t4xd/eaMowFoQ0S8lC0PSwpZwFtKKY4bUeCYt/jtOWNLlO/dU+FZGFwq8YRdXw8CFifEay05JoHXR+roeeh+l2lhH4+V+6o5JpFq2xNgRaJnZEiZKi75me3F5LYp4EiHEvZsa1IOQkWihFOJ4VuLGmEyQgPaEfTAPtUOsn0hAk61koP9UOhX6DQVP3dkWBfyrHv6cp0RznvpeJ/XidW/XMnYUEUKxqQ2aB+zJEKUZoH6jFBieJjTTARTO+KyBALTJROraBDsOdPXiTNStk+LVdvqsXaRRZHHg7hCE7AhjOowTXUoQEEHuAJXuDVeDSejTfjfVaaM7KeffgD4+MbBhqV6g==</latexit>

P2,Fk,

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

<latexit sha1_base64="FwbhAuQkN3vIQqSWw9IXrUS3zj8=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRIRH7uCGxcuKtgHtKFMppN06GQmzNwoIdRfceNCEbd+iDv/xmmbhbYeuHA4517uvSdIONPgut9WaWV1bX2jvFnZ2t7Z3bP3D9paporQFpFcqm6ANeVM0BYw4LSbKIrjgNNOML6e+p0HqjST4h6yhPoxjgQLGcFgpIFd7d9KEXEagmLRCLBS8nFg19y6O4OzTLyC1FCB5sD+6g8lSWMqgHCsdc9zE/BzrIARTieVfqppgskYR7RnqMAx1X4+O37iHBtl6IRSmRLgzNTfEzmOtc7iwHTGGEZ60ZuK/3m9FMJLP2ciSYEKMl8UptwB6UyTcIZMUQI8MwQTxcytDhlhhQmYvComBG/x5WXSPq175/Wzu7Na46qIo4wO0RE6QR66QA10g5qohQjK0DN6RW/Wk/VivVsf89aSVcxU0R9Ynz93BJVJ</latexit>()

<latexit sha1_base64="y60o5wDK1o+bjr4aI1OXyEhoh4g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp1Y1QdOOygn1AG8NkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzpje533ukQrIovFdpTJ0Aj0PmM4KVllyzcu3W0RXKhgFWE89D7dlD3TWrVs2aA60SuyBVKNB2za/hKCJJQENFOJZyYFuxcjIsFCOczsrDRNIYkyke04GmIQ6odLJ5+Bk608oI+ZHQL1Rorv7eyHAgZRp4ejLPKJe9XPzPGyTKv3QyFsaJoiFZHPITjlSE8ibQiAlKFE81wUQwnRWRCRaYKN1XWZdgL395lXTrNbtZa9w1qq1mUUcJTuAUzsGGC2jBLbShAwRSeIZXeDOejBfj3fhYjK4ZxU4F/sD4/AGo1JN4</latexit>

B2 = P2

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
<latexit sha1_base64="jQC/Qff18ORn6jVlZSWTwPR+os8=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmMAixCbtBop0BG8sI5gG7McxOZpMhs7PLzKwQlnyDlY2FIrZ+gpWfYOeH2DubpNDEAxcO59zLPff6MWdK2/aXtbS8srq2ntvIb25t7+wW9vabKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHl5nfuqNSsUjc6FFMOyHuCxYwgrWRXC/EeuD7qH5b6RaKdtmeAC0SZ0aKF++l749776TeLXx6vYgkIRWacKyU69ix7qRYakY4Hee9RNEYkyHuU9dQgUOqOukk8hgdG6WHgkiaEhpN1N8TKQ6VGoW+6cwiqnkvE//z3EQH552UiTjRVJDpoiDhSEcoux/1mKRE85EhmEhmsiIywBITbb6UN09w5k9eJM1K2amWT6/tYq0KU+TgEI6gBA6cQQ2uoA4NIBDBAzzBs6WtR+vFep22LlmzmQP4A+vtB73tlJk=</latexit>

P2

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
<latexit sha1_base64="XzWbE7u68wMyaPEeZ8Eig4iuB6g="></latexit>

f = p�1(pt. 2 P1
b)

bI

B2
C



[Martucci ’14], [Haghighat, Murthy, Vafa, Vandoren ’15], [Lawrie, Schafer-Nameki, Weigand ‘16]  

N=(0,4) worldsheet theory of a 6d stringN=4 SYM along C w/ varying coupling

<latexit sha1_base64="Nvtj+42ytzpVy82wtgt4e0bHCcQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgqsyUUsVV0Y3LCvYBnXHIpGkbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2llo64HA4Zx7yT0njBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnH15nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX0cX8KroAo9HUGPIz0KQ9i8d4PUkxyG08AuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLMYWnRunDQSTNExrO1N8bKeJKTXhoJrNT1aKXif95vUQPLvyUijjRROD5R4OEQRM6KwX2qSRYs4khCEtqboV4hCTC2lRXMiW4i5GXSbtaceuV2m2t3KjndRTBETgBZ8AF56ABbkATtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/gU2XzQ==</latexit>

p : B2 ! P1
b

.

• Branes on Curves  

· 7-brane on b I :  6d vector multiplet 

· 3-brane on C :  effective string (Q = [C])

• Solitonic Strings   

· 
 
 
 

 - the 3-7 modes present at k I (:= C  b I) points are charged under G I 

 - topology of the curve C in B2 determines the associated string type  

· Essentially all 2-fold bases are     -fibered,                            #(tensor multiplets) = nT > 0 

 - full list:              and blowups thereof [Grassi ’91], [Gross ’93] (all but      is     -fibered & has more than one 2-forms)  

· A distinguished string from the     -fiber                                  

 - focus first on generic F-theory vacua w/ heterotic string (w/ nT > 0) 

 - separately analyze models on               (w/ nT = 0) afterwards         
/18

<latexit sha1_base64="09/D5eoh1Q+znE/i7adj/OH0+50=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARXJQyU4q6LArisoJ9QDsOmTRtQzMPkoxQhuLGX3HjQhG3foU7/8ZMO4K2HgicnHMv997jRZxJZVlfRm5peWV1Lb9e2Njc2t4xd/eaMowFoQ0S8lC0PSwpZwFtKKY4bUeCYt/jtOWNLlO/dU+FZGFwq8YRdXw8CFifEay05JoHXR+roeeh+l2lhH4+V+6o5JpFq2xNgRaJnZEiZKi75me3F5LYp4EiHEvZsa1IOQkWihFOJ4VuLGmEyQgPaEfTAPtUOsn0hAk61koP9UOhX6DQVP3dkWBfyrHv6cp0RznvpeJ/XidW/XMnYUEUKxqQ2aB+zJEKUZoH6jFBieJjTTARTO+KyBALTJROraBDsOdPXiTNStk+LVdvqsXaRRZHHg7hCE7AhjOowTXUoQEEHuAJXuDVeDSejTfjfVaaM7KeffgD4+MbBhqV6g==</latexit>

P2,Fk,

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

bI

B2
C

Solitonic Strings 

Heterotic String

<latexit sha1_base64="FwbhAuQkN3vIQqSWw9IXrUS3zj8=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRIRH7uCGxcuKtgHtKFMppN06GQmzNwoIdRfceNCEbd+iDv/xmmbhbYeuHA4517uvSdIONPgut9WaWV1bX2jvFnZ2t7Z3bP3D9paporQFpFcqm6ANeVM0BYw4LSbKIrjgNNOML6e+p0HqjST4h6yhPoxjgQLGcFgpIFd7d9KEXEagmLRCLBS8nFg19y6O4OzTLyC1FCB5sD+6g8lSWMqgHCsdc9zE/BzrIARTieVfqppgskYR7RnqMAx1X4+O37iHBtl6IRSmRLgzNTfEzmOtc7iwHTGGEZ60ZuK/3m9FMJLP2ciSYEKMl8UptwB6UyTcIZMUQI8MwQTxcytDhlhhQmYvComBG/x5WXSPq175/Wzu7Na46qIo4wO0RE6QR66QA10g5qohQjK0DN6RW/Wk/VivVsf89aSVcxU0R9Ynz93BJVJ</latexit>()

6

<latexit sha1_base64="y60o5wDK1o+bjr4aI1OXyEhoh4g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp1Y1QdOOygn1AG8NkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzpje533ukQrIovFdpTJ0Aj0PmM4KVllyzcu3W0RXKhgFWE89D7dlD3TWrVs2aA60SuyBVKNB2za/hKCJJQENFOJZyYFuxcjIsFCOczsrDRNIYkyke04GmIQ6odLJ5+Bk608oI+ZHQL1Rorv7eyHAgZRp4ejLPKJe9XPzPGyTKv3QyFsaJoiFZHPITjlSE8ibQiAlKFE81wUQwnRWRCRaYKN1XWZdgL395lXTrNbtZa9w1qq1mUUcJTuAUzsGGC2jBLbShAwRSeIZXeDOejBfj3fhYjK4ZxU4F/sD4/AGo1JN4</latexit>

B2 = P2

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
<latexit sha1_base64="jQC/Qff18ORn6jVlZSWTwPR+os8=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmMAixCbtBop0BG8sI5gG7McxOZpMhs7PLzKwQlnyDlY2FIrZ+gpWfYOeH2DubpNDEAxcO59zLPff6MWdK2/aXtbS8srq2ntvIb25t7+wW9vabKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHl5nfuqNSsUjc6FFMOyHuCxYwgrWRXC/EeuD7qH5b6RaKdtmeAC0SZ0aKF++l749776TeLXx6vYgkIRWacKyU69ix7qRYakY4Hee9RNEYkyHuU9dQgUOqOukk8hgdG6WHgkiaEhpN1N8TKQ6VGoW+6cwiqnkvE//z3EQH552UiTjRVJDpoiDhSEcoux/1mKRE85EhmEhmsiIywBITbb6UN09w5k9eJM1K2amWT6/tYq0KU+TgEI6gBA6cQQ2uoA4NIBDBAzzBs6WtR+vFep22LlmzmQP4A+vtB73tlJk=</latexit>

P2

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
<latexit sha1_base64="XzWbE7u68wMyaPEeZ8Eig4iuB6g="></latexit>

f = p�1(pt. 2 P1
b)



[Martucci ’14], [Haghighat, Murthy, Vafa, Vandoren ’15], [Lawrie, Schafer-Nameki, Weigand ‘16]  

N=(0,4) worldsheet theory of a 6d stringN=4 SYM along C w/ varying coupling

<latexit sha1_base64="Nvtj+42ytzpVy82wtgt4e0bHCcQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgqsyUUsVV0Y3LCvYBnXHIpGkbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2llo64HA4Zx7yT0njBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnH15nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX0cX8KroAo9HUGPIz0KQ9i8d4PUkxyG08AuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLMYWnRunDQSTNExrO1N8bKeJKTXhoJrNT1aKXif95vUQPLvyUijjRROD5R4OEQRM6KwX2qSRYs4khCEtqboV4hCTC2lRXMiW4i5GXSbtaceuV2m2t3KjndRTBETgBZ8AF56ABbkATtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/gU2XzQ==</latexit>

p : B2 ! P1
b

.

• Branes on Curves  

· 7-brane on b I :  6d vector multiplet 

· 3-brane on C :  effective string (Q = [C])

• Solitonic Strings   

· 
 
 
 

 - the 3-7 modes present at k I (:= C  b I) points are charged under G I 

 - topology of the curve C in B2 determines the associated string type  

· Essentially all 2-fold bases are     -fibered,                            #(tensor multiplets) = nT > 0 

 - full list:              and blowups thereof [Grassi ’91], [Gross ’93] (all but      is     -fibered & has more than one 2-forms)  

· A distinguished string from the     -fiber                                  

 - focus first on generic F-theory vacua w/ heterotic string (w/ nT > 0) 

 - separately analyze models on               (w/ nT = 0) afterwards         
/18

<latexit sha1_base64="09/D5eoh1Q+znE/i7adj/OH0+50=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARXJQyU4q6LArisoJ9QDsOmTRtQzMPkoxQhuLGX3HjQhG3foU7/8ZMO4K2HgicnHMv997jRZxJZVlfRm5peWV1Lb9e2Njc2t4xd/eaMowFoQ0S8lC0PSwpZwFtKKY4bUeCYt/jtOWNLlO/dU+FZGFwq8YRdXw8CFifEay05JoHXR+roeeh+l2lhH4+V+6o5JpFq2xNgRaJnZEiZKi75me3F5LYp4EiHEvZsa1IOQkWihFOJ4VuLGmEyQgPaEfTAPtUOsn0hAk61koP9UOhX6DQVP3dkWBfyrHv6cp0RznvpeJ/XidW/XMnYUEUKxqQ2aB+zJEKUZoH6jFBieJjTTARTO+KyBALTJROraBDsOdPXiTNStk+LVdvqsXaRRZHHg7hCE7AhjOowTXUoQEEHuAJXuDVeDSejTfjfVaaM7KeffgD4+MbBhqV6g==</latexit>

P2,Fk,

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

bI

B2
C

Solitonic Strings 

Heterotic String

<latexit sha1_base64="FwbhAuQkN3vIQqSWw9IXrUS3zj8=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRIRH7uCGxcuKtgHtKFMppN06GQmzNwoIdRfceNCEbd+iDv/xmmbhbYeuHA4517uvSdIONPgut9WaWV1bX2jvFnZ2t7Z3bP3D9paporQFpFcqm6ANeVM0BYw4LSbKIrjgNNOML6e+p0HqjST4h6yhPoxjgQLGcFgpIFd7d9KEXEagmLRCLBS8nFg19y6O4OzTLyC1FCB5sD+6g8lSWMqgHCsdc9zE/BzrIARTieVfqppgskYR7RnqMAx1X4+O37iHBtl6IRSmRLgzNTfEzmOtc7iwHTGGEZ60ZuK/3m9FMJLP2ciSYEKMl8UptwB6UyTcIZMUQI8MwQTxcytDhlhhQmYvComBG/x5WXSPq175/Wzu7Na46qIo4wO0RE6QR66QA10g5qohQjK0DN6RW/Wk/VivVsf89aSVcxU0R9Ynz93BJVJ</latexit>()

6

<latexit sha1_base64="y60o5wDK1o+bjr4aI1OXyEhoh4g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp1Y1QdOOygn1AG8NkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzpje533ukQrIovFdpTJ0Aj0PmM4KVllyzcu3W0RXKhgFWE89D7dlD3TWrVs2aA60SuyBVKNB2za/hKCJJQENFOJZyYFuxcjIsFCOczsrDRNIYkyke04GmIQ6odLJ5+Bk608oI+ZHQL1Rorv7eyHAgZRp4ejLPKJe9XPzPGyTKv3QyFsaJoiFZHPITjlSE8ibQiAlKFE81wUQwnRWRCRaYKN1XWZdgL395lXTrNbtZa9w1qq1mUUcJTuAUzsGGC2jBLbShAwRSeIZXeDOejBfj3fhYjK4ZxU4F/sD4/AGo1JN4</latexit>

B2 = P2

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
<latexit sha1_base64="jQC/Qff18ORn6jVlZSWTwPR+os8=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmMAixCbtBop0BG8sI5gG7McxOZpMhs7PLzKwQlnyDlY2FIrZ+gpWfYOeH2DubpNDEAxcO59zLPff6MWdK2/aXtbS8srq2ntvIb25t7+wW9vabKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHl5nfuqNSsUjc6FFMOyHuCxYwgrWRXC/EeuD7qH5b6RaKdtmeAC0SZ0aKF++l749776TeLXx6vYgkIRWacKyU69ix7qRYakY4Hee9RNEYkyHuU9dQgUOqOukk8hgdG6WHgkiaEhpN1N8TKQ6VGoW+6cwiqnkvE//z3EQH552UiTjRVJDpoiDhSEcoux/1mKRE85EhmEhmsiIywBITbb6UN09w5k9eJM1K2amWT6/tYq0KU+TgEI6gBA6cQQ2uoA4NIBDBAzzBs6WtR+vFep22LlmzmQP4A+vtB73tlJk=</latexit>

P2

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
<latexit sha1_base64="XzWbE7u68wMyaPEeZ8Eig4iuB6g="></latexit>

f = p�1(pt. 2 P1
b)



[Martucci ’14], [Haghighat, Murthy, Vafa, Vandoren ’15], [Lawrie, Schafer-Nameki, Weigand ‘16]  

N=(0,4) worldsheet theory of a 6d stringN=4 SYM along C w/ varying coupling

<latexit sha1_base64="Nvtj+42ytzpVy82wtgt4e0bHCcQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgqsyUUsVV0Y3LCvYBnXHIpGkbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2llo64HA4Zx7yT0njBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnH15nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX0cX8KroAo9HUGPIz0KQ9i8d4PUkxyG08AuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLMYWnRunDQSTNExrO1N8bKeJKTXhoJrNT1aKXif95vUQPLvyUijjRROD5R4OEQRM6KwX2qSRYs4khCEtqboV4hCTC2lRXMiW4i5GXSbtaceuV2m2t3KjndRTBETgBZ8AF56ABbkATtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/gU2XzQ==</latexit>

p : B2 ! P1
b

.

• Branes on Curves  

· 7-brane on b I :  6d vector multiplet 

· 3-brane on C :  effective string (Q = [C])
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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• Branes on Curves  

· 7-brane on b I :  6d vector multiplet 

· 3-brane on C :  effective string (Q = [C])

• Solitonic Strings   
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 - the 3-7 modes present at k I (:= C  b I) points are charged under G I 

 - topology of the curve C in B2 determines the associated string type  

· Essentially all 2-fold bases are     -fibered,                            #(tensor multiplets) = nT > 0 

 - full list:              and blowups thereof [Grassi ’91], [Gross ’93] (all but      is     -fibered & has more than one 2-forms)  

· A distinguished string from the     -fiber                                  

 - focus first on generic F-theory vacua w/ heterotic string (w/ nT > 0) 

 - separately analyze models on               (w/ nT = 0) afterwards         
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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• Branes on Curves  

· 7-brane on b I :  6d vector multiplet 

· 3-brane on C :  effective string (Q = [C])

• Solitonic Strings   

· 
 
 
 

 - the 3-7 modes present at k I (:= C  b I) points are charged under G I 

 - topology of the curve C in B2 determines the associated string type  

· Essentially all 2-fold bases are     -fibered,                            #(tensor multiplets) = nT > 0 

 - full list:              and blowups thereof [Grassi ’91], [Gross ’93] (all but      is     -fibered & has more than one 2-forms)  

· A distinguished string from the     -fiber                                   heterotic string 

 - focus first on generic F-theory vacua w/ heterotic string (w/ nT > 0) 

 - separately analyze models on               (w/ nT = 0) afterwards         
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B2

=
B2

R1,3

B2

C0

Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
<latexit sha1_base64="jQC/Qff18ORn6jVlZSWTwPR+os8=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmMAixCbtBop0BG8sI5gG7McxOZpMhs7PLzKwQlnyDlY2FIrZ+gpWfYOeH2DubpNDEAxcO59zLPff6MWdK2/aXtbS8srq2ntvIb25t7+wW9vabKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHl5nfuqNSsUjc6FFMOyHuCxYwgrWRXC/EeuD7qH5b6RaKdtmeAC0SZ0aKF++l749776TeLXx6vYgkIRWacKyU69ix7qRYakY4Hee9RNEYkyHuU9dQgUOqOukk8hgdG6WHgkiaEhpN1N8TKQ6VGoW+6cwiqnkvE//z3EQH552UiTjRVJDpoiDhSEcoux/1mKRE85EhmEhmsiIywBITbb6UN09w5k9eJM1K2amWT6/tYq0KU+TgEI6gBA6cQQ2uoA4NIBDBAzzBs6WtR+vFep22LlmzmQP4A+vtB73tlJk=</latexit>

P2

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
<latexit sha1_base64="XzWbE7u68wMyaPEeZ8Eig4iuB6g="></latexit>

f = p�1(pt. 2 P1
b)

<latexit sha1_base64="FwbhAuQkN3vIQqSWw9IXrUS3zj8=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRIRH7uCGxcuKtgHtKFMppN06GQmzNwoIdRfceNCEbd+iDv/xmmbhbYeuHA4517uvSdIONPgut9WaWV1bX2jvFnZ2t7Z3bP3D9paporQFpFcqm6ANeVM0BYw4LSbKIrjgNNOML6e+p0HqjST4h6yhPoxjgQLGcFgpIFd7d9KEXEagmLRCLBS8nFg19y6O4OzTLyC1FCB5sD+6g8lSWMqgHCsdc9zE/BzrIARTieVfqppgskYR7RnqMAx1X4+O37iHBtl6IRSmRLgzNTfEzmOtc7iwHTGGEZ60ZuK/3m9FMJLP2ciSYEKMl8UptwB6UyTcIZMUQI8MwQTxcytDhlhhQmYvComBG/x5WXSPq175/Wzu7Na46qIo4wO0RE6QR66QA10g5qohQjK0DN6RW/Wk/VivVsf89aSVcxU0R9Ynz93BJVJ</latexit>()

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1
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• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)

/18

Anomalies of 1-Form Gauge Group 

Global Structure Bound on the (0-Form) Gauge Sector 

7



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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Our Focus:  
non-abelian

<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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Our Focus:  
non-abelian

<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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non-abelian

<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

Level  

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni

<latexit sha1_base64="AO9jMkic8bBrv7nEEfhhGUFLCdk=">AAACBHicbVA9SwNBEJ2LXzF+nVqmWQxCbMKdhGgjBGwsI5gPTMKxt9kkS/b2jt09IRwpbPwrNhaK2Poj7Pw37iVXaOKDgcd7M8zM8yPOlHacbyu3tr6xuZXfLuzs7u0f2IdHLRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k+vUbz9QqVgo7vQ0ov0AjwQbMoK1kTy7qK7KymOoxwTqBViPfR/de4nw2OzMs0tOxZkDrRI3IyXI0PDsr94gJHFAhSYcK9V1nUj3Eyw1I5zOCr1Y0QiTCR7RrqECB1T1k/kTM3RqlAEahtKU0Giu/p5IcKDUNPBNZ3qnWvZS8T+vG+vhZT9hIoo1FWSxaBhzpEOUJoIGTFKi+dQQTCQztyIyxhITbXIrmBDc5ZdXSeu84tYq1dtqqV7L4shDEU6gDC5cQB1uoAFNIPAIz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP0nWlzY=</latexit>

s = (si 2 Zni)
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7

Our Focus:  
non-abelian

<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i



• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 

 

<latexit sha1_base64="/rpZFVIxE5b1zltuPt9KPZqhoRk="></latexit>

G = (⇧i Ĝi)/�⇥ U(1)N
<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y

<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

<latexit sha1_base64="cFlcWItQtFV0PKv5SNMw/eRjaq8=">AAACEHicbVA9SwNBEN2L3/ErammzGEQFOe5E1EYQLLRUNDGQC8feZpIs7u0du3NiOOI/sPGv2FgoYmtp579xE1Oo8cHA470ZZuZFqRQGPe/TKYyNT0xOTc8UZ+fmFxZLS8tVk2SaQ4UnMtG1iBmQQkEFBUqopRpYHEm4iq6P+/7VDWgjEnWJ3RQaMWsr0RKcoZXC0kYeINxiDm7b3b5rJfqu1wu2gw5DehIKekgvKpsqFFthqey53gB0lPhDUiZDnIWlj6CZ8CwGhVwyY+q+l2IjZxoFl9ArBpmBlPFr1oa6pYrFYBr54KEeXbdKk9prbCmkA/XnRM5iY7pxZDtjhh3z1+uL/3n1DFsHjVyoNENQ/HtRK5MUE9pPhzaFBo6yawnjWthbKe8wzTjaDIs2BP/vy6OkuuP6e+7u+W75aG8YxzRZJWtkk/hknxyRU3JGKoSTe/JInsmL8+A8Oa/O23drwRnOrJBfcN6/AO8xm9I=</latexit>

e.g., for Ĝi = SU(ni)
<latexit sha1_base64="q2rEqBkZAO/ZsOdzaBgF1ku680U="></latexit>X

i

ni � 1

2ni
s2i ki(Q) ⌘ 0 (mod 1)

<latexit sha1_base64="5FMd1BOHNZFr2J6mnEzGlh4ir60=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXBiaVw2rNq3sL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjpXdb9Rv364rjUbRRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzBzE9jlA=</latexit>X
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i

Level   given as                           for a solitonic string w/ charge  

<latexit sha1_base64="N9kLUxf5PmSgD12X2lOD31BKhyM="></latexit>

� ⇢ ⇧i Z(Ĝi) = ⇧i Zli

<latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y <latexit sha1_base64="/zz9VHaUVfd0tQZ8J40MIv6EhtQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWMG2hDWWz2bRLN7thdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXS0zRahPJJeqH2JNORPUN8xw2k8VxUnIaS+c3i383hNVmknxaGYpDRI8FixmBBsr+cNUyWhUrbl1dwm0SbyC1KBAZ1T9GkaSZAkVhnCs9cBzUxPkWBlGOJ1XhpmmKSZTPKYDSwVOqA7y5bFzdGWVCMVS2RIGLdXfEzlOtJ4loe1MsJnodW8h/ucNMhPfBjkTaWaoIKtFccaRkWjxOYqYosTwmSWYKGZvRWSCFSbG5lOxIXjrL2+S7k3da9YbD41au1nEUYYLuIRr8KAFbbiHDvhAgMEzvMKbI5wX5935WLWWnGLmHP7A+fwB6UuOug==</latexit>Y
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="EeGsvo48UCNI++2DVOsnWb5MsTY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYcAH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+qXr1au69VGvU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AYQdjVM=</latexit>

i
<latexit sha1_base64="NzKP4ldNM5lb1iBdxIwYkn+lfo4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3LisYB/YhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFvZ4l1IvwWLCQEayN5NvVYYT1JAjQg58Jn819u+bUnQXQOnELUoMCbd/+Go5ikkZUaMKxUgPXSbSXYakZ4XReGaaKJphM8ZgODBU4osrLFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKZa9XLxP2+Q6vDay5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtbdZr1x16i1mkUdZTiFM7gAF66gBbfQhg4QSOEZXuHNerJerHfrYzlasoqdE/gD6/MHpdaTDw==</latexit>

Zni
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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 “non-minimal” fiber at codim-2 (codim-1)  

  would arise for     beyond  T (resp.,  T**)

[Hajouji, Oehlmann ’19], [Dierigl, Heckman ’20]

• Geometric Constraints 

· 1-form gauge sector of an F-theory vacuum 
 - encoded in the MW torsion:                                                                    constraints on (n, m)?  

· Previously known geometric constraints for elliptic Calabi-Yau d-folds   
 
 
 
   

· For d=2:  classification of the MW groups realizes all torsions in  T** [Miranda, Persson ’89]  

• EFT Constraints  

· 
 - an 

 - g 

 - w=T** 
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 8d N=1 EFTs [Cvetic, Dierigl, Lin, Zhang ’20]                                  
 - anomaly 

 - gauge group rank can only be 18, 10, or 2 [Montero, Vafa ’20] 

 - w/ rk=18 (as in 8d F-theory): consistent    s not beyond T** 
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
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1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)
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receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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 “non-minimal” fiber at codim-2 (codim-1)  

  would arise for     beyond  T (resp.,  T**)

[Hajouji, Oehlmann ’19], [Dierigl, Heckman ’20]

• Geometric Constraints 

· 1-form gauge sector of an F-theory vacuum 
 - encoded in the MW torsion:                                                                    constraints on (n, m)?  

· Previously known geometric constraints for elliptic Calabi-Yau d-folds   
 
 
 
   

· For d=2:  classification of the MW groups realizes all torsions in  T** [Miranda, Persson ’89]  

• EFT Constraints  

· 
 - an 

 - g 

 - w=T** 
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 8d N=1 EFTs [Cvetic, Dierigl, Lin, Zhang ’20]                                  
 - anomaly 

 - gauge group rank can only be 18, 10, or 2 [Montero, Vafa ’20] 

 - w/ rk=18 (as in 8d F-theory): consistent    s not beyond T** 
<latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�

T  (for d>3) T** (for d=2)

CTPU-PTC-22-30

Geometric Bounds on the 1-Form Gauge Sector

Seung-Joo Lee
Center for Theoretical Physics of the Universe, Institute for Basic Science, Daejeon 34126, South Korea

⇤

Paul-Konstantin Oehlmann
Department of Physics, Northeastern University,

360 Huntington Avenue, Boston, MA 02115, United States
†

We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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(n  m)

6d N=(1,0) EFTs                                     
 - anomaly not constraining    as much 

 - severe(r) constraints on    still      

    expected in 6d F-theory! why?
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 “non-minimal” fiber at codim-2 (codim-1)  

  would arise for     beyond  T (resp.,  T**)

[Hajouji, Oehlmann ’19], [Dierigl, Heckman ’20]

• Geometric Constraints 

· 1-form gauge sector of an F-theory vacuum 
 - encoded in the MW torsion:                                                                    constraints on (n, m)?  

· Previously known geometric constraints for elliptic Calabi-Yau d-folds   
 
 
 
   

· For d=2:  classification of the MW groups realizes all torsions in  T** [Miranda, Persson ’89]  

• EFT Constraints  

· 
 - an 

 - g 

 - w=T** 
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 8d N=1 EFTs [Cvetic, Dierigl, Lin, Zhang ’20]                                  
 - anomaly 

 - gauge group rank can only be 18, 10, or 2 [Montero, Vafa ’20] 

 - w/ rk=18 (as in 8d F-theory): consistent    s not beyond T** 
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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Geometric Bound via Anomalies 
Success in 8d & Attempt in 6d 
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(n  m)

6d N=(1,0) EFTs                                     
 - anomaly not constraining    as much 

 - severe(r) constraints on    still      

    expected in 6d F-theory! why?
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Success in 6d F-theory with nT > 0
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· MW inclusion: 
 

- outliers in              can be ruled out (next slide):   (n, m)    (1,7), (1,8); (2,6); (4,4)
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Geometric Bound via Heterotic String 
Success in 6d F-theory with nT > 0
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Geometric Bound via Heterotic String 
Success in 6d F-theory with nT > 0
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Geometric Bound via Heterotic String 
Success in 6d F-theory with nT > 0
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Geometric Bound via Heterotic String 
Success in 6d F-theory with nT > 0
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Geometric Bound via Heterotic String 
Success in 6d F-theory with nT > 0
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· Heterotic Insight: sever global structure bound for 8d F-theory persist in 6d F-theory!  
 

· CY 3-folds as a Nested      -/ K3-fibration  (cf.) ubiquity of nesting [Anderson, Gao, Gray, S.-J.L. ’17]  
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 - (tensionful) heterotic string as D3 on a    -fiber  (cf.) tensionless at infinite distance [S.-J.L., Lerche, Weigand ’18] 
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.

9

f

<latexit sha1_base64="MsdRCwK1rrG7fl0/+FFVmPPpshU=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRSqsuCG5cV7AOaGCbTSTt0ZhJmJkII9VfcuFDErR/izr9x0mahrQcGDufcyz1zwoRRpR3n26psbG5t71R3a3v7B4dH9vFJX8WpxKSHYxbLYYgUYVSQnqaakWEiCeIhI4NwdlP4g0ciFY3Fvc4S4nM0ETSiGGkjBXbd40hPwxB2H9wg9ySH4TywG07TWQCuE7ckDVCiG9hf3jjGKSdCY4aUGrlOov0cSU0xI/OalyqSIDxDEzIyVCBOlJ8vws/huVHGMIqleULDhfp7I0dcqYyHZrKIqla9QvzPG6U6uvZzKpJUE4GXh6KUQR3Dogk4ppJgzTJDEJbUZIV4iiTC2vRVMyW4q19eJ/3Lpttutu5ajU67rKMKTsEZuAAuuAIdcAu6oAcwyMAzeAVv1pP1Yr1bH8vRilXu1MEfWJ8/5u6UQw==</latexit>

P1
b

x xx

B2
fK3

 fi
be

r



/18

Geometric Bound via Heterotic String 
Success in 6d F-theory with nT > 0
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.
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in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
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vanishes when compared to the KK scale. The parametric hierarchy between the two scales
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loss of control. This censorship by ↵
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finite distance before the potentially problematic infinite distance regime can be entered. This
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•  Insight from Heterotic String /Curve  [S.-J.L., Oehlmann ’22] 

· Claim: 1-form gauge sector     of 6d F-theory w/ nT > 0 can only take the form:      
                                                 , i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).  
 

· Heterotic Insight: sever global structure bound for 8d F-theory persist in 6d F-theory!  
 

· CY 3-folds as a Nested      -/ K3-fibration  (cf.) ubiquity of nesting [Anderson, Gao, Gray, S.-J.L. ’17]  
 -  nT > 0            2-fold base B2 is     -fibered 

 - (tensionful) heterotic string as D3 on a    -fiber  (cf.) tensionless at infinite distance [S.-J.L., Lerche, Weigand ’18] 
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
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- outliers in              can be ruled out (next slide):   (n, m)    (1,7), (1,8); (2,6); (4,4)
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Y2 ! Y3

•  Insight from Heterotic String /Curve  [S.-J.L., Oehlmann ’22] 

· Claim: 1-form gauge sector     of 6d F-theory w/ nT > 0 can only take the form:      
                                                 , i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).  
 

· Heterotic Insight: sever global structure bound for 8d F-theory persist in 6d F-theory!  
 

· CY 3-folds as a Nested      -/ K3-fibration  (cf.) ubiquity of nesting [Anderson, Gao, Gray, S.-J.L. ’17]  
 -  nT > 0            2-fold base B2 is     -fibered 

 - (tensionful) heterotic string as D3 on a    -fiber  (cf.) tensionless at infinite distance [S.-J.L., Lerche, Weigand ’18] 
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.
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Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
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�        -quotient cannot act  
purely on b2 or b3!



• Geometric Viewpoint 

· The K3 surfaces w/                                 are extremal [Miranda, Persson ’89] 
 - no complex structure deformations for a (non-trivial) fibration. 

• Physical Viewpoint 

· Each outlier leads to a unique gauge group (rank-18 non-abelian) [Miranda, Persson ’89] 
 - e.g., for            :                              w/ the embedding s=(1,2,3) (cf.) [Cvetic et al. ’20]  

· Charged matter would render the 7-brane configuration inconsistent 
 - e.g., for            : 

  1. Matter must be charged under multiple SU(7)s in a special manner (for     -neutralness).    

  2. Matter multiplicities are subject to a certain divisibility condition for anomaly cancellation  

  3. The divisibility criterion is only fulfilled if each brane locus has a positive genus.  

  4. The genus constraint leads to  
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• Geometric Viewpoint 

· The K3 surfaces w/                                 are extremal [Miranda, Persson ’89] 
 - no complex structure deformations for a (non-trivial) fibration. 

• Physical Viewpoint 

· Each outlier leads to a unique gauge group (rank-18 non-abelian) [Miranda, Persson ’89] 
 - e.g., for            :                              w/ the embedding s=(1,2,3) (cf.) [Cvetic et al. ’20]  

· Charged matter would render the 7-brane configuration inconsistent 
 - e.g., for            : 

  1. Matter must be charged under multiple SU(7)s in a special manner (for     -neutralness).    

  2. Matter multiplicities are subject to a certain divisibility condition for anomaly cancellation  

  3. The divisibility criterion is only fulfilled if each brane locus has a positive genus.  

  4. The genus constraint leads to  
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• Claim [S.-J.L., Oehlmann ’22] 

· 1-form gauge sector     of 6d F-theory w/ nT = 0 (i.e.             ) can only take the form:      
                                     ,  i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).

• Sketch of Derivation — E-string transition & Tuning 

 
 
· Recall: MW torsion via a specific tuning [Aspinwall, Morrison ’98]  
 

  e.g.,              case:                                      w/                                
 

· Further tune: develop conformal matter w/o reducing MW torsion 
 

  e.g.,              case:                    w/                                                                                
 

· E-string transition: gain a tensor multiplet w/ MW torsion kept intact 
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                                     ,  i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).

• Sketch of Derivation — E-string transition & Tuning 

 
 
· Recall: MW torsion via a specific tuning [Aspinwall, Morrison ’98]  
 

  e.g.,              case:                                      w/                                
 

· Further tune: develop conformal matter w/o reducing MW torsion 
 

  e.g.,              case:                    w/                                                                                
 

· E-string transition: gain a tensor multiplet w/ MW torsion kept intact 
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�

<latexit sha1_base64="wullEram/VYHjlmIxufIC4B8WJI=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElqqS4Lbrqzgn1Ak4bJdNoOnUzCzEQood/gxl9x40IRt67c+TdO0yy09cDAmXPu5d57/IhRqSzr21hb39jc2s7t5Hf39g8OzaPjtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yc3c7zwQIWnI79U0Im6ARpwOKUZKS55ZQh6FDuWw0beKToDU2Pdhs1+5gOkHIwZvi5e0VIKeWbDKVgq4SuyMFECGpmd+OYMQxwHhCjMkZc+2IuUmSCiKGZnlnViSCOEJGpGephwFRLpJetIMnmtlAIeh0I8rmKq/OxIUSDkNfF0531Mue3PxP68Xq+G1m1AexYpwvBg0jBlUIZznAwdUEKzYVBOEBdW7QjxGAmGlU8zrEOzlk1dJu1K2a+XqXbVQr2Vx5MApOANFYIMrUAcN0AQtgMEjeAav4M14Ml6Md+NjUbpmZD0n4A+Mzx9/s5rN</latexit>

ai 2 H
0(P2

,O(3i))
<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="6QJ+jJt9ASP7I5w/Aa0Kj38kV78="></latexit>(
f = a4 � 1/3 a22
g = 1/27 a2(2a22 � 9a4)

<latexit sha1_base64="e5rvsOtnasuPKsOYXuR3MGakdWg="></latexit>

� = Zn ⇥ Zm 2 T ( T ⇤

<latexit sha1_base64="y60o5wDK1o+bjr4aI1OXyEhoh4g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp1Y1QdOOygn1AG8NkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzpje533ukQrIovFdpTJ0Aj0PmM4KVllyzcu3W0RXKhgFWE89D7dlD3TWrVs2aA60SuyBVKNB2za/hKCJJQENFOJZyYFuxcjIsFCOczsrDRNIYkyke04GmIQ6odLJ5+Bk608oI+ZHQL1Rorv7eyHAgZRp4ejLPKJe9XPzPGyTKv3QyFsaJoiFZHPITjlSE8ibQiAlKFE81wUQwnRWRCRaYKN1XWZdgL395lXTrNbtZa9w1qq1mUUcJTuAUzsGGC2jBLbShAwRSeIZXeDOejBfj3fhYjK4ZxU4F/sD4/AGo1JN4</latexit>

B2 = P2

<latexit sha1_base64="5qNWVQyeXerSCRRy06PH2I8h9Jo="></latexit>

� = MW(Y3)Tors ✓ MW(Y (tune)
3 )Tors = MW(Ŷ3)Tors 2 T

developing conformal matter E-string transition

<latexit sha1_base64="z/DQPHHwY6XOowJclO1+G+Viqf0="></latexit>

)
(
f = z41 b4 � 1/3 z40 b

2
2

g = 1/27 z20(2z
4
0 b

2
2 � 9z41 b4)
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<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="ufxp5yhAOvS+T+y+dVYDc6Iz2cE="></latexit>(
a2 = z20 b2
a4 = z41 b4

<latexit sha1_base64="IrULRZc7gaPdRVghByJIRNrF0Vs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUpSSnVZcNOdFewDmrZMppN26GQSZiZCCf0GN/6KGxeKuHXlzr9xkmahrQcGzpxzL/fe44aMSmVZ30ZuY3Nreye/W9jbPzg8Mo9POjKIBCZtHLBA9FwkCaOctBVVjPRCQZDvMtJ1ZzeJ330gQtKA36t5SAY+mnDqUYyUlkZm2R1R6FAOm0Or5PhITV0XtobVS5h+MGLwtlSl5TIcmUWrYqWA68TOSBFkaI3ML2cc4MgnXGGGpOzbVqgGMRKKYkYWBSeSJER4hiakrylHPpGDOD1pAS+0MoZeIPTjCqbq744Y+VLOfVdXJnvKVS8R//P6kfKuBzHlYaQIx8tBXsSgCmCSDxxTQbBic00QFlTvCvEUCYSVTrGgQ7BXT14nnWrFrldqd7Vio57FkQdn4ByUgA2uQAM0QQu0AQaP4Bm8gjfjyXgx3o2PZWnOyHpOwR8Ynz9/15rN</latexit>

bi 2 H
0(P2

,O(2i))

• Claim [S.-J.L., Oehlmann ’22] 

· 1-form gauge sector     of 6d F-theory w/ nT = 0 (i.e.             ) can only take the form:      
                                     ,  i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).

• Sketch of Derivation — E-string transition & Tuning 

 
 
· Recall: MW torsion via a specific tuning [Aspinwall, Morrison ’98]  
 

  e.g.,              case:                                      w/                                
 

· Further tune: develop conformal matter w/o reducing MW torsion 
 

  e.g.,              case:                    w/                                                                                
 

· E-string transition: gain a tensor multiplet w/ MW torsion kept intact 
 

<latexit sha1_base64="iqFbnOqsALECsfFcWrX1UtAtX1k=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMiLreABz1GMAskQ+jp9CRtehm6e4Qw5B+8eFDEq//jzb+xk8xBEx8UPN6roqpelHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/QNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZtdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcFE9vz+v1K7zOIpwBMdwCgFcQg3uoA4NIPAIz/AKb57yXrx372PeWvDymUP4A+/zB1YkjvU=</latexit>

�

<latexit sha1_base64="wullEram/VYHjlmIxufIC4B8WJI=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElqqS4Lbrqzgn1Ak4bJdNoOnUzCzEQood/gxl9x40IRt67c+TdO0yy09cDAmXPu5d57/IhRqSzr21hb39jc2s7t5Hf39g8OzaPjtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yc3c7zwQIWnI79U0Im6ARpwOKUZKS55ZQh6FDuWw0beKToDU2Pdhs1+5gOkHIwZvi5e0VIKeWbDKVgq4SuyMFECGpmd+OYMQxwHhCjMkZc+2IuUmSCiKGZnlnViSCOEJGpGephwFRLpJetIMnmtlAIeh0I8rmKq/OxIUSDkNfF0531Mue3PxP68Xq+G1m1AexYpwvBg0jBlUIZznAwdUEKzYVBOEBdW7QjxGAmGlU8zrEOzlk1dJu1K2a+XqXbVQr2Vx5MApOANFYIMrUAcN0AQtgMEjeAav4M14Ml6Md+NjUbpmZD0n4A+Mzx9/s5rN</latexit>

ai 2 H
0(P2

,O(3i))
<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="6QJ+jJt9ASP7I5w/Aa0Kj38kV78="></latexit>(
f = a4 � 1/3 a22
g = 1/27 a2(2a22 � 9a4)

<latexit sha1_base64="e5rvsOtnasuPKsOYXuR3MGakdWg="></latexit>

� = Zn ⇥ Zm 2 T ( T ⇤

<latexit sha1_base64="y60o5wDK1o+bjr4aI1OXyEhoh4g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp1Y1QdOOygn1AG8NkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzpje533ukQrIovFdpTJ0Aj0PmM4KVllyzcu3W0RXKhgFWE89D7dlD3TWrVs2aA60SuyBVKNB2za/hKCJJQENFOJZyYFuxcjIsFCOczsrDRNIYkyke04GmIQ6odLJ5+Bk608oI+ZHQL1Rorv7eyHAgZRp4ejLPKJe9XPzPGyTKv3QyFsaJoiFZHPITjlSE8ibQiAlKFE81wUQwnRWRCRaYKN1XWZdgL395lXTrNbtZa9w1qq1mUUcJTuAUzsGGC2jBLbShAwRSeIZXeDOejBfj3fhYjK4ZxU4F/sD4/AGo1JN4</latexit>

B2 = P2

<latexit sha1_base64="5qNWVQyeXerSCRRy06PH2I8h9Jo="></latexit>

� = MW(Y3)Tors ✓ MW(Y (tune)
3 )Tors = MW(Ŷ3)Tors 2 T

developing conformal matter E-string transition

<latexit sha1_base64="z/DQPHHwY6XOowJclO1+G+Viqf0="></latexit>

)
(
f = z41 b4 � 1/3 z40 b

2
2

g = 1/27 z20(2z
4
0 b

2
2 � 9z41 b4)

11
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<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="ufxp5yhAOvS+T+y+dVYDc6Iz2cE="></latexit>(
a2 = z20 b2
a4 = z41 b4

<latexit sha1_base64="IrULRZc7gaPdRVghByJIRNrF0Vs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUpSSnVZcNOdFewDmrZMppN26GQSZiZCCf0GN/6KGxeKuHXlzr9xkmahrQcGzpxzL/fe44aMSmVZ30ZuY3Nreye/W9jbPzg8Mo9POjKIBCZtHLBA9FwkCaOctBVVjPRCQZDvMtJ1ZzeJ330gQtKA36t5SAY+mnDqUYyUlkZm2R1R6FAOm0Or5PhITV0XtobVS5h+MGLwtlSl5TIcmUWrYqWA68TOSBFkaI3ML2cc4MgnXGGGpOzbVqgGMRKKYkYWBSeSJER4hiakrylHPpGDOD1pAS+0MoZeIPTjCqbq744Y+VLOfVdXJnvKVS8R//P6kfKuBzHlYaQIx8tBXsSgCmCSDxxTQbBic00QFlTvCvEUCYSVTrGgQ7BXT14nnWrFrldqd7Vio57FkQdn4ByUgA2uQAM0QQu0AQaP4Bm8gjfjyXgx3o2PZWnOyHpOwR8Ynz9/15rN</latexit>

bi 2 H
0(P2

,O(2i))

• Claim [S.-J.L., Oehlmann ’22] 

· 1-form gauge sector     of 6d F-theory w/ nT = 0 (i.e.             ) can only take the form:      
                                     ,  i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).

• Sketch of Derivation — E-string transition & Tuning 

 
 
· Recall: MW torsion via a specific tuning [Aspinwall, Morrison ’98]  
 

  e.g.,              case:                                      w/                                
 

· Further tune: develop conformal matter w/o reducing MW torsion 
 

  e.g.,              case:                    w/                                                                                
 

· E-string transition: gain a tensor multiplet w/ MW torsion kept intact 
 

<latexit sha1_base64="iqFbnOqsALECsfFcWrX1UtAtX1k=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMiLreABz1GMAskQ+jp9CRtehm6e4Qw5B+8eFDEq//jzb+xk8xBEx8UPN6roqpelHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/QNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZtdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcFE9vz+v1K7zOIpwBMdwCgFcQg3uoA4NIPAIz/AKb57yXrx372PeWvDymUP4A+/zB1YkjvU=</latexit>

�

<latexit sha1_base64="wullEram/VYHjlmIxufIC4B8WJI=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElqqS4Lbrqzgn1Ak4bJdNoOnUzCzEQood/gxl9x40IRt67c+TdO0yy09cDAmXPu5d57/IhRqSzr21hb39jc2s7t5Hf39g8OzaPjtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yc3c7zwQIWnI79U0Im6ARpwOKUZKS55ZQh6FDuWw0beKToDU2Pdhs1+5gOkHIwZvi5e0VIKeWbDKVgq4SuyMFECGpmd+OYMQxwHhCjMkZc+2IuUmSCiKGZnlnViSCOEJGpGephwFRLpJetIMnmtlAIeh0I8rmKq/OxIUSDkNfF0531Mue3PxP68Xq+G1m1AexYpwvBg0jBlUIZznAwdUEKzYVBOEBdW7QjxGAmGlU8zrEOzlk1dJu1K2a+XqXbVQr2Vx5MApOANFYIMrUAcN0AQtgMEjeAav4M14Ml6Md+NjUbpmZD0n4A+Mzx9/s5rN</latexit>

ai 2 H
0(P2

,O(3i))
<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="6QJ+jJt9ASP7I5w/Aa0Kj38kV78="></latexit>(
f = a4 � 1/3 a22
g = 1/27 a2(2a22 � 9a4)

<latexit sha1_base64="e5rvsOtnasuPKsOYXuR3MGakdWg="></latexit>

� = Zn ⇥ Zm 2 T ( T ⇤

<latexit sha1_base64="y60o5wDK1o+bjr4aI1OXyEhoh4g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp1Y1QdOOygn1AG8NkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzpje533ukQrIovFdpTJ0Aj0PmM4KVllyzcu3W0RXKhgFWE89D7dlD3TWrVs2aA60SuyBVKNB2za/hKCJJQENFOJZyYFuxcjIsFCOczsrDRNIYkyke04GmIQ6odLJ5+Bk608oI+ZHQL1Rorv7eyHAgZRp4ejLPKJe9XPzPGyTKv3QyFsaJoiFZHPITjlSE8ibQiAlKFE81wUQwnRWRCRaYKN1XWZdgL395lXTrNbtZa9w1qq1mUUcJTuAUzsGGC2jBLbShAwRSeIZXeDOejBfj3fhYjK4ZxU4F/sD4/AGo1JN4</latexit>

B2 = P2

<latexit sha1_base64="5qNWVQyeXerSCRRy06PH2I8h9Jo="></latexit>

� = MW(Y3)Tors ✓ MW(Y (tune)
3 )Tors = MW(Ŷ3)Tors 2 T

developing conformal matter E-string transition

<latexit sha1_base64="z/DQPHHwY6XOowJclO1+G+Viqf0="></latexit>

)
(
f = z41 b4 � 1/3 z40 b

2
2

g = 1/27 z20(2z
4
0 b

2
2 � 9z41 b4)

 
@ [0:0:1]

<latexit sha1_base64="z6EfYIvAhKYxIc8vOXGLuktJkqU=">AAACB3icbVBNS8NAEJ34WetX1aMgi0XwVJJSqngqePFYwX5AG8Nmu2mXbjZhdyO0oTcv/hUvHhTx6l/w5r9x0/agrQ8GHu/NMDPPjzlT2ra/rZXVtfWNzdxWfntnd2+/cHDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vM781gOVikXiTo9i6oa4L1jACNZG8gonXSZQN8R64Puofl9GXjr27Kux55gqT7xC0S7ZU6Bl4sxJEeaoe4Wvbi8iSUiFJhwr1XHsWLsplpoRTif5bqJojMkQ92nHUIFDqtx0+scEnRmlh4JImhIaTdXfEykOlRqFvunMLlaLXib+53USHVy6KRNxoqkgs0VBwpGOUBYK6jFJieYjQzCRzNyKyABLTLSJLm9CcBZfXibNcsmpliq3lWKtOo8jB8dwCufgwAXU4Abq0AACj/AMr/BmPVkv1rv1MWtdseYzR/AH1ucP0gSX+g==</latexit>

2 P2
z0:z1:z2

<latexit sha1_base64="SyuwbA34D/iizcTq5X0cwzKdbNQ=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL0EIpM1KqG6HoxmUF+4B2KJlMpg1NMkOSEcrQjb/ixoUibv0Md/6NaTsLbT1w4XDOvdx7jx8zqrTjfFu5tfWNza38dmFnd2//wD48aqsokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj29nfueRSEUj8aAnMfE4GgoaUoy0kQb2SdqXHEYymJbCChyW4TUs1Sr18sAuOlVnDrhK3IwUQYbmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmRb6iSIxwmM0JD1DBeJEeen8gSk8N0oAw0iaEhrO1d8TKeJKTbhvOjnSI7XszcT/vF6iwysvpSJONBF4sShMGNQRnKUBAyoJ1mxiCMKSmlshHiGJsDaZFUwI7vLLq6R9UXXr1dp9rdi4yeLIg1NwBkrABZegAe5AE7QABlPwDF7Bm/VkvVjv1seiNWdlM8fgD6zPH+DWlAA=</latexit>

ord(f, g) = (4, 6)



<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="ufxp5yhAOvS+T+y+dVYDc6Iz2cE="></latexit>(
a2 = z20 b2
a4 = z41 b4

<latexit sha1_base64="IrULRZc7gaPdRVghByJIRNrF0Vs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUpSSnVZcNOdFewDmrZMppN26GQSZiZCCf0GN/6KGxeKuHXlzr9xkmahrQcGzpxzL/fe44aMSmVZ30ZuY3Nreye/W9jbPzg8Mo9POjKIBCZtHLBA9FwkCaOctBVVjPRCQZDvMtJ1ZzeJ330gQtKA36t5SAY+mnDqUYyUlkZm2R1R6FAOm0Or5PhITV0XtobVS5h+MGLwtlSl5TIcmUWrYqWA68TOSBFkaI3ML2cc4MgnXGGGpOzbVqgGMRKKYkYWBSeSJER4hiakrylHPpGDOD1pAS+0MoZeIPTjCqbq744Y+VLOfVdXJnvKVS8R//P6kfKuBzHlYaQIx8tBXsSgCmCSDxxTQbBic00QFlTvCvEUCYSVTrGgQ7BXT14nnWrFrldqd7Vio57FkQdn4ByUgA2uQAM0QQu0AQaP4Bm8gjfjyXgx3o2PZWnOyHpOwR8Ynz9/15rN</latexit>

bi 2 H
0(P2

,O(2i))

• Claim [S.-J.L., Oehlmann ’22] 

· 1-form gauge sector     of 6d F-theory w/ nT = 0 (i.e.             ) can only take the form:      
                                     ,  i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).

• Sketch of Derivation — E-string transition & Tuning 

 
 
· Recall: MW torsion via a specific tuning [Aspinwall, Morrison ’98]  
 

  e.g.,              case:                                      w/                                
 

· Further tune: develop conformal matter w/o reducing MW torsion 
 

  e.g.,              case:                    w/                                                                                
 

· E-string transition: gain a tensor multiplet w/ MW torsion kept intact 
 

<latexit sha1_base64="iqFbnOqsALECsfFcWrX1UtAtX1k=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMiLreABz1GMAskQ+jp9CRtehm6e4Qw5B+8eFDEq//jzb+xk8xBEx8UPN6roqpelHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/QNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZtdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcFE9vz+v1K7zOIpwBMdwCgFcQg3uoA4NIPAIz/AKb57yXrx372PeWvDymUP4A+/zB1YkjvU=</latexit>

�

<latexit sha1_base64="wullEram/VYHjlmIxufIC4B8WJI=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElqqS4Lbrqzgn1Ak4bJdNoOnUzCzEQood/gxl9x40IRt67c+TdO0yy09cDAmXPu5d57/IhRqSzr21hb39jc2s7t5Hf39g8OzaPjtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yc3c7zwQIWnI79U0Im6ARpwOKUZKS55ZQh6FDuWw0beKToDU2Pdhs1+5gOkHIwZvi5e0VIKeWbDKVgq4SuyMFECGpmd+OYMQxwHhCjMkZc+2IuUmSCiKGZnlnViSCOEJGpGephwFRLpJetIMnmtlAIeh0I8rmKq/OxIUSDkNfF0531Mue3PxP68Xq+G1m1AexYpwvBg0jBlUIZznAwdUEKzYVBOEBdW7QjxGAmGlU8zrEOzlk1dJu1K2a+XqXbVQr2Vx5MApOANFYIMrUAcN0AQtgMEjeAav4M14Ml6Md+NjUbpmZD0n4A+Mzx9/s5rN</latexit>

ai 2 H
0(P2

,O(3i))
<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="6QJ+jJt9ASP7I5w/Aa0Kj38kV78="></latexit>(
f = a4 � 1/3 a22
g = 1/27 a2(2a22 � 9a4)
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Models w/o Tensor Multiplets 
E-String Transitions and Validity of the Bound

<latexit sha1_base64="e5rvsOtnasuPKsOYXuR3MGakdWg="></latexit>

� = Zn ⇥ Zm 2 T ( T ⇤

<latexit sha1_base64="y60o5wDK1o+bjr4aI1OXyEhoh4g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp1Y1QdOOygn1AG8NkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzpje533ukQrIovFdpTJ0Aj0PmM4KVllyzcu3W0RXKhgFWE89D7dlD3TWrVs2aA60SuyBVKNB2za/hKCJJQENFOJZyYFuxcjIsFCOczsrDRNIYkyke04GmIQ6odLJ5+Bk608oI+ZHQL1Rorv7eyHAgZRp4ejLPKJe9XPzPGyTKv3QyFsaJoiFZHPITjlSE8ibQiAlKFE81wUQwnRWRCRaYKN1XWZdgL395lXTrNbtZa9w1qq1mUUcJTuAUzsGGC2jBLbShAwRSeIZXeDOejBfj3fhYjK4ZxU4F/sD4/AGo1JN4</latexit>

B2 = P2

<latexit sha1_base64="5qNWVQyeXerSCRRy06PH2I8h9Jo="></latexit>

� = MW(Y3)Tors ✓ MW(Y (tune)
3 )Tors = MW(Ŷ3)Tors 2 T

developing conformal matter E-string transition

<latexit sha1_base64="z/DQPHHwY6XOowJclO1+G+Viqf0="></latexit>

)
(
f = z41 b4 � 1/3 z40 b

2
2

g = 1/27 z20(2z
4
0 b

2
2 � 9z41 b4)

 
@ [0:0:1]

<latexit sha1_base64="z6EfYIvAhKYxIc8vOXGLuktJkqU=">AAACB3icbVBNS8NAEJ34WetX1aMgi0XwVJJSqngqePFYwX5AG8Nmu2mXbjZhdyO0oTcv/hUvHhTx6l/w5r9x0/agrQ8GHu/NMDPPjzlT2ra/rZXVtfWNzdxWfntnd2+/cHDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vM781gOVikXiTo9i6oa4L1jACNZG8gonXSZQN8R64Puofl9GXjr27Kux55gqT7xC0S7ZU6Bl4sxJEeaoe4Wvbi8iSUiFJhwr1XHsWLsplpoRTif5bqJojMkQ92nHUIFDqtx0+scEnRmlh4JImhIaTdXfEykOlRqFvunMLlaLXib+53USHVy6KRNxoqkgs0VBwpGOUBYK6jFJieYjQzCRzNyKyABLTLSJLm9CcBZfXibNcsmpliq3lWKtOo8jB8dwCufgwAXU4Abq0AACj/AMr/BmPVkv1rv1MWtdseYzR/AH1ucP0gSX+g==</latexit>

2 P2
z0:z1:z2

<latexit sha1_base64="SyuwbA34D/iizcTq5X0cwzKdbNQ=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL0EIpM1KqG6HoxmUF+4B2KJlMpg1NMkOSEcrQjb/ixoUibv0Md/6NaTsLbT1w4XDOvdx7jx8zqrTjfFu5tfWNza38dmFnd2//wD48aqsokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj29nfueRSEUj8aAnMfE4GgoaUoy0kQb2SdqXHEYymJbCChyW4TUs1Sr18sAuOlVnDrhK3IwUQYbmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmRb6iSIxwmM0JD1DBeJEeen8gSk8N0oAw0iaEhrO1d8TKeJKTbhvOjnSI7XszcT/vF6iwysvpSJONBF4sShMGNQRnKUBAyoJ1mxiCMKSmlshHiGJsDaZFUwI7vLLq6R9UXXr1dp9rdi4yeLIg1NwBkrABZegAe5AE7QABlPwDF7Bm/VkvVjv1seiNWdlM8fgD6zPH+DWlAA=</latexit>

ord(f, g) = (4, 6)
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Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
          
 

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

<latexit sha1_base64="qEO+ReU883Xf82+915AY0N1L+ok="></latexit>

NU(1)  cL(f) = 20

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2

<latexit sha1_base64="ti/1nweFXYqiBD4Gr901rUo1Fmc="></latexit>

for Q = f

<latexit sha1_base64="FjmbVnq+Gm/RFUgXGqlPMgHvDGs="></latexit>

NU(1) = rk(MW(Y3))  rk(MW(Y2))  20� 2 = 18

<latexit sha1_base64="fod9ZkQOMwKvj7bKcMo7hbtf9cI=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBiE+5iUBshaGORIoL5kOQIe5u9ZMnu3rG7J4SQX2FjoYitP8fOf+MmuUITHww83pthZl4Qc6aN6347K6tr6xubma3s9s7u3n7u4LCho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8nfrNJ6o0i+SDGcXUF7gvWcgINlZ6JN1qoXp2fV7q5vJu0Z0BLRMvJXlIUevmvjq9iCSCSkM41rrtubHxx1gZRjidZDuJpjEmQ9ynbUslFlT749nBE3RqlR4KI2VLGjRTf0+MsdB6JALbKbAZ6EVvKv7ntRMTXvljJuPEUEnmi8KEIxOh6feoxxQlho8swUQxeysiA6wwMTajrA3BW3x5mTRKRe+iWL4v5ys3aRwZOIYTKIAHl1CBO6hBHQgIeIZXeHOU8+K8Ox/z1hUnnTmCP3A+fwDiKI8q</latexit>

cL(L) = 32

                                               string on                                  string (“H + E” string) on        - overcounting!  
<latexit sha1_base64="GRn9eMVbKoXmG2qpqGZSFRzGdO8="></latexit>

Q = f + h
<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2
<latexit sha1_base64="C7niJVTJnhPhKOSkO1H/Iyk2kB4=">AAAB63icbVC7SgNBFL0bXzG+ooKNzWAQrMKuiFqG2FgmYB6QLGF2dpIMmZldZmaFsOQXbCwUsbX0L/wCOxu/xdkkhSYeuHA4517uvSeIOdPGdb+c3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYxuMr91T5Vmkbwz45j6Ag8k6zOCTSaFtZ7XK5bcsjsFWibenJQqR/Vv9l79qPWKn90wIomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nd46QadWCVE/UrakQVP190SKhdZjEdhOgc1QL3qZ+J/XSUz/2k+ZjBNDJZkt6iccmQhlj6OQKUoMH1uCiWL2VkSGWGFibDwFG4K3+PIyaZ6XvcvyRd2mUYUZ8nAMJ3AGHlxBBW6hBg0gMIQHeIJnRziPzovzOmvNOfOZQ/gD5+0HbfqRjA==</latexit>

dP1
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Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
          
 

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

<latexit sha1_base64="qEO+ReU883Xf82+915AY0N1L+ok="></latexit>

NU(1)  cL(f) = 20

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2

<latexit sha1_base64="ti/1nweFXYqiBD4Gr901rUo1Fmc="></latexit>

for Q = f

<latexit sha1_base64="FjmbVnq+Gm/RFUgXGqlPMgHvDGs="></latexit>

NU(1) = rk(MW(Y3))  rk(MW(Y2))  20� 2 = 18

<latexit sha1_base64="fod9ZkQOMwKvj7bKcMo7hbtf9cI=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBiE+5iUBshaGORIoL5kOQIe5u9ZMnu3rG7J4SQX2FjoYitP8fOf+MmuUITHww83pthZl4Qc6aN6347K6tr6xubma3s9s7u3n7u4LCho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8nfrNJ6o0i+SDGcXUF7gvWcgINlZ6JN1qoXp2fV7q5vJu0Z0BLRMvJXlIUevmvjq9iCSCSkM41rrtubHxx1gZRjidZDuJpjEmQ9ynbUslFlT749nBE3RqlR4KI2VLGjRTf0+MsdB6JALbKbAZ6EVvKv7ntRMTXvljJuPEUEnmi8KEIxOh6feoxxQlho8swUQxeysiA6wwMTajrA3BW3x5mTRKRe+iWL4v5ys3aRwZOIYTKIAHl1CBO6hBHQgIeIZXeHOU8+K8Ox/z1hUnnTmCP3A+fwDiKI8q</latexit>

cL(L) = 32

                                               string on                                  string (“H + E” string) on        - overcounting!  
<latexit sha1_base64="GRn9eMVbKoXmG2qpqGZSFRzGdO8="></latexit>

Q = f + h
<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2
<latexit sha1_base64="C7niJVTJnhPhKOSkO1H/Iyk2kB4=">AAAB63icbVC7SgNBFL0bXzG+ooKNzWAQrMKuiFqG2FgmYB6QLGF2dpIMmZldZmaFsOQXbCwUsbX0L/wCOxu/xdkkhSYeuHA4517uvSeIOdPGdb+c3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYxuMr91T5Vmkbwz45j6Ag8k6zOCTSaFtZ7XK5bcsjsFWibenJQqR/Vv9l79qPWKn90wIomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nd46QadWCVE/UrakQVP190SKhdZjEdhOgc1QL3qZ+J/XSUz/2k+ZjBNDJZkt6iccmQhlj6OQKUoMH1uCiWL2VkSGWGFibDwFG4K3+PIyaZ6XvcvyRd2mUYUZ8nAMJ3AGHlxBBW6hBg0gMIQHeIJnRziPzovzOmvNOfOZQ/gD5+0HbfqRjA==</latexit>

dP1



/1812

Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
          
 

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

<latexit sha1_base64="qEO+ReU883Xf82+915AY0N1L+ok="></latexit>

NU(1)  cL(f) = 20

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2

<latexit sha1_base64="ti/1nweFXYqiBD4Gr901rUo1Fmc="></latexit>

for Q = f

<latexit sha1_base64="FjmbVnq+Gm/RFUgXGqlPMgHvDGs="></latexit>

NU(1) = rk(MW(Y3))  rk(MW(Y2))  20� 2 = 18

<latexit sha1_base64="AQ4ThM1uLEtIu2fBMlX+vwZ981s="></latexit>

cL(Q) = 3 (Q ·Q)� 9 (KB2 ·Q) + 2

<latexit sha1_base64="fod9ZkQOMwKvj7bKcMo7hbtf9cI=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBiE+5iUBshaGORIoL5kOQIe5u9ZMnu3rG7J4SQX2FjoYitP8fOf+MmuUITHww83pthZl4Qc6aN6347K6tr6xubma3s9s7u3n7u4LCho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8nfrNJ6o0i+SDGcXUF7gvWcgINlZ6JN1qoXp2fV7q5vJu0Z0BLRMvJXlIUevmvjq9iCSCSkM41rrtubHxx1gZRjidZDuJpjEmQ9ynbUslFlT749nBE3RqlR4KI2VLGjRTf0+MsdB6JALbKbAZ6EVvKv7ntRMTXvljJuPEUEnmi8KEIxOh6feoxxQlho8swUQxeysiA6wwMTajrA3BW3x5mTRKRe+iWL4v5ys3aRwZOIYTKIAHl1CBO6hBHQgIeIZXeHOU8+K8Ox/z1hUnnTmCP3A+fwDiKI8q</latexit>

cL(L) = 32

                                               string on                                  string (“H + E” string) on        - overcounting!  
<latexit sha1_base64="GRn9eMVbKoXmG2qpqGZSFRzGdO8="></latexit>

Q = f + h
<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2
<latexit sha1_base64="C7niJVTJnhPhKOSkO1H/Iyk2kB4=">AAAB63icbVC7SgNBFL0bXzG+ooKNzWAQrMKuiFqG2FgmYB6QLGF2dpIMmZldZmaFsOQXbCwUsbX0L/wCOxu/xdkkhSYeuHA4517uvSeIOdPGdb+c3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYxuMr91T5Vmkbwz45j6Ag8k6zOCTSaFtZ7XK5bcsjsFWibenJQqR/Vv9l79qPWKn90wIomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nd46QadWCVE/UrakQVP190SKhdZjEdhOgc1QL3qZ+J/XSUz/2k+ZjBNDJZkt6iccmQhlj6OQKUoMH1uCiWL2VkSGWGFibDwFG4K3+PIyaZ6XvcvyRd2mUYUZ8nAMJ3AGHlxBBW6hBg0gMIQHeIJnRziPzovzOmvNOfOZQ/gD5+0HbfqRjA==</latexit>

dP1



/1812

Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
          
 

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

<latexit sha1_base64="qEO+ReU883Xf82+915AY0N1L+ok="></latexit>

NU(1)  cL(f) = 20

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2

<latexit sha1_base64="ti/1nweFXYqiBD4Gr901rUo1Fmc="></latexit>

for Q = f

<latexit sha1_base64="FjmbVnq+Gm/RFUgXGqlPMgHvDGs="></latexit>

NU(1) = rk(MW(Y3))  rk(MW(Y2))  20� 2 = 18

<latexit sha1_base64="AQ4ThM1uLEtIu2fBMlX+vwZ981s="></latexit>

cL(Q) = 3 (Q ·Q)� 9 (KB2 ·Q) + 2

<latexit sha1_base64="fod9ZkQOMwKvj7bKcMo7hbtf9cI=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBiE+5iUBshaGORIoL5kOQIe5u9ZMnu3rG7J4SQX2FjoYitP8fOf+MmuUITHww83pthZl4Qc6aN6347K6tr6xubma3s9s7u3n7u4LCho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8nfrNJ6o0i+SDGcXUF7gvWcgINlZ6JN1qoXp2fV7q5vJu0Z0BLRMvJXlIUevmvjq9iCSCSkM41rrtubHxx1gZRjidZDuJpjEmQ9ynbUslFlT749nBE3RqlR4KI2VLGjRTf0+MsdB6JALbKbAZ6EVvKv7ntRMTXvljJuPEUEnmi8KEIxOh6feoxxQlho8swUQxeysiA6wwMTajrA3BW3x5mTRKRe+iWL4v5ys3aRwZOIYTKIAHl1CBO6hBHQgIeIZXeHOU8+K8Ox/z1hUnnTmCP3A+fwDiKI8q</latexit>

cL(L) = 32

                                               string on                                  string (“H + E” string) on        - overcounting!  
<latexit sha1_base64="GRn9eMVbKoXmG2qpqGZSFRzGdO8="></latexit>

Q = f + h
<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2
<latexit sha1_base64="C7niJVTJnhPhKOSkO1H/Iyk2kB4=">AAAB63icbVC7SgNBFL0bXzG+ooKNzWAQrMKuiFqG2FgmYB6QLGF2dpIMmZldZmaFsOQXbCwUsbX0L/wCOxu/xdkkhSYeuHA4517uvSeIOdPGdb+c3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYxuMr91T5Vmkbwz45j6Ag8k6zOCTSaFtZ7XK5bcsjsFWibenJQqR/Vv9l79qPWKn90wIomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nd46QadWCVE/UrakQVP190SKhdZjEdhOgc1QL3qZ+J/XSUz/2k+ZjBNDJZkt6iccmQhlj6OQKUoMH1uCiWL2VkSGWGFibDwFG4K3+PIyaZ6XvcvyRd2mUYUZ8nAMJ3AGHlxBBW6hBg0gMIQHeIJnRziPzovzOmvNOfOZQ/gD5+0HbfqRjA==</latexit>

dP1
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Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
          
 

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

<latexit sha1_base64="qEO+ReU883Xf82+915AY0N1L+ok="></latexit>

NU(1)  cL(f) = 20

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2

<latexit sha1_base64="ti/1nweFXYqiBD4Gr901rUo1Fmc="></latexit>

for Q = f

<latexit sha1_base64="FjmbVnq+Gm/RFUgXGqlPMgHvDGs="></latexit>

NU(1) = rk(MW(Y3))  rk(MW(Y2))  20� 2 = 18

<latexit sha1_base64="AQ4ThM1uLEtIu2fBMlX+vwZ981s="></latexit>

cL(Q) = 3 (Q ·Q)� 9 (KB2 ·Q) + 2

<latexit sha1_base64="fod9ZkQOMwKvj7bKcMo7hbtf9cI=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBiE+5iUBshaGORIoL5kOQIe5u9ZMnu3rG7J4SQX2FjoYitP8fOf+MmuUITHww83pthZl4Qc6aN6347K6tr6xubma3s9s7u3n7u4LCho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8nfrNJ6o0i+SDGcXUF7gvWcgINlZ6JN1qoXp2fV7q5vJu0Z0BLRMvJXlIUevmvjq9iCSCSkM41rrtubHxx1gZRjidZDuJpjEmQ9ynbUslFlT749nBE3RqlR4KI2VLGjRTf0+MsdB6JALbKbAZ6EVvKv7ntRMTXvljJuPEUEnmi8KEIxOh6feoxxQlho8swUQxeysiA6wwMTajrA3BW3x5mTRKRe+iWL4v5ys3aRwZOIYTKIAHl1CBO6hBHQgIeIZXeHOU8+K8Ox/z1hUnnTmCP3A+fwDiKI8q</latexit>

cL(L) = 32

                                               string on                                  string (“H + E” string) on        - overcounting!  
<latexit sha1_base64="GRn9eMVbKoXmG2qpqGZSFRzGdO8="></latexit>

Q = f + h
<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2
<latexit sha1_base64="C7niJVTJnhPhKOSkO1H/Iyk2kB4=">AAAB63icbVC7SgNBFL0bXzG+ooKNzWAQrMKuiFqG2FgmYB6QLGF2dpIMmZldZmaFsOQXbCwUsbX0L/wCOxu/xdkkhSYeuHA4517uvSeIOdPGdb+c3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYxuMr91T5Vmkbwz45j6Ag8k6zOCTSaFtZ7XK5bcsjsFWibenJQqR/Vv9l79qPWKn90wIomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nd46QadWCVE/UrakQVP190SKhdZjEdhOgc1QL3qZ+J/XSUz/2k+ZjBNDJZkt6iccmQhlj6OQKUoMH1uCiWL2VkSGWGFibDwFG4K3+PIyaZ6XvcvyRd2mUYUZ8nAMJ3AGHlxBBW6hBg0gMIQHeIJnRziPzovzOmvNOfOZQ/gD5+0HbfqRjA==</latexit>

dP1
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Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
          
 

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

<latexit sha1_base64="qEO+ReU883Xf82+915AY0N1L+ok="></latexit>

NU(1)  cL(f) = 20

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2

<latexit sha1_base64="ti/1nweFXYqiBD4Gr901rUo1Fmc="></latexit>

for Q = f

<latexit sha1_base64="FjmbVnq+Gm/RFUgXGqlPMgHvDGs="></latexit>

NU(1) = rk(MW(Y3))  rk(MW(Y2))  20� 2 = 18

<latexit sha1_base64="AQ4ThM1uLEtIu2fBMlX+vwZ981s="></latexit>

cL(Q) = 3 (Q ·Q)� 9 (KB2 ·Q) + 2

<latexit sha1_base64="fod9ZkQOMwKvj7bKcMo7hbtf9cI=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBiE+5iUBshaGORIoL5kOQIe5u9ZMnu3rG7J4SQX2FjoYitP8fOf+MmuUITHww83pthZl4Qc6aN6347K6tr6xubma3s9s7u3n7u4LCho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8nfrNJ6o0i+SDGcXUF7gvWcgINlZ6JN1qoXp2fV7q5vJu0Z0BLRMvJXlIUevmvjq9iCSCSkM41rrtubHxx1gZRjidZDuJpjEmQ9ynbUslFlT749nBE3RqlR4KI2VLGjRTf0+MsdB6JALbKbAZ6EVvKv7ntRMTXvljJuPEUEnmi8KEIxOh6feoxxQlho8swUQxeysiA6wwMTajrA3BW3x5mTRKRe+iWL4v5ys3aRwZOIYTKIAHl1CBO6hBHQgIeIZXeHOU8+K8Ox/z1hUnnTmCP3A+fwDiKI8q</latexit>

cL(L) = 32

                                               string on                                  string (“H + E” string) on        - overcounting!  
<latexit sha1_base64="GRn9eMVbKoXmG2qpqGZSFRzGdO8="></latexit>

Q = f + h
<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="JvQ0GtgSd3JnxwFeGFatRIGVSe0=">AAAB6nicbVC7SgNBFL0bXzG+Vi0VGQyCVdgVURshaGNhkaB5QLKE2clsMmR2dpmZFcKS0tLGQhFbPyLfYec3+BNOHoUmHrhwOOde7r3HjzlT2nG+rMzC4tLySnY1t7a+sbllb+9UVZRIQisk4pGs+1hRzgStaKY5rceS4tDntOb3rkd+7YFKxSJxr/sx9ULcESxgBGsj3ZUvb1t23ik4Y6B54k5Jvrg/LH8/HgxLLfuz2Y5IElKhCcdKNVwn1l6KpWaE00GumSgaY9LDHdowVOCQKi8dnzpAR0ZpoyCSpoRGY/X3RIpDpfqhbzpDrLtq1huJ/3mNRAcXXspEnGgqyGRRkHCkIzT6G7WZpETzviGYSGZuRaSLJSbapJMzIbizL8+T6knBPSuclk0aVzBBFvbgEI7BhXMowg2UoAIEOvAEL/BqcevZerPeJ60ZazqzC39gffwAtWaRIg==</latexit>

Q = L

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2
<latexit sha1_base64="C7niJVTJnhPhKOSkO1H/Iyk2kB4=">AAAB63icbVC7SgNBFL0bXzG+ooKNzWAQrMKuiFqG2FgmYB6QLGF2dpIMmZldZmaFsOQXbCwUsbX0L/wCOxu/xdkkhSYeuHA4517uvSeIOdPGdb+c3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYxuMr91T5Vmkbwz45j6Ag8k6zOCTSaFtZ7XK5bcsjsFWibenJQqR/Vv9l79qPWKn90wIomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nd46QadWCVE/UrakQVP190SKhdZjEdhOgc1QL3qZ+J/XSUz/2k+ZjBNDJZkt6iccmQhlj6OQKUoMH1uCiWL2VkSGWGFibDwFG4K3+PIyaZ6XvcvyRd2mUYUZ8nAMJ3AGHlxBBW6hBg0gMIQHeIJnRziPzovzOmvNOfOZQ/gD5+0HbfqRjA==</latexit>

dP1
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Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
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Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
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Going Beyond the Global Structure Bound 
Geometry and Physics
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 “non-minimal” fiber at codim-2 (codim-1)  

  would arise for     beyond  T (resp.,  T**)

[Hajouji, Oehlmann ’19], [Dierigl, Heckman ’20]T  (for d>3) T** (for d=2)
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Geometric Bounds on the 1-Form Gauge Sector
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†

We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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- analysis via zoom-in on the brane collision (base blowups)  
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,
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of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
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for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.
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As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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• Recall:  F-theory on a Weierstrass model    
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· 7-brane algebra on a base divisor via codim-1 fiber types, i.e., via   
                                                        
 
 
 
 
 
 
         

 Minimal Kodaira fibers:  Lie algebra G at finite distance 
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- analysis via zoom-in on the brane collision (base blowups)  
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12
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ord(f, g,�) � (8, 12, 24)
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ord(f, g,�) � (4, 6, 12)
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• Recall:  F-theory on a Weierstrass model    

· Geometric constraints on                                           bound the global structure     

 
 
  
 

· 7-brane algebra on a base divisor via codim-1 fiber types, i.e., via   
                                                        
 
 
 
 
 
 
         

 Minimal Kodaira fibers:  Lie algebra G at finite distance 
 
 

 Non-minimal fibers:  potentially at infinite distance 
 

- analysis via zoom-in on the brane collision (base blowups)  
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Yd = {y2 = x3 + f4 x+ g6}
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)
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ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.
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As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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• Recall:  F-theory on a Weierstrass model    

· Geometric constraints on                                           bound the global structure     

 
 
  
 

· 7-brane algebra on a base divisor via codim-1 fiber types, i.e., via   
                                                        
 
 
 
 
 
 
         

 Minimal Kodaira fibers:  Lie algebra G at finite distance 
 
 

 Non-minimal fibers:  potentially at infinite distance 
 

- analysis via zoom-in on the brane collision (base blowups)  
 

  (cf.) codim-2                                          
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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• Recall:  F-theory on a Weierstrass model    

· Geometric constraints on                                           bound the global structure     

 
 
  
 

· 7-brane algebra on a base divisor via codim-1 fiber types, i.e., via   
                                                        
 
 
 
 
 
 
         

 Minimal Kodaira fibers:  Lie algebra G at finite distance 
 
 

 Non-minimal fibers:  potentially at infinite distance 
 

- analysis via zoom-in on the brane collision (base blowups)  
 

  (cf.) codim-2                                          
 

              codim-1   
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Going Beyond the Global Structure Bound 
Geometry and Physics
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[Hajouji, Oehlmann ’19], [Dierigl, Heckman ’20]T  (for d>3) T** (for d=2)
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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• Recall:  F-theory on a Weierstrass model    

· Geometric constraints on                                           bound the global structure     

 
 
  
 

· 7-brane algebra on a base divisor via codim-1 fiber types, i.e., via   
                                                        
 
 
 
 
 
 
         

Focus today:  non-minimal brane stacks (codim-1) — intuitions from 8d F-theory (elliptic K3)  

(cf.) novelties in 6d/CY3s [Alvarez-Garcia, S.-J.L., Weigand ’23] 

 Minimal Kodaira fibers:  Lie algebra G at finite distance 
 
 

 Non-minimal fibers:  potentially at infinite distance 
 

- analysis via zoom-in on the brane collision (base blowups)  
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X
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family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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  - family of K3s       degenerating at u=0:  
 

· Kulikov Model - definition and existence 

  - reduced, normal-crossing & trivial canonical bundle  

  - achievable via base changes (              ) and blow-ups/downs  

• · Classification of Kulikov Models:  Type I (finite distance) vs. II/III (infinite distance) 

  - Type II:       s form a chain ,                   are elliptic , and 2 transcendental 2-tori shrink  

  - Type III:               are rational  and 1 transcendental 2-torus shrinks
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family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
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i=1X
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, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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• Kulikov Models [Kulikov ’77], [Persson ’77], [Friedman, Morrison ’81] 

· Degeneration - setup    

  - family of K3s       degenerating at u=0:  
 

· Kulikov Model - definition and existence 

  - reduced, normal-crossing & trivial canonical bundle  

  - achievable via base changes (              ) and blow-ups/downs  

• · Classification of Kulikov Models:  Type I (finite distance) vs. II/III (infinite distance) 

  - Type II:       s form a chain ,                   are elliptic , and 2 transcendental 2-tori shrink  

  - Type III:               are rational  and 1 transcendental 2-torus shrinks
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family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
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, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore
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• Kulikov Models [Kulikov ’77], [Persson ’77], [Friedman, Morrison ’81] 

· Degeneration - setup    

  - family of K3s       degenerating at u=0:  
 

· Kulikov Model - definition and existence 

  - reduced, normal-crossing & trivial canonical bundle  

  - achievable via base changes (              ) and blow-ups/downs  

• · Classification of Kulikov Models:  Type I (finite distance) vs. II/III (infinite distance) 

  - Type II:       s form a chain ,                   are elliptic , and 2 transcendental 2-tori shrink  

  - Type III:               are rational  and 1 transcendental 2-torus shrinks
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family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X
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, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.

5

X
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• 8d F-theory w/ a Non-mininal Brane Stack    

· Aim:  modify the degenerate Weierstrass K3s to a Kulikov form, keeping them elliptic 

  - How:  base changes (             ) & blow-ups/downs in the base 
  - Why:  non-minimal fibers improved;  infinite-distance nature tested;  universal physics manifest    

• Kulikov Models [Kulikov ’77], [Persson ’77], [Friedman, Morrison ’81] 

· Degeneration - setup    

  - family of K3s       degenerating at u=0:  
 

· Kulikov Model - definition and existence 

  - reduced, normal-crossing & trivial canonical bundle  

  - achievable via base changes (              ) and blow-ups/downs  

• · Classification of Kulikov Models:  Type I (finite distance) vs. II/III (infinite distance) 

  - Type II:       s form a chain ,                   are elliptic , and 2 transcendental 2-tori shrink  

  - Type III:               are rational  and 1 transcendental 2-torus shrinks

Degeneration of K3 
Kulikov Models and Their Properties
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· Arena:  8d F-theory = Weierstrass model of elliptic K3 
 

· Limits:  extreme configurations of 7-branes involving non-minimal brane stacks  
 

              = degenerations involving codim-1 non-minimal fibers  
 

· Birational Analysis:  modification of the degenerations via allowed operations 
 

· Classification of the Infinite Distance Limits:  explicit derivation of the Kulikov Types II & III

15

The Fate of being Non-minimal 
Geometry and Physics of Non-minimal Brane Stacks

[S.-J.L., (Lerche,) Weigand ’21] & [Alvarez-Garcia, S.-J.L., Weigand]  to appear
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Figure 4: Refinement of elliptic Kulikov models of Type III in terms of their Weierstrass models
Y. Depicted are the characterization of possible configurations for the central element Y0 of Y. The
degenerate surface Y0 decomposes into a chain of components Y

p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.
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chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
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p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B
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chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
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Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
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A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B
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chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
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• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic
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This is because P � 2 can always be achieved by a base change.
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Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.
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The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common
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chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic
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This is because P � 2 can always be achieved by a base change.
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Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.
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2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.

8

or

Fig 2

… … 

+
+

InP =0In0=0 In0=0 InP >0

Ini>0Ini>0

Fig 2

… … 

+
+

InP =0In0=0 In0=0 InP >0

Ini>0Ini>0

Fig 3

… 

+
+ +

+
InP >0

Ini>0

In0>0

Figure 4: Refinement of elliptic Kulikov models of Type III in terms of their Weierstrass models
Y. Depicted are the characterization of possible configurations for the central element Y0 of Y. The
degenerate surface Y0 decomposes into a chain of components Y

p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic
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This is because P � 2 can always be achieved by a base change.
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Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.
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The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
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Figure 4: Kulikov Type II.b degeneration. Note that the nodes exchange under mondromy
around the singular configuration shown in the center.

Here V11(. . .) denotes the volume of the cycle in brackets in units of the 11d Planck scale, M11.
We therefore find a tower of asymptotically massless string excitations from the asymptotically
tensionless Type II string, along with a tower of winding modes obtained by wrapping the
string along the two 1-cycles of E. The latter sit parametrically at the same scale as the string
excitation tower, since Vol(�i) stays of order one in the infinite distance limit. The winding
tower is of course dual to a corresponding Kaluza-Klein tower of supergravity modes of the
same parametric mass scale. All in all, the asymptotic spectrum of the Type II.b Kulikov
degeneration carries the signature of an Emergent String Limit as defined in [15].

Note that if it were not for the asymptotically tensionless string obtained by wrapping an
M2-brane along SA, we would have incorrectly characterised the infinite distance limit as a
KK decompactification. However the KK modes form only part of the spectrum, and due to
the higher density of states it is actually the tower of string excitations which is defining the
asymptotic physics as an equi-dimensional weak coupling limit.

From the perspective of F-theory in 8d, this behaviour is of course no surprise. To realise
an I2 fiber over generic points of the base, the vanishing orders of f , g and � of the Weierstrass
model (3.3) must become

ordY(f, g,�))|u=0 = (0, 0, 2) at generic points of P
1
[s:t] . (3.11)

The behaviour of the 10d Type IIB axio-dilaton ⌧ = C0 +
i
gs

at a generic point of the base can
then be read o↵ from the j-function:

j(⌧) ⇠
f
3

�
⇠

1

u2
=) ⌧ ! i1 for u ! 0 . (3.12)

A convenient way to realise the vanishing orders is to consider the degeneration [57]

fu = �3h2 + u ⌘ , gu = �2h3 + uh ⌘ �
u
2

12
� , � = �9 u2

h
2 (⌘2 � h�) +O(u3) , (3.13)

where h, ⌘ and � are polynomials of degree 4, 8 and 12. In the Type IIB orientifold interpret-
ation, the limit u ! 0 gives rise to an orientifold compactification on the torus E and the four
zeroes of h = 0 correspond to the location of the orientifold planes. If we factor out the overall
factor of u2 in � as

� = u
2�0

, (3.14)
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Figure 5: Kulikov Type II.a degeneration. The base degenerates into two P
1’s that form the

bases of two elliptic del Pezzo surfaces dP9.

the vanishing orders at the orientifold become

ord(f0, g0,�
0
0)|h=0 = (2, 3, 2) , (3.15)

where the subscripts indicate that u = 0 has been taken to begin with. Away from these
localised regions, the theory reduces to a weakly coupled, perturbative Type IIB string, which
is non-BPS in 8d since the Kalb-Ramond field B2 is projected out by the orientifold projection.
The string tower appears parametrically at the same scale as the two KK towers associated with
each one-cycle of E, and both scales vanish in units of the 8d Planck scale.

Finally, as remarked in [1], a more general parametrisation of weak coupling limits is to
simply take

fu = �3h2 + u
a
⌘ , gu = �2h3 + u

b
⇢ , (3.16)

for integral a � 1, b � 1 and generic sections ⌘ and ⇢ of suitable degree. In this case, the general
theorems of [48] guarantee the existence of a birational transformation which, when followed by
a suitable base change, brings the fibration into Kulikov form of Type II.b.

3.3 Type II.a Kulikov models as decompactification limits

The spectrum of asymptotically massless states in limits of Kulikov Type II.a is very di↵erent.
The two del Pezzo (dP9) surfaces X

1 and X
2 into which the K3 surface degenerates are each

elliptically fibered over a rational curve, B1 and B
2, respectively. In other words, the base P1

[s:t]

of the K3 surface Xu splits for u = 0 into the union of B1 and B
2 intersecting at a single point

P = B
1
\ B

2, and the elliptic double curve E = X
1
\X

2 represents the common elliptic fiber
over P . This geometry was described in the F-theory literature early on in [45–47]. The two
2-cycles �i can therefore be constructed by fibering the two one-cycles �i in H1(E,Z) over a
1-cycle ⌃ that encircles the intersection point P on either B1 or B2. The geometry is sketched
in Figure 5.

Viewed as a geometric 1-cycle on B
1 or B2, ⌃ can be slipped o↵ the base sphere by deforming

it to the anti-podal pole and is therefore trivial, but fibering both �i over ⌃ near P indeed gives
rise to two non-trivial 2-cycles �i. The asymptotic vanishing of their calibrated volume (3.1) for
degeneration parameter u = 0 is an intuitive consequence of the fact that ⌃ can be contracted
towards the intersection point P .
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Figure 4: Refinement of elliptic Kulikov models of Type III in terms of their Weierstrass models
Y. Depicted are the characterization of possible configurations for the central element Y0 of Y. The
degenerate surface Y0 decomposes into a chain of components Y

p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1
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Figure 4: Kulikov Type II.b degeneration. Note that the nodes exchange under mondromy
around the singular configuration shown in the center.

Here V11(. . .) denotes the volume of the cycle in brackets in units of the 11d Planck scale, M11.
We therefore find a tower of asymptotically massless string excitations from the asymptotically
tensionless Type II string, along with a tower of winding modes obtained by wrapping the
string along the two 1-cycles of E. The latter sit parametrically at the same scale as the string
excitation tower, since Vol(�i) stays of order one in the infinite distance limit. The winding
tower is of course dual to a corresponding Kaluza-Klein tower of supergravity modes of the
same parametric mass scale. All in all, the asymptotic spectrum of the Type II.b Kulikov
degeneration carries the signature of an Emergent String Limit as defined in [15].

Note that if it were not for the asymptotically tensionless string obtained by wrapping an
M2-brane along SA, we would have incorrectly characterised the infinite distance limit as a
KK decompactification. However the KK modes form only part of the spectrum, and due to
the higher density of states it is actually the tower of string excitations which is defining the
asymptotic physics as an equi-dimensional weak coupling limit.

From the perspective of F-theory in 8d, this behaviour is of course no surprise. To realise
an I2 fiber over generic points of the base, the vanishing orders of f , g and � of the Weierstrass
model (3.3) must become

ordY(f, g,�))|u=0 = (0, 0, 2) at generic points of P
1
[s:t] . (3.11)

The behaviour of the 10d Type IIB axio-dilaton ⌧ = C0 +
i
gs

at a generic point of the base can
then be read o↵ from the j-function:

j(⌧) ⇠
f
3

�
⇠

1

u2
=) ⌧ ! i1 for u ! 0 . (3.12)

A convenient way to realise the vanishing orders is to consider the degeneration [57]

fu = �3h2 + u ⌘ , gu = �2h3 + uh ⌘ �
u
2

12
� , � = �9 u2

h
2 (⌘2 � h�) +O(u3) , (3.13)

where h, ⌘ and � are polynomials of degree 4, 8 and 12. In the Type IIB orientifold interpret-
ation, the limit u ! 0 gives rise to an orientifold compactification on the torus E and the four
zeroes of h = 0 correspond to the location of the orientifold planes. If we factor out the overall
factor of u2 in � as

� = u
2�0

, (3.14)
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Figure 5: Kulikov Type II.a degeneration. The base degenerates into two P
1’s that form the

bases of two elliptic del Pezzo surfaces dP9.

the vanishing orders at the orientifold become

ord(f0, g0,�
0
0)|h=0 = (2, 3, 2) , (3.15)

where the subscripts indicate that u = 0 has been taken to begin with. Away from these
localised regions, the theory reduces to a weakly coupled, perturbative Type IIB string, which
is non-BPS in 8d since the Kalb-Ramond field B2 is projected out by the orientifold projection.
The string tower appears parametrically at the same scale as the two KK towers associated with
each one-cycle of E, and both scales vanish in units of the 8d Planck scale.

Finally, as remarked in [1], a more general parametrisation of weak coupling limits is to
simply take

fu = �3h2 + u
a
⌘ , gu = �2h3 + u

b
⇢ , (3.16)

for integral a � 1, b � 1 and generic sections ⌘ and ⇢ of suitable degree. In this case, the general
theorems of [48] guarantee the existence of a birational transformation which, when followed by
a suitable base change, brings the fibration into Kulikov form of Type II.b.

3.3 Type II.a Kulikov models as decompactification limits

The spectrum of asymptotically massless states in limits of Kulikov Type II.a is very di↵erent.
The two del Pezzo (dP9) surfaces X

1 and X
2 into which the K3 surface degenerates are each

elliptically fibered over a rational curve, B1 and B
2, respectively. In other words, the base P1

[s:t]

of the K3 surface Xu splits for u = 0 into the union of B1 and B
2 intersecting at a single point

P = B
1
\ B

2, and the elliptic double curve E = X
1
\X

2 represents the common elliptic fiber
over P . This geometry was described in the F-theory literature early on in [45–47]. The two
2-cycles �i can therefore be constructed by fibering the two one-cycles �i in H1(E,Z) over a
1-cycle ⌃ that encircles the intersection point P on either B1 or B2. The geometry is sketched
in Figure 5.

Viewed as a geometric 1-cycle on B
1 or B2, ⌃ can be slipped o↵ the base sphere by deforming

it to the anti-podal pole and is therefore trivial, but fibering both �i over ⌃ near P indeed gives
rise to two non-trivial 2-cycles �i. The asymptotic vanishing of their calibrated volume (3.1) for
degeneration parameter u = 0 is an intuitive consequence of the fact that ⌃ can be contracted
towards the intersection point P .
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Figure 4: Refinement of elliptic Kulikov models of Type III in terms of their Weierstrass models
Y. Depicted are the characterization of possible configurations for the central element Y0 of Y. The
degenerate surface Y0 decomposes into a chain of components Y

p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1
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Figure 4: Kulikov Type II.b degeneration. Note that the nodes exchange under mondromy
around the singular configuration shown in the center.

Here V11(. . .) denotes the volume of the cycle in brackets in units of the 11d Planck scale, M11.
We therefore find a tower of asymptotically massless string excitations from the asymptotically
tensionless Type II string, along with a tower of winding modes obtained by wrapping the
string along the two 1-cycles of E. The latter sit parametrically at the same scale as the string
excitation tower, since Vol(�i) stays of order one in the infinite distance limit. The winding
tower is of course dual to a corresponding Kaluza-Klein tower of supergravity modes of the
same parametric mass scale. All in all, the asymptotic spectrum of the Type II.b Kulikov
degeneration carries the signature of an Emergent String Limit as defined in [15].

Note that if it were not for the asymptotically tensionless string obtained by wrapping an
M2-brane along SA, we would have incorrectly characterised the infinite distance limit as a
KK decompactification. However the KK modes form only part of the spectrum, and due to
the higher density of states it is actually the tower of string excitations which is defining the
asymptotic physics as an equi-dimensional weak coupling limit.

From the perspective of F-theory in 8d, this behaviour is of course no surprise. To realise
an I2 fiber over generic points of the base, the vanishing orders of f , g and � of the Weierstrass
model (3.3) must become

ordY(f, g,�))|u=0 = (0, 0, 2) at generic points of P
1
[s:t] . (3.11)

The behaviour of the 10d Type IIB axio-dilaton ⌧ = C0 +
i
gs

at a generic point of the base can
then be read o↵ from the j-function:

j(⌧) ⇠
f
3

�
⇠

1

u2
=) ⌧ ! i1 for u ! 0 . (3.12)

A convenient way to realise the vanishing orders is to consider the degeneration [57]

fu = �3h2 + u ⌘ , gu = �2h3 + uh ⌘ �
u
2

12
� , � = �9 u2

h
2 (⌘2 � h�) +O(u3) , (3.13)

where h, ⌘ and � are polynomials of degree 4, 8 and 12. In the Type IIB orientifold interpret-
ation, the limit u ! 0 gives rise to an orientifold compactification on the torus E and the four
zeroes of h = 0 correspond to the location of the orientifold planes. If we factor out the overall
factor of u2 in � as

� = u
2�0

, (3.14)
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Figure 5: Kulikov Type II.a degeneration. The base degenerates into two P
1’s that form the

bases of two elliptic del Pezzo surfaces dP9.

the vanishing orders at the orientifold become

ord(f0, g0,�
0
0)|h=0 = (2, 3, 2) , (3.15)

where the subscripts indicate that u = 0 has been taken to begin with. Away from these
localised regions, the theory reduces to a weakly coupled, perturbative Type IIB string, which
is non-BPS in 8d since the Kalb-Ramond field B2 is projected out by the orientifold projection.
The string tower appears parametrically at the same scale as the two KK towers associated with
each one-cycle of E, and both scales vanish in units of the 8d Planck scale.

Finally, as remarked in [1], a more general parametrisation of weak coupling limits is to
simply take

fu = �3h2 + u
a
⌘ , gu = �2h3 + u

b
⇢ , (3.16)

for integral a � 1, b � 1 and generic sections ⌘ and ⇢ of suitable degree. In this case, the general
theorems of [48] guarantee the existence of a birational transformation which, when followed by
a suitable base change, brings the fibration into Kulikov form of Type II.b.

3.3 Type II.a Kulikov models as decompactification limits

The spectrum of asymptotically massless states in limits of Kulikov Type II.a is very di↵erent.
The two del Pezzo (dP9) surfaces X

1 and X
2 into which the K3 surface degenerates are each

elliptically fibered over a rational curve, B1 and B
2, respectively. In other words, the base P1

[s:t]

of the K3 surface Xu splits for u = 0 into the union of B1 and B
2 intersecting at a single point

P = B
1
\ B

2, and the elliptic double curve E = X
1
\X

2 represents the common elliptic fiber
over P . This geometry was described in the F-theory literature early on in [45–47]. The two
2-cycles �i can therefore be constructed by fibering the two one-cycles �i in H1(E,Z) over a
1-cycle ⌃ that encircles the intersection point P on either B1 or B2. The geometry is sketched
in Figure 5.

Viewed as a geometric 1-cycle on B
1 or B2, ⌃ can be slipped o↵ the base sphere by deforming

it to the anti-podal pole and is therefore trivial, but fibering both �i over ⌃ near P indeed gives
rise to two non-trivial 2-cycles �i. The asymptotic vanishing of their calibrated volume (3.1) for
degeneration parameter u = 0 is an intuitive consequence of the fact that ⌃ can be contracted
towards the intersection point P .
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Figure 4: Refinement of elliptic Kulikov models of Type III in terms of their Weierstrass models
Y. Depicted are the characterization of possible configurations for the central element Y0 of Y. The
degenerate surface Y0 decomposes into a chain of components Y

p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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for 0  p  P , with P � 2. The middle components Y
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type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
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chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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Figure 4: Kulikov Type II.b degeneration. Note that the nodes exchange under mondromy
around the singular configuration shown in the center.

Here V11(. . .) denotes the volume of the cycle in brackets in units of the 11d Planck scale, M11.
We therefore find a tower of asymptotically massless string excitations from the asymptotically
tensionless Type II string, along with a tower of winding modes obtained by wrapping the
string along the two 1-cycles of E. The latter sit parametrically at the same scale as the string
excitation tower, since Vol(�i) stays of order one in the infinite distance limit. The winding
tower is of course dual to a corresponding Kaluza-Klein tower of supergravity modes of the
same parametric mass scale. All in all, the asymptotic spectrum of the Type II.b Kulikov
degeneration carries the signature of an Emergent String Limit as defined in [15].

Note that if it were not for the asymptotically tensionless string obtained by wrapping an
M2-brane along SA, we would have incorrectly characterised the infinite distance limit as a
KK decompactification. However the KK modes form only part of the spectrum, and due to
the higher density of states it is actually the tower of string excitations which is defining the
asymptotic physics as an equi-dimensional weak coupling limit.

From the perspective of F-theory in 8d, this behaviour is of course no surprise. To realise
an I2 fiber over generic points of the base, the vanishing orders of f , g and � of the Weierstrass
model (3.3) must become

ordY(f, g,�))|u=0 = (0, 0, 2) at generic points of P
1
[s:t] . (3.11)

The behaviour of the 10d Type IIB axio-dilaton ⌧ = C0 +
i
gs

at a generic point of the base can
then be read o↵ from the j-function:

j(⌧) ⇠
f
3

�
⇠

1

u2
=) ⌧ ! i1 for u ! 0 . (3.12)

A convenient way to realise the vanishing orders is to consider the degeneration [57]

fu = �3h2 + u ⌘ , gu = �2h3 + uh ⌘ �
u
2

12
� , � = �9 u2

h
2 (⌘2 � h�) +O(u3) , (3.13)

where h, ⌘ and � are polynomials of degree 4, 8 and 12. In the Type IIB orientifold interpret-
ation, the limit u ! 0 gives rise to an orientifold compactification on the torus E and the four
zeroes of h = 0 correspond to the location of the orientifold planes. If we factor out the overall
factor of u2 in � as

� = u
2�0

, (3.14)
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Figure 5: Kulikov Type II.a degeneration. The base degenerates into two P
1’s that form the

bases of two elliptic del Pezzo surfaces dP9.

the vanishing orders at the orientifold become

ord(f0, g0,�
0
0)|h=0 = (2, 3, 2) , (3.15)

where the subscripts indicate that u = 0 has been taken to begin with. Away from these
localised regions, the theory reduces to a weakly coupled, perturbative Type IIB string, which
is non-BPS in 8d since the Kalb-Ramond field B2 is projected out by the orientifold projection.
The string tower appears parametrically at the same scale as the two KK towers associated with
each one-cycle of E, and both scales vanish in units of the 8d Planck scale.

Finally, as remarked in [1], a more general parametrisation of weak coupling limits is to
simply take

fu = �3h2 + u
a
⌘ , gu = �2h3 + u

b
⇢ , (3.16)

for integral a � 1, b � 1 and generic sections ⌘ and ⇢ of suitable degree. In this case, the general
theorems of [48] guarantee the existence of a birational transformation which, when followed by
a suitable base change, brings the fibration into Kulikov form of Type II.b.

3.3 Type II.a Kulikov models as decompactification limits

The spectrum of asymptotically massless states in limits of Kulikov Type II.a is very di↵erent.
The two del Pezzo (dP9) surfaces X

1 and X
2 into which the K3 surface degenerates are each

elliptically fibered over a rational curve, B1 and B
2, respectively. In other words, the base P1

[s:t]

of the K3 surface Xu splits for u = 0 into the union of B1 and B
2 intersecting at a single point

P = B
1
\ B

2, and the elliptic double curve E = X
1
\X

2 represents the common elliptic fiber
over P . This geometry was described in the F-theory literature early on in [45–47]. The two
2-cycles �i can therefore be constructed by fibering the two one-cycles �i in H1(E,Z) over a
1-cycle ⌃ that encircles the intersection point P on either B1 or B2. The geometry is sketched
in Figure 5.

Viewed as a geometric 1-cycle on B
1 or B2, ⌃ can be slipped o↵ the base sphere by deforming

it to the anti-podal pole and is therefore trivial, but fibering both �i over ⌃ near P indeed gives
rise to two non-trivial 2-cycles �i. The asymptotic vanishing of their calibrated volume (3.1) for
degeneration parameter u = 0 is an intuitive consequence of the fact that ⌃ can be contracted
towards the intersection point P .
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Figure 4: Refinement of elliptic Kulikov models of Type III in terms of their Weierstrass models
Y. Depicted are the characterization of possible configurations for the central element Y0 of Y. The
degenerate surface Y0 decomposes into a chain of components Y

p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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Figure 4: Kulikov Type II.b degeneration. Note that the nodes exchange under mondromy
around the singular configuration shown in the center.

Here V11(. . .) denotes the volume of the cycle in brackets in units of the 11d Planck scale, M11.
We therefore find a tower of asymptotically massless string excitations from the asymptotically
tensionless Type II string, along with a tower of winding modes obtained by wrapping the
string along the two 1-cycles of E. The latter sit parametrically at the same scale as the string
excitation tower, since Vol(�i) stays of order one in the infinite distance limit. The winding
tower is of course dual to a corresponding Kaluza-Klein tower of supergravity modes of the
same parametric mass scale. All in all, the asymptotic spectrum of the Type II.b Kulikov
degeneration carries the signature of an Emergent String Limit as defined in [15].

Note that if it were not for the asymptotically tensionless string obtained by wrapping an
M2-brane along SA, we would have incorrectly characterised the infinite distance limit as a
KK decompactification. However the KK modes form only part of the spectrum, and due to
the higher density of states it is actually the tower of string excitations which is defining the
asymptotic physics as an equi-dimensional weak coupling limit.

From the perspective of F-theory in 8d, this behaviour is of course no surprise. To realise
an I2 fiber over generic points of the base, the vanishing orders of f , g and � of the Weierstrass
model (3.3) must become

ordY(f, g,�))|u=0 = (0, 0, 2) at generic points of P
1
[s:t] . (3.11)

The behaviour of the 10d Type IIB axio-dilaton ⌧ = C0 +
i
gs

at a generic point of the base can
then be read o↵ from the j-function:

j(⌧) ⇠
f
3

�
⇠

1

u2
=) ⌧ ! i1 for u ! 0 . (3.12)

A convenient way to realise the vanishing orders is to consider the degeneration [57]

fu = �3h2 + u ⌘ , gu = �2h3 + uh ⌘ �
u
2

12
� , � = �9 u2

h
2 (⌘2 � h�) +O(u3) , (3.13)

where h, ⌘ and � are polynomials of degree 4, 8 and 12. In the Type IIB orientifold interpret-
ation, the limit u ! 0 gives rise to an orientifold compactification on the torus E and the four
zeroes of h = 0 correspond to the location of the orientifold planes. If we factor out the overall
factor of u2 in � as

� = u
2�0

, (3.14)
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Figure 5: Kulikov Type II.a degeneration. The base degenerates into two P
1’s that form the

bases of two elliptic del Pezzo surfaces dP9.

the vanishing orders at the orientifold become

ord(f0, g0,�
0
0)|h=0 = (2, 3, 2) , (3.15)

where the subscripts indicate that u = 0 has been taken to begin with. Away from these
localised regions, the theory reduces to a weakly coupled, perturbative Type IIB string, which
is non-BPS in 8d since the Kalb-Ramond field B2 is projected out by the orientifold projection.
The string tower appears parametrically at the same scale as the two KK towers associated with
each one-cycle of E, and both scales vanish in units of the 8d Planck scale.

Finally, as remarked in [1], a more general parametrisation of weak coupling limits is to
simply take

fu = �3h2 + u
a
⌘ , gu = �2h3 + u

b
⇢ , (3.16)

for integral a � 1, b � 1 and generic sections ⌘ and ⇢ of suitable degree. In this case, the general
theorems of [48] guarantee the existence of a birational transformation which, when followed by
a suitable base change, brings the fibration into Kulikov form of Type II.b.

3.3 Type II.a Kulikov models as decompactification limits

The spectrum of asymptotically massless states in limits of Kulikov Type II.a is very di↵erent.
The two del Pezzo (dP9) surfaces X

1 and X
2 into which the K3 surface degenerates are each

elliptically fibered over a rational curve, B1 and B
2, respectively. In other words, the base P1

[s:t]

of the K3 surface Xu splits for u = 0 into the union of B1 and B
2 intersecting at a single point

P = B
1
\ B

2, and the elliptic double curve E = X
1
\X

2 represents the common elliptic fiber
over P . This geometry was described in the F-theory literature early on in [45–47]. The two
2-cycles �i can therefore be constructed by fibering the two one-cycles �i in H1(E,Z) over a
1-cycle ⌃ that encircles the intersection point P on either B1 or B2. The geometry is sketched
in Figure 5.

Viewed as a geometric 1-cycle on B
1 or B2, ⌃ can be slipped o↵ the base sphere by deforming

it to the anti-podal pole and is therefore trivial, but fibering both �i over ⌃ near P indeed gives
rise to two non-trivial 2-cycles �i. The asymptotic vanishing of their calibrated volume (3.1) for
degeneration parameter u = 0 is an intuitive consequence of the fact that ⌃ can be contracted
towards the intersection point P .

16

B0 B1

x

⌃

SA

SB

Fig 2

… … 

+
+

InP =0In0=0 In0=0 InP >0

Ini>0Ini>0

Fig 2

… … 

+
+

InP =0In0=0 In0=0 InP >0

Ini>0Ini>0

Fig 3

… 

+
+ +

+
InP >0

Ini>0

In0>0

Figure 4: Refinement of elliptic Kulikov models of Type III in terms of their Weierstrass models
Y. Depicted are the characterization of possible configurations for the central element Y0 of Y. The
degenerate surface Y0 decomposes into a chain of components Y

p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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· Inclusion of Non-minimal Codim-1 Fibers/Brane Stacks  
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* in presence of strictly non-minimal fibers, we first need to improve them, for which full Weierstrass data should be used

[S.-J.L., (Lerche,) Weigand ’21] & [Alvarez-Garcia, S.-J.L., Weigand]  to appear
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pt 2 P1

Extending the Kodaira-Neron Classification 

Kulikov Types via Vanishing Orders

 

“ Given a complex structure limit of 8d F-theory, whether at finite or infinite  
distance, we can read off its Kulikov type and characteristic physics just  
from the vanishing order triple! ”      

*
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Type III

Type II
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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* in presence of strictly non-minimal fibers, we first need to improve them, for which full Weierstrass data should be used
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pt 2 P1

Extending the Kodaira-Neron Classification 

Kulikov Types via Vanishing Orders

?
 

“ Given a complex structure limit of 8d F-theory, whether at finite or infinite  
distance, we can read off its Kulikov type and characteristic physics just  
from the vanishing order triple! ”      

*
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.

5

Ŷu2

<latexit sha1_base64="SJZOLHllK38nL7CKXBf1X10wp+k=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lKoXorePFYwbZKE8Jmu2mXbjZhd1YooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMizLBNbjut1Pa2Nza3invVvb2Dw6PqscnPZ0aRVmXpiJVDxHRTHDJusBBsIdMMZJEgvWjyc3c7z8xpXkq72GasSAhI8ljTglYyffHBPBjmJuwMQurNbfuLoDXiVeQGirQCatf/jClJmESqCBaDzw3gyAnCjgVbFbxjWYZoRMyYgNLJUmYDvLFzTN8YZUhjlNlSwJeqL8ncpJoPU0i25kQGOtVby7+5w0MxFdBzmVmgEm6XBQbgSHF8wDwkCtGQUwtIVRxeyumY6IIBRtTxYbgrb68TnqNutesX981a+1WEUcZnaFzdIk81EJtdIs6qIsoytAzekVvjnFenHfnY9lacoqZU/QHzucPl/GRYg==</latexit>
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(f, g,�)|• =

(
(� 4,� 6, 12)

( 4, 6, > 12)

Smooth fibers generically
Non-minimal* fiber @s=0

[S.-J.L., Weigand ’21]

Elliptic K3 with Non-minimal 7-Brane  

Strategy: Elongating the Degeneration via Blowups
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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16

* in presence of strictly non-minimal fibers, we first need to improve them, for which full Weierstrass data should be used

[S.-J.L., (Lerche,) Weigand ’21] & [Alvarez-Garcia, S.-J.L., Weigand]  to appear
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pt 2 P1

Extending the Kodaira-Neron Classification 

Kulikov Types via Vanishing Orders

?
 

“ Given a complex structure limit of 8d F-theory, whether at finite or infinite  
distance, we can read off its Kulikov type and characteristic physics just  
from the vanishing order triple! ”      

*

Strictly Non-minimal
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.

5

Ŷu2
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Smooth fibers generically
Non-minimal* fiber @s=0

[S.-J.L., Weigand ’21]

Elliptic K3 with Non-minimal 7-Brane  

Strategy: Elongating the Degeneration via Blowups
y2 = x3 + fu(s, t)xz

4 + gu(s, t)z
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family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
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, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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u1 6= 0

<latexit sha1_base64="Czutx4iF0VlYuCv2/zLdH45jmTY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWsB/YhrLZTtqlm03c3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSzvzSRBP6JDyUPOqLHSQ9r3SE/iI3H75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n84un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz98mAK2RGTCyhTHF7K2EjqigzNqSSDcFbfnmVtC6q3mX1+u6yUq/lcRThBE7hHDyoQR1uoQFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+ADhFj/Q=</latexit>

u2 6= 0

<latexit sha1_base64="B/yClG9+ZhXZLzTKNz2YyQLh434=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGQPQW8OIxgnlgsoTZSW8yZHZ2nZkVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+Z++wmV5rG8N5ME/YgOJQ85o8ZKD2m/QnoSH4nbL5bcsrsAWSdeRkqQodEvfvUGMUsjlIYJqnXXcxPjT6kynAmcFXqpxoSyMR1i11JJI9T+dHHxjFxYZUDCWNmShizU3xNTGmk9iQLbGVEz0qveXPzP66YmvPKnXCapQcmWi8JUEBOT+ftkwBUyIyaWUKa4vZWwEVWUGRtSwYbgrb68TlqVslctX99VS/VaFkcezuAcLsGDGtThFhrQBAYSnuEV3hztvDjvzseyNedkM6fwB87nDznQj/U=</latexit>

Ŷ0 ! P1
[s:t]

ordŶ0
(f, g,�)|• =

(
(� 4,� 6, 12)

( 4, 6, > 12)

Smooth fibers generically
Non-minimal* fiber @s=0

[S.-J.L., Weigand ’21]

Elliptic K3 with Non-minimal 7-Brane  

Strategy: Elongating the Degeneration via Blowups
y2 = x3 + fu(s, t)xz

4 + gu(s, t)z
6

<latexit sha1_base64="SKPHiu3C5GS0z34uDmqRFOgSFpg=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoVMpMLVYXQsGNywr2AX0MmTTThmYeJBnpdOjWjb/ixoUibv0Dd/6NaTsLbT1w4eSce8m9xw4YFdIwvrXUyura+kZ6M7O1vbO7p+8f1IUfckxq2Gc+b9pIEEY9UpNUMtIMOEGuzUjDHt5M/cYD4YL63r2MAtJxUd+jDsVIKsnSYdQtXo+653nHCnPiTJ6Oxt1Svp88xt0LS88aBWMGuEzMhGRBgqqlf7V7Pg5d4knMkBAt0whkJ0ZcUszIJNMOBQkQHqI+aSnqIZeITjy7ZAJPlNKDjs9VeRLO1N8TMXKFiFxbdbpIDsSiNxX/81qhdC47MfWCUBIPzz9yQgalD6exwB7lBEsWKYIwp2pXiAeIIyxVeBkVgrl48jKpFwtmqXB1V8pWykkcaXAEjkEOmKAMKuAWVEENYPAInsEreNOetBftXfuYt6a0ZOYQ/IH2+QOiLJhg</latexit>
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     * Any fibers with vanishing orders                         can reduce to either  
     a minimal type or one of the two types above  

(> 4, > 6, > 12)

[S.-J.L., Weigand ’21]  
[Alvarez-Garcia, S.-J.L., Weigand ’23] 

(� 4,� 6, 12)

<latexit sha1_base64="D3scquYKYZn18/B9kJFW+tUQ5LI=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVSpkpxequ4MZlBfuAtpRMetuGZh4mGaEM0w9w46+4caGIW/fu/BvT6Sy09UDI4Zz7SI4TcCaVZX0bK6tr6xubma3s9s7u3r55cNiQfigo1KnPfdFyiATOPKgrpji0AgHEdTg0nfH1zG8+gJDM9+7UJICuS4YeGzBKlJZ65mm+M4R7XC7g5L4o4KiTTI0E9OPpdGqX4vOembOKVgK8TOyU5FCKWs/86vR9GrrgKcqJlG3bClQ3IkIxyiHOdkIJAaFjMoS2ph5xQXajZG+Mz7TSxwNf6OMpnKi/OyLiSjlxHV3pEjWSi95M/M9rh2pw2Y2YF4QKPDpfNAg5Vj6eRYP7TABVfKIJoYLpt2I6IoJQpQPM6hDsxS8vk0apaJeLV7flXLWSxpFBx+gE5ZGNKqiKblAN1RFFj+gZvaI348l4Md6Nj3npipH2HKE/MD5/ACGymlw=</latexit>

( 4, 6, > 12)

<latexit sha1_base64="tvmn/7K9Iq6C2Iljt5uBovXt5nw=">AAACCnicbVDLS8MwHE59zvmqevQSHcKEMdoxnF5k4MXjBPeArYw0Tbew9EGSCqN0Vy/+K148KOLVv8Cb/41p14NufhDy8X2/R/LZIaNCGsa3trK6tr6xWdgqbu/s7u3rB4cdEUQckzYOWMB7NhKEUZ+0JZWM9EJOkGcz0rUnN6nffSBc0MC/l9OQWB4a+dSlGEklDfWT8mw2g/UKTK+LCowH2cyYEyeB12YtOR/qJaNqZIDLxMxJCeRoDfWvgRPgyCO+xAwJ0TeNUFox4pJiRpLiIBIkRHiCRqSvqI88Iqw4W5vAM6U40A24Or6Emfq7I0aeEFPPVpUekmOx6KXif14/ku6lFVM/jCTx8XyRGzEoA5jmAh3KCZZsqgjCnKq3QjxGHGGp0iuqEMzFLy+TTq1q1qtXd/VSs5HHUQDH4BSUgQkaoAluQQu0AQaP4Bm8gjftSXvR3rWPeemKlvccgT/QPn8Ai2+Y5A==</latexit>

<latexit sha1_base64="1rdcljxHtdtp2sil1MouF0WHSAg=">AAACHnicbZBNS8MwGMdTX+d8q3r0EhzCBBntmJsnGXjxOMG9wFZGmqZbWJqWJBVG6Sfx4lfx4kERwZN+G7OuB7f5QODP7/88eZK/GzEqlWX9GGvrG5tb24Wd4u7e/sGheXTckWEsMGnjkIWi5yJJGOWkrahipBcJggKXka47uZ353UciJA35g5pGxAnQiFOfYqQ0GppX5WSQ3ZII4qU3tfQSLoD6MoB2Nb0YmiWrYmUFV4WdixLIqzU0vwZeiOOAcIUZkrJvW5FyEiQUxYykxUEsSYTwBI1IX0uOAiKdJFubwnNNPOiHQh+uYEb/TiQokHIauLozQGosl70Z/M/rx8q/dhLKo1gRjueL/JhBFcJZVtCjgmDFplogLKh+K8RjJBBWOtGiDsFe/vKq6FQrdr1Su6+Vmo08jgI4BWegDGzQAE1wB1qgDTB4Ai/gDbwbz8ar8WF8zlvXjHzmBCyU8f0L0pSiPQ==</latexit>

(> 4, > 6, > 12) Type I or Type II

· Inclusion of Non-minimal Codim-1 Fibers/Brane Stacks  

16

*

* in case the generic fibers at the end of “(f,g)-scaling-out” procedure are singular, even type III could arise

* in presence of strictly non-minimal fibers, we first need to improve them, for which full Weierstrass data should be used

[S.-J.L., (Lerche,) Weigand ’21] & [Alvarez-Garcia, S.-J.L., Weigand]  to appear

<latexit sha1_base64="F4BeLNs/1MPOFFWYHRFsAIXeG8E=">AAACAXicbVC7SgNBFJ2Nrxhfq2kEm8EgWIXdID66gI1lBPOA7BpmJ7PJkJnZZWZWCEts/BULLRSxtbWytPMz/ANnkxSaeODC4Zx7ufeeIGZUacf5snILi0vLK/nVwtr6xuaWvb3TUFEiManjiEWyFSBFGBWkrqlmpBVLgnjASDMYnGd+84ZIRSNxpYcx8TnqCRpSjLSROvZu6kkOYz2CHhXQ40j3gwDWrt2OXXLKzhhwnrhTUqoWv98rH82HWsf+9LoRTjgRGjOkVNt1Yu2nSGqKGRkVvESRGOEB6pG2oQJxovx0/MEIHhilC8NImhIajtXfEyniSg15YDqzE9Wsl4n/ee1Eh6d+SkWcaCLwZFGYMKgjmMUBu1QSrNnQEIQlNbdC3EcSYW1CK5gQ3NmX50mjUnaPy0eXJo0zMEEe7IF9cAhccAKq4ALUQB1gcAvuwRN4tu6sR+vFep205qzpTBH8gfX2A5Temg0=</latexit>

pt 2 P1

Extending the Kodaira-Neron Classification 

Kulikov Types via Vanishing Orders

 

“ Given a complex structure limit of 8d F-theory, whether at finite or infinite  
distance, we can read off its Kulikov type and characteristic physics just  
from the vanishing order triple! ”      

*

Strictly Non-minimal
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• Codim-1 Non-minimal Fiber w/ (>4, >6, >12) Vanishing 

· Non-minimal fibers, if strict, may as well arise at finite distance  

· An “alerting” example  

  -  involves a non-minimal fiber w/              

  -  turns into a Type I Kulikov model  
 
 

<latexit sha1_base64="ATqfNAqfi5EZxlmu3phQxYbgc0U="></latexit>

ordŶ0
(f, g,�)|s=0 = (8, 12, 24)

<latexit sha1_base64="dsMj9oA0kLx4TAhXY6m9gazKARQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiReNBKHjxWMF+QJuWzXbTLt1s4u6mUEJ/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt299Wbm19Y3Mrv13Y2d3bPygeHjVUlEhC6yTikWz5WFHOBK1rpjltxZLi0Oe06Y/uZn5zTKVikXjUk5h6IR4IFjCCtZG84Dbpukh33QvVdXvFkl2250CrxMlICTLUesWvTj8iSUiFJhwr1XbsWHsplpoRTqeFTqJojMkID2jbUIFDqrx0fvQUnRmlj4JImhIazdXfEykOlZqEvukMsR6qZW8m/ue1Ex24XspEnGgqyGJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5FQwITjLL6+SxmXZuSpXHiql6k0WRx5O4BTOwYFrqMI91KAOBJ7gGV7hzRpbL9a79bFozVnZzDH8gfX5AyeIkQg=</latexit>

f = u8t8 + s8

<latexit sha1_base64="Id2EAxvpBpaVZzPgsSZo3CNJg/0=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBKHMlOJjIRTcuKxgH9COJZNm2tBMZkjuCGXswl9x40IRt/6GO//GdNqFth4I93DOvdyb48eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8HriNx+Y0jySdzCKmReSvuQBpwSM1LUP+lfJfeqWxxiycqqz0rWLTsnJgBeJOyNFNEOta391ehFNQiaBCqJ123Vi8FKigFPBxoVOollM6JD0WdtQSUKmvTS7f4yPjdLDQaTMk4Az9fdESkKtR6FvOkMCAz3vTcT/vHYCwYWXchknwCSdLgoSgSHCkzBwjytGQYwMIVRxcyumA6IIBRNZwYTgzn95kTTKJfesVLmtFKuXszjy6BAdoRPkonNURTeohuqIokf0jF7Rm/VkvVjv1se0NWfNZvbRH1ifP1AMlP0=</latexit>

g = u12t12 + s12

<latexit sha1_base64="zlrPLUqew9+QbMpS8zvJlOia/NU=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIhTJTa62gUNCFywq2Fvoik6ZtaOZBckcow/yMG3/FjQuLCK78FdPpLLT1wL0czrmX5B7bF1yBaX4ZqZXVtfWN9GZma3tndy+7f9BQXiApq1NPeLJpE8UEd1kdOAjW9CUjji3Yoz2+mfmPT0wq7rkPMPFZxyFDlw84JaClXvaqfcsEkOszS3XDYinCeWwVseZWOcLQreBAVx6fl2KtGEHcg7jjXjZnFswYeJlYCcmhBLVedtruezRwmAtUEKValulDJyQSOBUsyrQDxXxCx2TIWpq6xGGqE8ZXRvhEK3088KQuF3Cs/t4IiaPUxLH1pENgpBa9mfif1wpgUOmE3PUDYC6dPzQIBAYPzyLDfS4ZBTHRhFDJ9V8xHRFJKOhgMzoEa/HkZdIoFqxyoXRfylUvkzjS6Agdo1NkoQtURXeohuqIomf0it7R1Hgx3owP43M+mjKSnUP0B8b3D89PoSc=</latexit>

� = 31s24 + 12s16t8u8 + 54s12t12u12

<latexit sha1_base64="WtJ762RHkQ/Voa1qXhsoIFe7/xo=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoFMpMLbXuCm5cVrAPaKclk2ba0MyDPIQyzC+48VfcuFDErTt3/o2ZdhbaeiC5h3PuJbnHjRgV0rK+jdzG5tb2Tn63sLd/cHhkHp90RKg4Jm0cspD3XCQIowFpSyoZ6UWcIN9lpOvOblK/+0C4oGFwL+cRcXw0CahHMZJaGpmlMrSrUAwbUA5ju55AtSxleGmnUrWWqMU9MotWxVoArhM7I0WQoTUyvwbjECufBBIzJETftiLpxIhLihlJCgMlSITwDE1IX9MA+UQ48WKjBF5oZQy9kOsTSLhQf0/EyBdi7ru600dyKla9VPzP6yvpNZyYBpGSJMDLhzzFoAxhGg8cU06wZHNNEOZU/xXiKeIISx1iQYdgr668TjrVil2v1O5qxeZ1FkcenIFzUAI2uAJNcAtaoA0weATP4BW8GU/Gi/FufCxbc0Y2cwr+wPj8AQaDmgU=</latexit>

+12s8t16u16 + 31t24u24

Non-minimal Brane Stack at Finite Distance  

Example: Type I Model in Disguise

17

<latexit sha1_base64="gPTyW6BZ+H2CxlO8xTskzqSYGP4=">AAACF3icbVDLSgMxFM34rPU16tJNsAguypAprY+FUHDjsoJ9wHQomTTThmYeJBmhDPMXbvwVNy4Ucas7/8ZMOwttPRByOOfem5vjxZxJhdC3sbK6tr6xWdoqb+/s7u2bB4cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmN7nffaBCsii8V9OYugEehcxnBCstDUwr7c+GOGLkuSmyGkijVkVWftcb1UJpZGlyjbJsYFbmFkJwmdgFqYACrYH51R9GJAloqAjHUjo2ipWbYqEY4TQr9xNJY0wmeEQdTUMcUOmms5UyeKqVIfQjoU+o4Ez93ZHiQMpp4OnKAKuxXPRy8T/PSZR/6aYsjBNFQzJ/yE84VBHMQ4JDJihRfKoJJoLpXSEZY4GJ0lGWdQj24peXSadm2edW/a5eaV4VcZTAMTgBZ8AGF6AJbkELtAEBj+AZvII348l4Md6Nj3npilH0HIE/MD5/AFbPm5s=</latexit>

u = 0
X

<latexit sha1_base64="w9wu6Jto6KMxTugdHhFaL6h1HZY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIRHwuh4MZlBfuANpTJ5KYdOpmEmUmhhPyJGxeKuPVP3Pk3TtMstPXAhcM5986de/yEM6Ud59uqrK1vbG5Vt2s7u3v7B/bhUUfFqaTQpjGPZc8nCjgT0NZMc+glEkjkc+j6k/u5352CVCwWT3qWgBeRkWAho0QbaWjb2aB4JJMQ5OrOyYd23Wk4BfAqcUtSRyVaQ/trEMQ0jUBoyolSfddJtJcRqRnlkNcGqYKE0AkZQd9QQSJQXlYszfGZUQIcxtKU0LhQf09kJFJqFvmmMyJ6rJa9ufif1091eONlTCSpBkEXi8KUYx3jeQw4YBKo5jNDCJXM/BXTMZGEahNWzYTgLp+8SjoXDfeqcfl4WW/elnFU0Qk6RefIRdeoiR5QC7URRVP0jF7Rm5VZL9a79bForVjlzDH6A+vzB+kTk9E=</latexit>

s = 0

<latexit sha1_base64="d8tol33CscY594TAfUtB3Q/DIhw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXJUxK62NXcKO7CvYBSQiT6aQdOnkwMxFKyHe48VfcuFDEnbjxb5y0WWjrgWEO59x7587xE0aFhPBbW1ldW9/YrGxVt3d29/b1g8OeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fuT68LvPxAuaBzdy2lC3BCNIhpQjKSSPN1yeJg5szk2H/luBs0WVGjUoVnczVa9VFp5duvBPPf02tyC0FgmVklqoETH0z+dYYzTkEQSMySEbcFEuhnikmJG8qqTCpIgPEEjYisaoZAIN5utlBunShkaQczViaQxU393ZCgUYhr6qjJEciwWvUL8z7NTGVy6GY2SVJIIzx8KUmbI2ChyMoaUEyzZVBGEOVW7GniMOMJSpVlVIViLX14mvYZpnZvNu2atfVXGUQHH4AScAQtcgDa4AR3QBRg8gmfwCt60J+1Fe9c+5qUrWtlzBP5A+/oBzsic6g==</latexit>

I0
<latexit sha1_base64="3lD8/urffQXJUiWTZwCho+4EJOU=">AAACGnicbVBNS8MwGE7n15xfVY9egkOYMEY7hs7bwIvHCe4DtjLSNN3C0rQkqTBKf4cX/4oXD4p4Ey/+G7Ouh7n5QOB5n+d98yaPGzEqlWX9GIWNza3tneJuaW//4PDIPD7pyjAWmHRwyELRd5EkjHLSUVQx0o8EQYHLSM+d3s793iMRkob8Qc0i4gRozKlPMVJaGpl2JRlmtySCeGkzrcLl2q6n1eW63kgvR2bZqlkZ4Dqxc1IGOdoj82vohTgOCFeYISkHthUpJ0FCUcxIWhrGkkQIT9GYDDTlKCDSSbKlKbzQigf9UOjDFczU5YkEBVLOAld3BkhN5Ko3F//zBrHym05CeRQrwvFikR8zqEI4zwl6VBCs2EwThAXVb4V4ggTCSqdZ0iHYq19eJ916zb6qNe4b5dZNHkcRnIFzUAE2uAYtcAfaoAMweAIv4A28G8/Gq/FhfC5aC0Y+cwr+wPj+Bc3toVE=</latexit>

(8, 12, 24)

<latexit sha1_base64="sQSKrdRBuYXHD0cg8O40zE8XBY4=">AAAB/HicbVC7TsMwFHXKq4QCgY4sFhWIqUoQ4jVVYmEsEn2gNESO67ZWHSeyHaQoKh/CwsIAQqx8B2Jj4F9w2g7QciRLR+fcq3t8gphRqWz7yygsLC4trxRXzbXS+samtbXdlFEiMGngiEWiHSBJGOWkoahipB0LgsKAkVYwvMj91h0Rkkb8WqUx8ULU57RHMVJa8q1yJ0RqEASwfuv4mSvPlTfyrYpdtceA88SZkkpt/+H7pmR+1H3rs9ONcBISrjBDUrqOHSsvQ0JRzMjI7CSSxAgPUZ+4mnIUEull4/AjuKeVLuxFQj+u4Fj9vZGhUMo0DPRkHlXOern4n+cmqnfqZZTHiSIcTw71EgZVBPMmYJcKghVLNUFYUJ0V4gESCCvdl6lLcGa/PE+ah1XnuHp0pds4AxMUwQ7YBQfAASegBi5BHTQABil4BM/gxbg3noxX420yWjCmO2XwB8b7Dz/sl3o=</latexit>

P1
[s:t]
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• Codim-1 Non-minimal Fiber w/ (>4, >6, >12) Vanishing 

· Non-minimal fibers, if strict, may as well arise at finite distance  

· An “alerting” example  

  -  involves a non-minimal fiber w/              

  -  turns into a Type I Kulikov model  
 
 

<latexit sha1_base64="ATqfNAqfi5EZxlmu3phQxYbgc0U="></latexit>

ordŶ0
(f, g,�)|s=0 = (8, 12, 24)

<latexit sha1_base64="dsMj9oA0kLx4TAhXY6m9gazKARQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiReNBKHjxWMF+QJuWzXbTLt1s4u6mUEJ/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt299Wbm19Y3Mrv13Y2d3bPygeHjVUlEhC6yTikWz5WFHOBK1rpjltxZLi0Oe06Y/uZn5zTKVikXjUk5h6IR4IFjCCtZG84Dbpukh33QvVdXvFkl2250CrxMlICTLUesWvTj8iSUiFJhwr1XbsWHsplpoRTqeFTqJojMkID2jbUIFDqrx0fvQUnRmlj4JImhIazdXfEykOlZqEvukMsR6qZW8m/ue1Ex24XspEnGgqyGJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5FQwITjLL6+SxmXZuSpXHiql6k0WRx5O4BTOwYFrqMI91KAOBJ7gGV7hzRpbL9a79bFozVnZzDH8gfX5AyeIkQg=</latexit>

f = u8t8 + s8

<latexit sha1_base64="Id2EAxvpBpaVZzPgsSZo3CNJg/0=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBKHMlOJjIRTcuKxgH9COJZNm2tBMZkjuCGXswl9x40IRt/6GO//GdNqFth4I93DOvdyb48eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8HriNx+Y0jySdzCKmReSvuQBpwSM1LUP+lfJfeqWxxiycqqz0rWLTsnJgBeJOyNFNEOta391ehFNQiaBCqJ123Vi8FKigFPBxoVOollM6JD0WdtQSUKmvTS7f4yPjdLDQaTMk4Az9fdESkKtR6FvOkMCAz3vTcT/vHYCwYWXchknwCSdLgoSgSHCkzBwjytGQYwMIVRxcyumA6IIBRNZwYTgzn95kTTKJfesVLmtFKuXszjy6BAdoRPkonNURTeohuqIokf0jF7Rm/VkvVjv1se0NWfNZvbRH1ifP1AMlP0=</latexit>

g = u12t12 + s12

<latexit sha1_base64="zlrPLUqew9+QbMpS8zvJlOia/NU=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIhTJTa62gUNCFywq2Fvoik6ZtaOZBckcow/yMG3/FjQuLCK78FdPpLLT1wL0czrmX5B7bF1yBaX4ZqZXVtfWN9GZma3tndy+7f9BQXiApq1NPeLJpE8UEd1kdOAjW9CUjji3Yoz2+mfmPT0wq7rkPMPFZxyFDlw84JaClXvaqfcsEkOszS3XDYinCeWwVseZWOcLQreBAVx6fl2KtGEHcg7jjXjZnFswYeJlYCcmhBLVedtruezRwmAtUEKValulDJyQSOBUsyrQDxXxCx2TIWpq6xGGqE8ZXRvhEK3088KQuF3Cs/t4IiaPUxLH1pENgpBa9mfif1wpgUOmE3PUDYC6dPzQIBAYPzyLDfS4ZBTHRhFDJ9V8xHRFJKOhgMzoEa/HkZdIoFqxyoXRfylUvkzjS6Agdo1NkoQtURXeohuqIomf0it7R1Hgx3owP43M+mjKSnUP0B8b3D89PoSc=</latexit>

� = 31s24 + 12s16t8u8 + 54s12t12u12

<latexit sha1_base64="WtJ762RHkQ/Voa1qXhsoIFe7/xo=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoFMpMLbXuCm5cVrAPaKclk2ba0MyDPIQyzC+48VfcuFDErTt3/o2ZdhbaeiC5h3PuJbnHjRgV0rK+jdzG5tb2Tn63sLd/cHhkHp90RKg4Jm0cspD3XCQIowFpSyoZ6UWcIN9lpOvOblK/+0C4oGFwL+cRcXw0CahHMZJaGpmlMrSrUAwbUA5ju55AtSxleGmnUrWWqMU9MotWxVoArhM7I0WQoTUyvwbjECufBBIzJETftiLpxIhLihlJCgMlSITwDE1IX9MA+UQ48WKjBF5oZQy9kOsTSLhQf0/EyBdi7ru600dyKla9VPzP6yvpNZyYBpGSJMDLhzzFoAxhGg8cU06wZHNNEOZU/xXiKeIISx1iQYdgr668TjrVil2v1O5qxeZ1FkcenIFzUAI2uAJNcAtaoA0weATP4BW8GU/Gi/FufCxbc0Y2cwr+wPj8AQaDmgU=</latexit>

+12s8t16u16 + 31t24u24

blowup@u=s=0

<latexit sha1_base64="gPTyW6BZ+H2CxlO8xTskzqSYGP4=">AAACF3icbVDLSgMxFM34rPU16tJNsAguypAprY+FUHDjsoJ9wHQomTTThmYeJBmhDPMXbvwVNy4Ucas7/8ZMOwttPRByOOfem5vjxZxJhdC3sbK6tr6xWdoqb+/s7u2bB4cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmN7nffaBCsii8V9OYugEehcxnBCstDUwr7c+GOGLkuSmyGkijVkVWftcb1UJpZGlyjbJsYFbmFkJwmdgFqYACrYH51R9GJAloqAjHUjo2ipWbYqEY4TQr9xNJY0wmeEQdTUMcUOmms5UyeKqVIfQjoU+o4Ez93ZHiQMpp4OnKAKuxXPRy8T/PSZR/6aYsjBNFQzJ/yE84VBHMQ4JDJihRfKoJJoLpXSEZY4GJ0lGWdQj24peXSadm2edW/a5eaV4VcZTAMTgBZ8AGF6AJbkELtAEBj+AZvII348l4Md6Nj3npilH0HIE/MD5/AFbPm5s=</latexit>

u = 0
<latexit sha1_base64="d8tol33CscY594TAfUtB3Q/DIhw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXJUxK62NXcKO7CvYBSQiT6aQdOnkwMxFKyHe48VfcuFDEnbjxb5y0WWjrgWEO59x7587xE0aFhPBbW1ldW9/YrGxVt3d29/b1g8OeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fuT68LvPxAuaBzdy2lC3BCNIhpQjKSSPN1yeJg5szk2H/luBs0WVGjUoVnczVa9VFp5duvBPPf02tyC0FgmVklqoETH0z+dYYzTkEQSMySEbcFEuhnikmJG8qqTCpIgPEEjYisaoZAIN5utlBunShkaQczViaQxU393ZCgUYhr6qjJEciwWvUL8z7NTGVy6GY2SVJIIzx8KUmbI2ChyMoaUEyzZVBGEOVW7GniMOMJSpVlVIViLX14mvYZpnZvNu2atfVXGUQHH4AScAQtcgDa4AR3QBRg8gmfwCt60J+1Fe9c+5qUrWtlzBP5A+/oBzsic6g==</latexit>

I0 <latexit sha1_base64="nRr8Ll4CHm5hI4zYu6USNz3udIE=">AAACH3icbVDLSsNAFJ34rPUVdekmWIQKISQlrboruHFZwT4gCWUynbRDJw9mJkIJ+RM3/oobF4qIu/6NkzYLbT0wzOGce+/cOX5CCRemOVc2Nre2d3Yre9X9g8OjY/XktMfjlCHcRTGN2cCHHFMS4a4gguJBwjAMfYr7/vSu8PtPmHESR49ilmAvhOOIBARBIaWh2nJZmLmLOQ4b+15mGk1ToqGbRnHbTb1UmnlWt/WWbjWu8nyo1pa+aWrrxCpJDZToDNVvdxSjNMSRQBRy7lhmIrwMMkEQxXnVTTlOIJrCMXYkjWCIuZct9sq1S6mMtCBm8kRCW6i/OzIYcj4LfVkZQjHhq14h/uc5qQhuvIxESSpwhJYPBSnVRKwVYWkjwjASdCYJRIzIXTU0gQwiISOtyhCs1S+vk17DsFqG/WDX2rdlHBVwDi5AHVjgGrTBPeiALkDgGbyCd/ChvChvyqfytSzdUMqeM/AHyvwHvVedug==</latexit>

(4,6,12)

<latexit sha1_base64="4AhSuoICbFW4RyAAJHWK/Ip58Sg=">AAACGXicbVDLSsNAFJ34rPUVdekmWAQXJUxK62MhFNy4rGAfkIYwmU7boZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx779w5QcyoVBB+Gyura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWiFyBJGOWkrahipBcLgsKAkW4wucn97gMRkkb8Xk1j4oVoxOmQYqS05Jsw7c+GuGIUeCm0G1CjVoV2ftcb1UJpZCnxnWuYZb5ZmZsQWsvEKUgFFGj55md/EOEkJFxhhqR0HRgrL0VCUcxIVu4nksQIT9CIuJpyFBLppbOlMutUKwNrGAl9uLJm6u+OFIVSTsNAV4ZIjeWil4v/eW6ihpdeSnmcKMLx/KFhwiwVWXlM1oAKghWbaoKwoHpXC4+RQFjpMMs6BGfxy8ukU7Odc7t+V680r4o4SuAYnIAz4IAL0AS3oAXaAINH8AxewZvxZLwY78bHvHTFKHqOwB8YXz99U5wv</latexit>

e
1
=

0

X
X

X
X

…

’s <latexit sha1_base64="tOKgZybAMYQVe1VxUMxAIH9/Dgg=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KU4mNXcKO7CvYBTQiTyaQdOpmEmYlQQrrxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxsrq2vrGZmWrur2zu7dvHhx2ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePb2Z+75EISWP+oCYJcSM05DSkGCkteeZxozl1RJQ5xVOZIEGe3Xl2nntmzapbBeAysUtSAyXanvnlBDFOI8IVZkjKgW0lys2QUBQzkledVJIE4TEakoGmHEVEulmxNodnWglgGAtdXMFC/T2RoUjKSeTrzgipkVz0ZuJ/3iBV4ZWbUZ6kinA8XxSmDKoYzuKAARUEKzbRBGFB9V8hHiGBsNKhVXUI9uLJy6TbqNsX9eZ9s9a6LuOogBNwCs6BDS5BC9yCNugADKbgGbyCN+PJeDHejY9564pRzhyBPzA+fwDvX5cx</latexit>
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<latexit sha1_base64="gPTyW6BZ+H2CxlO8xTskzqSYGP4=">AAACF3icbVDLSgMxFM34rPU16tJNsAguypAprY+FUHDjsoJ9wHQomTTThmYeJBmhDPMXbvwVNy4Ucas7/8ZMOwttPRByOOfem5vjxZxJhdC3sbK6tr6xWdoqb+/s7u2bB4cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmN7nffaBCsii8V9OYugEehcxnBCstDUwr7c+GOGLkuSmyGkijVkVWftcb1UJpZGlyjbJsYFbmFkJwmdgFqYACrYH51R9GJAloqAjHUjo2ipWbYqEY4TQr9xNJY0wmeEQdTUMcUOmms5UyeKqVIfQjoU+o4Ez93ZHiQMpp4OnKAKuxXPRy8T/PSZR/6aYsjBNFQzJ/yE84VBHMQ4JDJihRfKoJJoLpXSEZY4GJ0lGWdQj24peXSadm2edW/a5eaV4VcZTAMTgBZ8AGF6AJbkELtAEBj+AZvII348l4Md6Nj3npilH0HIE/MD5/AFbPm5s=</latexit>

u = 0
X

<latexit sha1_base64="w9wu6Jto6KMxTugdHhFaL6h1HZY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIRHwuh4MZlBfuANpTJ5KYdOpmEmUmhhPyJGxeKuPVP3Pk3TtMstPXAhcM5986de/yEM6Ud59uqrK1vbG5Vt2s7u3v7B/bhUUfFqaTQpjGPZc8nCjgT0NZMc+glEkjkc+j6k/u5352CVCwWT3qWgBeRkWAho0QbaWjb2aB4JJMQ5OrOyYd23Wk4BfAqcUtSRyVaQ/trEMQ0jUBoyolSfddJtJcRqRnlkNcGqYKE0AkZQd9QQSJQXlYszfGZUQIcxtKU0LhQf09kJFJqFvmmMyJ6rJa9ufif1091eONlTCSpBkEXi8KUYx3jeQw4YBKo5jNDCJXM/BXTMZGEahNWzYTgLp+8SjoXDfeqcfl4WW/elnFU0Qk6RefIRdeoiR5QC7URRVP0jF7Rm5VZL9a79bForVjlzDH6A+vzB+kTk9E=</latexit>

s = 0

<latexit sha1_base64="d8tol33CscY594TAfUtB3Q/DIhw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXJUxK62NXcKO7CvYBSQiT6aQdOnkwMxFKyHe48VfcuFDEnbjxb5y0WWjrgWEO59x7587xE0aFhPBbW1ldW9/YrGxVt3d29/b1g8OeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fuT68LvPxAuaBzdy2lC3BCNIhpQjKSSPN1yeJg5szk2H/luBs0WVGjUoVnczVa9VFp5duvBPPf02tyC0FgmVklqoETH0z+dYYzTkEQSMySEbcFEuhnikmJG8qqTCpIgPEEjYisaoZAIN5utlBunShkaQczViaQxU393ZCgUYhr6qjJEciwWvUL8z7NTGVy6GY2SVJIIzx8KUmbI2ChyMoaUEyzZVBGEOVW7GniMOMJSpVlVIViLX14mvYZpnZvNu2atfVXGUQHH4AScAQtcgDa4AR3QBRg8gmfwCt60J+1Fe9c+5qUrWtlzBP5A+/oBzsic6g==</latexit>

I0
<latexit sha1_base64="3lD8/urffQXJUiWTZwCho+4EJOU=">AAACGnicbVBNS8MwGE7n15xfVY9egkOYMEY7hs7bwIvHCe4DtjLSNN3C0rQkqTBKf4cX/4oXD4p4Ey/+G7Ouh7n5QOB5n+d98yaPGzEqlWX9GIWNza3tneJuaW//4PDIPD7pyjAWmHRwyELRd5EkjHLSUVQx0o8EQYHLSM+d3s793iMRkob8Qc0i4gRozKlPMVJaGpl2JRlmtySCeGkzrcLl2q6n1eW63kgvR2bZqlkZ4Dqxc1IGOdoj82vohTgOCFeYISkHthUpJ0FCUcxIWhrGkkQIT9GYDDTlKCDSSbKlKbzQigf9UOjDFczU5YkEBVLOAld3BkhN5Ko3F//zBrHym05CeRQrwvFikR8zqEI4zwl6VBCs2EwThAXVb4V4ggTCSqdZ0iHYq19eJ916zb6qNe4b5dZNHkcRnIFzUAE2uAYtcAfaoAMweAIv4A28G8/Gq/FhfC5aC0Y+cwr+wPj+Bc3toVE=</latexit>

(8, 12, 24)

<latexit sha1_base64="sQSKrdRBuYXHD0cg8O40zE8XBY4=">AAAB/HicbVC7TsMwFHXKq4QCgY4sFhWIqUoQ4jVVYmEsEn2gNESO67ZWHSeyHaQoKh/CwsIAQqx8B2Jj4F9w2g7QciRLR+fcq3t8gphRqWz7yygsLC4trxRXzbXS+samtbXdlFEiMGngiEWiHSBJGOWkoahipB0LgsKAkVYwvMj91h0Rkkb8WqUx8ULU57RHMVJa8q1yJ0RqEASwfuv4mSvPlTfyrYpdtceA88SZkkpt/+H7pmR+1H3rs9ONcBISrjBDUrqOHSsvQ0JRzMjI7CSSxAgPUZ+4mnIUEull4/AjuKeVLuxFQj+u4Fj9vZGhUMo0DPRkHlXOern4n+cmqnfqZZTHiSIcTw71EgZVBPMmYJcKghVLNUFYUJ0V4gESCCvdl6lLcGa/PE+ah1XnuHp0pds4AxMUwQ7YBQfAASegBi5BHTQABil4BM/gxbg3noxX420yWjCmO2XwB8b7Dz/sl3o=</latexit>

P1
[s:t]
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• Codim-1 Non-minimal Fiber w/ (>4, >6, >12) Vanishing 

· Non-minimal fibers, if strict, may as well arise at finite distance  

· An “alerting” example  

  -  involves a non-minimal fiber w/              

  -  turns into a Type I Kulikov model  
 
 

<latexit sha1_base64="ATqfNAqfi5EZxlmu3phQxYbgc0U="></latexit>

ordŶ0
(f, g,�)|s=0 = (8, 12, 24)

<latexit sha1_base64="dsMj9oA0kLx4TAhXY6m9gazKARQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiReNBKHjxWMF+QJuWzXbTLt1s4u6mUEJ/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt299Wbm19Y3Mrv13Y2d3bPygeHjVUlEhC6yTikWz5WFHOBK1rpjltxZLi0Oe06Y/uZn5zTKVikXjUk5h6IR4IFjCCtZG84Dbpukh33QvVdXvFkl2250CrxMlICTLUesWvTj8iSUiFJhwr1XbsWHsplpoRTqeFTqJojMkID2jbUIFDqrx0fvQUnRmlj4JImhIazdXfEykOlZqEvukMsR6qZW8m/ue1Ex24XspEnGgqyGJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5FQwITjLL6+SxmXZuSpXHiql6k0WRx5O4BTOwYFrqMI91KAOBJ7gGV7hzRpbL9a79bFozVnZzDH8gfX5AyeIkQg=</latexit>

f = u8t8 + s8

<latexit sha1_base64="Id2EAxvpBpaVZzPgsSZo3CNJg/0=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBKHMlOJjIRTcuKxgH9COJZNm2tBMZkjuCGXswl9x40IRt/6GO//GdNqFth4I93DOvdyb48eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8HriNx+Y0jySdzCKmReSvuQBpwSM1LUP+lfJfeqWxxiycqqz0rWLTsnJgBeJOyNFNEOta391ehFNQiaBCqJ123Vi8FKigFPBxoVOollM6JD0WdtQSUKmvTS7f4yPjdLDQaTMk4Az9fdESkKtR6FvOkMCAz3vTcT/vHYCwYWXchknwCSdLgoSgSHCkzBwjytGQYwMIVRxcyumA6IIBRNZwYTgzn95kTTKJfesVLmtFKuXszjy6BAdoRPkonNURTeohuqIokf0jF7Rm/VkvVjv1se0NWfNZvbRH1ifP1AMlP0=</latexit>

g = u12t12 + s12

<latexit sha1_base64="zlrPLUqew9+QbMpS8zvJlOia/NU=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIhTJTa62gUNCFywq2Fvoik6ZtaOZBckcow/yMG3/FjQuLCK78FdPpLLT1wL0czrmX5B7bF1yBaX4ZqZXVtfWN9GZma3tndy+7f9BQXiApq1NPeLJpE8UEd1kdOAjW9CUjji3Yoz2+mfmPT0wq7rkPMPFZxyFDlw84JaClXvaqfcsEkOszS3XDYinCeWwVseZWOcLQreBAVx6fl2KtGEHcg7jjXjZnFswYeJlYCcmhBLVedtruezRwmAtUEKValulDJyQSOBUsyrQDxXxCx2TIWpq6xGGqE8ZXRvhEK3088KQuF3Cs/t4IiaPUxLH1pENgpBa9mfif1wpgUOmE3PUDYC6dPzQIBAYPzyLDfS4ZBTHRhFDJ9V8xHRFJKOhgMzoEa/HkZdIoFqxyoXRfylUvkzjS6Agdo1NkoQtURXeohuqIomf0it7R1Hgx3owP43M+mjKSnUP0B8b3D89PoSc=</latexit>

� = 31s24 + 12s16t8u8 + 54s12t12u12

<latexit sha1_base64="WtJ762RHkQ/Voa1qXhsoIFe7/xo=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoFMpMLbXuCm5cVrAPaKclk2ba0MyDPIQyzC+48VfcuFDErTt3/o2ZdhbaeiC5h3PuJbnHjRgV0rK+jdzG5tb2Tn63sLd/cHhkHp90RKg4Jm0cspD3XCQIowFpSyoZ6UWcIN9lpOvOblK/+0C4oGFwL+cRcXw0CahHMZJaGpmlMrSrUAwbUA5ju55AtSxleGmnUrWWqMU9MotWxVoArhM7I0WQoTUyvwbjECufBBIzJETftiLpxIhLihlJCgMlSITwDE1IX9MA+UQ48WKjBF5oZQy9kOsTSLhQf0/EyBdi7ru600dyKla9VPzP6yvpNZyYBpGSJMDLhzzFoAxhGg8cU06wZHNNEOZU/xXiKeIISx1iQYdgr668TjrVil2v1O5qxeZ1FkcenIFzUAI2uAJNcAtaoA0weATP4BW8GU/Gi/FufCxbc0Y2cwr+wPj8AQaDmgU=</latexit>

+12s8t16u16 + 31t24u24

blowdown
<latexit sha1_base64="VPKBgrmFGLI/d4QAWDpjIMDsVHg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mV0nosevFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwy6ebRRcNyxa26C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrz2UybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE46V1WvXq3d1yrNRh5HEc7gHC7BgwY04Q5a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz8MOo2Q</latexit>

B0blowup@u=s=0

<latexit sha1_base64="gPTyW6BZ+H2CxlO8xTskzqSYGP4=">AAACF3icbVDLSgMxFM34rPU16tJNsAguypAprY+FUHDjsoJ9wHQomTTThmYeJBmhDPMXbvwVNy4Ucas7/8ZMOwttPRByOOfem5vjxZxJhdC3sbK6tr6xWdoqb+/s7u2bB4cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmN7nffaBCsii8V9OYugEehcxnBCstDUwr7c+GOGLkuSmyGkijVkVWftcb1UJpZGlyjbJsYFbmFkJwmdgFqYACrYH51R9GJAloqAjHUjo2ipWbYqEY4TQr9xNJY0wmeEQdTUMcUOmms5UyeKqVIfQjoU+o4Ez93ZHiQMpp4OnKAKuxXPRy8T/PSZR/6aYsjBNFQzJ/yE84VBHMQ4JDJihRfKoJJoLpXSEZY4GJ0lGWdQj24peXSadm2edW/a5eaV4VcZTAMTgBZ8AGF6AJbkELtAEBj+AZvII348l4Md6Nj3npilH0HIE/MD5/AFbPm5s=</latexit>

u = 0
<latexit sha1_base64="d8tol33CscY594TAfUtB3Q/DIhw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXJUxK62NXcKO7CvYBSQiT6aQdOnkwMxFKyHe48VfcuFDEnbjxb5y0WWjrgWEO59x7587xE0aFhPBbW1ldW9/YrGxVt3d29/b1g8OeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fuT68LvPxAuaBzdy2lC3BCNIhpQjKSSPN1yeJg5szk2H/luBs0WVGjUoVnczVa9VFp5duvBPPf02tyC0FgmVklqoETH0z+dYYzTkEQSMySEbcFEuhnikmJG8qqTCpIgPEEjYisaoZAIN5utlBunShkaQczViaQxU393ZCgUYhr6qjJEciwWvUL8z7NTGVy6GY2SVJIIzx8KUmbI2ChyMoaUEyzZVBGEOVW7GniMOMJSpVlVIViLX14mvYZpnZvNu2atfVXGUQHH4AScAQtcgDa4AR3QBRg8gmfwCt60J+1Fe9c+5qUrWtlzBP5A+/oBzsic6g==</latexit>

I0 <latexit sha1_base64="nRr8Ll4CHm5hI4zYu6USNz3udIE=">AAACH3icbVDLSsNAFJ34rPUVdekmWIQKISQlrboruHFZwT4gCWUynbRDJw9mJkIJ+RM3/oobF4qIu/6NkzYLbT0wzOGce+/cOX5CCRemOVc2Nre2d3Yre9X9g8OjY/XktMfjlCHcRTGN2cCHHFMS4a4gguJBwjAMfYr7/vSu8PtPmHESR49ilmAvhOOIBARBIaWh2nJZmLmLOQ4b+15mGk1ToqGbRnHbTb1UmnlWt/WWbjWu8nyo1pa+aWrrxCpJDZToDNVvdxSjNMSRQBRy7lhmIrwMMkEQxXnVTTlOIJrCMXYkjWCIuZct9sq1S6mMtCBm8kRCW6i/OzIYcj4LfVkZQjHhq14h/uc5qQhuvIxESSpwhJYPBSnVRKwVYWkjwjASdCYJRIzIXTU0gQwiISOtyhCs1S+vk17DsFqG/WDX2rdlHBVwDi5AHVjgGrTBPeiALkDgGbyCd/ChvChvyqfytSzdUMqeM/AHyvwHvVedug==</latexit>

(4,6,12)

<latexit sha1_base64="4AhSuoICbFW4RyAAJHWK/Ip58Sg=">AAACGXicbVDLSsNAFJ34rPUVdekmWAQXJUxK62MhFNy4rGAfkIYwmU7boZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx779w5QcyoVBB+Gyura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWiFyBJGOWkrahipBcLgsKAkW4wucn97gMRkkb8Xk1j4oVoxOmQYqS05Jsw7c+GuGIUeCm0G1CjVoV2ftcb1UJpZCnxnWuYZb5ZmZsQWsvEKUgFFGj55md/EOEkJFxhhqR0HRgrL0VCUcxIVu4nksQIT9CIuJpyFBLppbOlMutUKwNrGAl9uLJm6u+OFIVSTsNAV4ZIjeWil4v/eW6ihpdeSnmcKMLx/KFhwiwVWXlM1oAKghWbaoKwoHpXC4+RQFjpMMs6BGfxy8ukU7Odc7t+V680r4o4SuAYnIAz4IAL0AS3oAXaAINH8AxewZvxZLwY78bHvHTFKHqOwB8YXz99U5wv</latexit>

e
1
=

0

X
X

X
X

…

’s <latexit sha1_base64="tOKgZybAMYQVe1VxUMxAIH9/Dgg=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KU4mNXcKO7CvYBTQiTyaQdOpmEmYlQQrrxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxsrq2vrGZmWrur2zu7dvHhx2ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePb2Z+75EISWP+oCYJcSM05DSkGCkteeZxozl1RJQ5xVOZIEGe3Xl2nntmzapbBeAysUtSAyXanvnlBDFOI8IVZkjKgW0lys2QUBQzkledVJIE4TEakoGmHEVEulmxNodnWglgGAtdXMFC/T2RoUjKSeTrzgipkVz0ZuJ/3iBV4ZWbUZ6kinA8XxSmDKoYzuKAARUEKzbRBGFB9V8hHiGBsNKhVXUI9uLJy6TbqNsX9eZ9s9a6LuOogBNwCs6BDS5BC9yCNugADKbgGbyCN+PJeDHejY9564pRzhyBPzA+fwDvX5cx</latexit>

24 I1

<latexit sha1_base64="nRr8Ll4CHm5hI4zYu6USNz3udIE=">AAACH3icbVDLSsNAFJ34rPUVdekmWIQKISQlrboruHFZwT4gCWUynbRDJw9mJkIJ+RM3/oobF4qIu/6NkzYLbT0wzOGce+/cOX5CCRemOVc2Nre2d3Yre9X9g8OjY/XktMfjlCHcRTGN2cCHHFMS4a4gguJBwjAMfYr7/vSu8PtPmHESR49ilmAvhOOIBARBIaWh2nJZmLmLOQ4b+15mGk1ToqGbRnHbTb1UmnlWt/WWbjWu8nyo1pa+aWrrxCpJDZToDNVvdxSjNMSRQBRy7lhmIrwMMkEQxXnVTTlOIJrCMXYkjWCIuZct9sq1S6mMtCBm8kRCW6i/OzIYcj4LfVkZQjHhq14h/uc5qQhuvIxESSpwhJYPBSnVRKwVYWkjwjASdCYJRIzIXTU0gQwiISOtyhCs1S+vk17DsFqG/WDX2rdlHBVwDi5AHVjgGrTBPeiALkDgGbyCd/ChvChvyqfytSzdUMqeM/AHyvwHvVedug==</latexit>

(4,6,12)

<latexit sha1_base64="4AhSuoICbFW4RyAAJHWK/Ip58Sg=">AAACGXicbVDLSsNAFJ34rPUVdekmWAQXJUxK62MhFNy4rGAfkIYwmU7boZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx779w5QcyoVBB+Gyura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWiFyBJGOWkrahipBcLgsKAkW4wucn97gMRkkb8Xk1j4oVoxOmQYqS05Jsw7c+GuGIUeCm0G1CjVoV2ftcb1UJpZCnxnWuYZb5ZmZsQWsvEKUgFFGj55md/EOEkJFxhhqR0HRgrL0VCUcxIVu4nksQIT9CIuJpyFBLppbOlMutUKwNrGAl9uLJm6u+OFIVSTsNAV4ZIjeWil4v/eW6ihpdeSnmcKMLx/KFhwiwVWXlM1oAKghWbaoKwoHpXC4+RQFjpMMs6BGfxy8ukU7Odc7t+V680r4o4SuAYnIAz4IAL0AS3oAXaAINH8AxewZvxZLwY78bHvHTFKHqOwB8YXz99U5wv</latexit>

e
1
=

0

X
X

X
X

…

’s <latexit sha1_base64="tOKgZybAMYQVe1VxUMxAIH9/Dgg=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KU4mNXcKO7CvYBTQiTyaQdOpmEmYlQQrrxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxsrq2vrGZmWrur2zu7dvHhx2ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePb2Z+75EISWP+oCYJcSM05DSkGCkteeZxozl1RJQ5xVOZIEGe3Xl2nntmzapbBeAysUtSAyXanvnlBDFOI8IVZkjKgW0lys2QUBQzkledVJIE4TEakoGmHEVEulmxNodnWglgGAtdXMFC/T2RoUjKSeTrzgipkVz0ZuJ/3iBV4ZWbUZ6kinA8XxSmDKoYzuKAARUEKzbRBGFB9V8hHiGBsNKhVXUI9uLJy6TbqNsX9eZ9s9a6LuOogBNwCs6BDS5BC9yCNugADKbgGbyCN+PJeDHejY9564pRzhyBPzA+fwDvX5cx</latexit>

24 I1
<latexit sha1_base64="gPTyW6BZ+H2CxlO8xTskzqSYGP4=">AAACF3icbVDLSgMxFM34rPU16tJNsAguypAprY+FUHDjsoJ9wHQomTTThmYeJBmhDPMXbvwVNy4Ucas7/8ZMOwttPRByOOfem5vjxZxJhdC3sbK6tr6xWdoqb+/s7u2bB4cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmN7nffaBCsii8V9OYugEehcxnBCstDUwr7c+GOGLkuSmyGkijVkVWftcb1UJpZGlyjbJsYFbmFkJwmdgFqYACrYH51R9GJAloqAjHUjo2ipWbYqEY4TQr9xNJY0wmeEQdTUMcUOmms5UyeKqVIfQjoU+o4Ez93ZHiQMpp4OnKAKuxXPRy8T/PSZR/6aYsjBNFQzJ/yE84VBHMQ4JDJihRfKoJJoLpXSEZY4GJ0lGWdQj24peXSadm2edW/a5eaV4VcZTAMTgBZ8AGF6AJbkELtAEBj+AZvII348l4Md6Nj3npilH0HIE/MD5/AFbPm5s=</latexit>

u = 0
X

<latexit sha1_base64="w9wu6Jto6KMxTugdHhFaL6h1HZY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIRHwuh4MZlBfuANpTJ5KYdOpmEmUmhhPyJGxeKuPVP3Pk3TtMstPXAhcM5986de/yEM6Ud59uqrK1vbG5Vt2s7u3v7B/bhUUfFqaTQpjGPZc8nCjgT0NZMc+glEkjkc+j6k/u5352CVCwWT3qWgBeRkWAho0QbaWjb2aB4JJMQ5OrOyYd23Wk4BfAqcUtSRyVaQ/trEMQ0jUBoyolSfddJtJcRqRnlkNcGqYKE0AkZQd9QQSJQXlYszfGZUQIcxtKU0LhQf09kJFJqFvmmMyJ6rJa9ufif1091eONlTCSpBkEXi8KUYx3jeQw4YBKo5jNDCJXM/BXTMZGEahNWzYTgLp+8SjoXDfeqcfl4WW/elnFU0Qk6RefIRdeoiR5QC7URRVP0jF7Rm5VZL9a79bForVjlzDH6A+vzB+kTk9E=</latexit>

s = 0

<latexit sha1_base64="d8tol33CscY594TAfUtB3Q/DIhw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXJUxK62NXcKO7CvYBSQiT6aQdOnkwMxFKyHe48VfcuFDEnbjxb5y0WWjrgWEO59x7587xE0aFhPBbW1ldW9/YrGxVt3d29/b1g8OeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fuT68LvPxAuaBzdy2lC3BCNIhpQjKSSPN1yeJg5szk2H/luBs0WVGjUoVnczVa9VFp5duvBPPf02tyC0FgmVklqoETH0z+dYYzTkEQSMySEbcFEuhnikmJG8qqTCpIgPEEjYisaoZAIN5utlBunShkaQczViaQxU393ZCgUYhr6qjJEciwWvUL8z7NTGVy6GY2SVJIIzx8KUmbI2ChyMoaUEyzZVBGEOVW7GniMOMJSpVlVIViLX14mvYZpnZvNu2atfVXGUQHH4AScAQtcgDa4AR3QBRg8gmfwCt60J+1Fe9c+5qUrWtlzBP5A+/oBzsic6g==</latexit>

I0
<latexit sha1_base64="3lD8/urffQXJUiWTZwCho+4EJOU=">AAACGnicbVBNS8MwGE7n15xfVY9egkOYMEY7hs7bwIvHCe4DtjLSNN3C0rQkqTBKf4cX/4oXD4p4Ey/+G7Ouh7n5QOB5n+d98yaPGzEqlWX9GIWNza3tneJuaW//4PDIPD7pyjAWmHRwyELRd5EkjHLSUVQx0o8EQYHLSM+d3s793iMRkob8Qc0i4gRozKlPMVJaGpl2JRlmtySCeGkzrcLl2q6n1eW63kgvR2bZqlkZ4Dqxc1IGOdoj82vohTgOCFeYISkHthUpJ0FCUcxIWhrGkkQIT9GYDDTlKCDSSbKlKbzQigf9UOjDFczU5YkEBVLOAld3BkhN5Ko3F//zBrHym05CeRQrwvFikR8zqEI4zwl6VBCs2EwThAXVb4V4ggTCSqdZ0iHYq19eJ916zb6qNe4b5dZNHkcRnIFzUAE2uAYtcAfaoAMweAIv4A28G8/Gq/FhfC5aC0Y+cwr+wPj+Bc3toVE=</latexit>

(8, 12, 24)

Non-minimal Brane Stack at Finite Distance  

Example: Type I Model in Disguise

17

<latexit sha1_base64="sQSKrdRBuYXHD0cg8O40zE8XBY4=">AAAB/HicbVC7TsMwFHXKq4QCgY4sFhWIqUoQ4jVVYmEsEn2gNESO67ZWHSeyHaQoKh/CwsIAQqx8B2Jj4F9w2g7QciRLR+fcq3t8gphRqWz7yygsLC4trxRXzbXS+samtbXdlFEiMGngiEWiHSBJGOWkoahipB0LgsKAkVYwvMj91h0Rkkb8WqUx8ULU57RHMVJa8q1yJ0RqEASwfuv4mSvPlTfyrYpdtceA88SZkkpt/+H7pmR+1H3rs9ONcBISrjBDUrqOHSsvQ0JRzMjI7CSSxAgPUZ+4mnIUEull4/AjuKeVLuxFQj+u4Fj9vZGhUMo0DPRkHlXOern4n+cmqnfqZZTHiSIcTw71EgZVBPMmYJcKghVLNUFYUJ0V4gESCCvdl6lLcGa/PE+ah1XnuHp0pds4AxMUwQ7YBQfAASegBi5BHTQABil4BM/gxbg3noxX420yWjCmO2XwB8b7Dz/sl3o=</latexit>

P1
[s:t]



/18

scale out: 

<latexit sha1_base64="qeZiQIKh6s9UbfQmVRa6YgfANYg=">AAACEXicbZDLSgMxFIYz9VbrrerSTbAIFbTMlNK6LOjCZQV7gXYcMumZNjRzIckIZZhXcOOruHGhiFt37nwb04ugrT8EPv5zDifndyPOpDLNLyOzsrq2vpHdzG1t7+zu5fcPWjKMBYUmDXkoOi6RwFkATcUUh04kgPguh7Y7upzU2/cgJAuDWzWOwPbJIGAeo0Rpy8kXi+BYd8l5JfXO8Ayr6eAHrXLauwKuyCl28gWzZE6Fl8GaQwHN1XDyn71+SGMfAkU5kbJrmZGyEyIUoxzSXC+WEBE6IgPoagyID9JOphel+EQ7feyFQr9A4an7eyIhvpRj39WdPlFDuVibmP/VurHyLuyEBVGsIKCzRV7MsQrxJB7cZwKo4mMNhAqm/4rpkAhClQ4xp0OwFk9ehla5ZFVLlZtKoV6bx5FFR+gYFZGFaqiOrlEDNRFFD+gJvaBX49F4Nt6M91lrxpjPHKI/Mj6+AerCmoo=</latexit>

(e�4
1 f, e�6

1 g, e�12
1 �)

<latexit sha1_base64="kVyz9gfGzS7UQ6klnTee466exKs=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqlJJIsS4LunBZwT6gCWUyvWmHTiZhZqKU2E9x40IRt36JO//G6WOhrQcuHM65l3vvCRLOlHacb2ttfWNzazu3k9/d2z84tAtHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mrqd++wGkYrG41+ME/IgMBAsZJdpIPbtQCsuDsncDXJNz7OkY9+yiU3FmwKvEXZAiWqDRs7+8fkzTCISmnCjVdZ1E+xmRmlEOk7yXKkgIHZEBdA0VJALlZ7PTJ/jMKH0cxtKU0Him/p7ISKTUOApMZ0T0UC17U/E/r5vq8MrPmEhSDYLOF4Upx+bDaQ64zyRQzceGECqZuRXTIZGEapNW3oTgLr+8SloXFfeyUr2rFuu1RRw5dIJOUQm5qIbq6BY1UBNR9Iie0St6s56sF+vd+pi3rlmLmWP0B9bnDw4Mko4=</latexit>

(f, g,�) !

• Codim-1 Non-minimal Fiber w/ (>4, >6, >12) Vanishing 

· Non-minimal fibers, if strict, may as well arise at finite distance  

· An “alerting” example  

  -  involves a non-minimal fiber w/              

  -  turns into a Type I Kulikov model  
 
 

<latexit sha1_base64="ATqfNAqfi5EZxlmu3phQxYbgc0U="></latexit>

ordŶ0
(f, g,�)|s=0 = (8, 12, 24)

blowdown
<latexit sha1_base64="VPKBgrmFGLI/d4QAWDpjIMDsVHg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mV0nosevFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwy6ebRRcNyxa26C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrz2UybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE46V1WvXq3d1yrNRh5HEc7gHC7BgwY04Q5a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz8MOo2Q</latexit>

B0blowup@u=s=0
<latexit sha1_base64="dsMj9oA0kLx4TAhXY6m9gazKARQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiReNBKHjxWMF+QJuWzXbTLt1s4u6mUEJ/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt299Wbm19Y3Mrv13Y2d3bPygeHjVUlEhC6yTikWz5WFHOBK1rpjltxZLi0Oe06Y/uZn5zTKVikXjUk5h6IR4IFjCCtZG84Dbpukh33QvVdXvFkl2250CrxMlICTLUesWvTj8iSUiFJhwr1XbsWHsplpoRTqeFTqJojMkID2jbUIFDqrx0fvQUnRmlj4JImhIazdXfEykOlZqEvukMsR6qZW8m/ue1Ex24XspEnGgqyGJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5FQwITjLL6+SxmXZuSpXHiql6k0WRx5O4BTOwYFrqMI91KAOBJ7gGV7hzRpbL9a79bFozVnZzDH8gfX5AyeIkQg=</latexit>

f = u8t8 + s8

<latexit sha1_base64="Id2EAxvpBpaVZzPgsSZo3CNJg/0=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBKHMlOJjIRTcuKxgH9COJZNm2tBMZkjuCGXswl9x40IRt/6GO//GdNqFth4I93DOvdyb48eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8HriNx+Y0jySdzCKmReSvuQBpwSM1LUP+lfJfeqWxxiycqqz0rWLTsnJgBeJOyNFNEOta391ehFNQiaBCqJ123Vi8FKigFPBxoVOollM6JD0WdtQSUKmvTS7f4yPjdLDQaTMk4Az9fdESkKtR6FvOkMCAz3vTcT/vHYCwYWXchknwCSdLgoSgSHCkzBwjytGQYwMIVRxcyumA6IIBRNZwYTgzn95kTTKJfesVLmtFKuXszjy6BAdoRPkonNURTeohuqIokf0jF7Rm/VkvVjv1se0NWfNZvbRH1ifP1AMlP0=</latexit>

g = u12t12 + s12

<latexit sha1_base64="zlrPLUqew9+QbMpS8zvJlOia/NU=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIhTJTa62gUNCFywq2Fvoik6ZtaOZBckcow/yMG3/FjQuLCK78FdPpLLT1wL0czrmX5B7bF1yBaX4ZqZXVtfWN9GZma3tndy+7f9BQXiApq1NPeLJpE8UEd1kdOAjW9CUjji3Yoz2+mfmPT0wq7rkPMPFZxyFDlw84JaClXvaqfcsEkOszS3XDYinCeWwVseZWOcLQreBAVx6fl2KtGEHcg7jjXjZnFswYeJlYCcmhBLVedtruezRwmAtUEKValulDJyQSOBUsyrQDxXxCx2TIWpq6xGGqE8ZXRvhEK3088KQuF3Cs/t4IiaPUxLH1pENgpBa9mfif1wpgUOmE3PUDYC6dPzQIBAYPzyLDfS4ZBTHRhFDJ9V8xHRFJKOhgMzoEa/HkZdIoFqxyoXRfylUvkzjS6Agdo1NkoQtURXeohuqIomf0it7R1Hgx3owP43M+mjKSnUP0B8b3D89PoSc=</latexit>

� = 31s24 + 12s16t8u8 + 54s12t12u12

<latexit sha1_base64="WtJ762RHkQ/Voa1qXhsoIFe7/xo=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoFMpMLbXuCm5cVrAPaKclk2ba0MyDPIQyzC+48VfcuFDErTt3/o2ZdhbaeiC5h3PuJbnHjRgV0rK+jdzG5tb2Tn63sLd/cHhkHp90RKg4Jm0cspD3XCQIowFpSyoZ6UWcIN9lpOvOblK/+0C4oGFwL+cRcXw0CahHMZJaGpmlMrSrUAwbUA5ju55AtSxleGmnUrWWqMU9MotWxVoArhM7I0WQoTUyvwbjECufBBIzJETftiLpxIhLihlJCgMlSITwDE1IX9MA+UQ48WKjBF5oZQy9kOsTSLhQf0/EyBdi7ru600dyKla9VPzP6yvpNZyYBpGSJMDLhzzFoAxhGg8cU06wZHNNEOZU/xXiKeIISx1iQYdgr668TjrVil2v1O5qxeZ1FkcenIFzUAI2uAJNcAtaoA0weATP4BW8GU/Gi/FufCxbc0Y2cwr+wPj8AQaDmgU=</latexit>

+12s8t16u16 + 31t24u24

<latexit sha1_base64="gPTyW6BZ+H2CxlO8xTskzqSYGP4=">AAACF3icbVDLSgMxFM34rPU16tJNsAguypAprY+FUHDjsoJ9wHQomTTThmYeJBmhDPMXbvwVNy4Ucas7/8ZMOwttPRByOOfem5vjxZxJhdC3sbK6tr6xWdoqb+/s7u2bB4cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmN7nffaBCsii8V9OYugEehcxnBCstDUwr7c+GOGLkuSmyGkijVkVWftcb1UJpZGlyjbJsYFbmFkJwmdgFqYACrYH51R9GJAloqAjHUjo2ipWbYqEY4TQr9xNJY0wmeEQdTUMcUOmms5UyeKqVIfQjoU+o4Ez93ZHiQMpp4OnKAKuxXPRy8T/PSZR/6aYsjBNFQzJ/yE84VBHMQ4JDJihRfKoJJoLpXSEZY4GJ0lGWdQj24peXSadm2edW/a5eaV4VcZTAMTgBZ8AGF6AJbkELtAEBj+AZvII348l4Md6Nj3npilH0HIE/MD5/AFbPm5s=</latexit>

u = 0
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Example: Type I Model in Disguise
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Summary and Discussion
• Bounds on gauge sector of 6d F-theory (the global structure of the non-abelian sector 

& the rank of the abelian sector) have been (re-)derived via the heterotic insight:  
 

· The 1-form gauge sector & the 0-form U(1) gauge sector are both visible to the heterotic string! 

• Extreme limits of gauge sector of 6d F-theory, potentially sitting at infinite distance, 
have been classified and analyzed: 

 

· Non-minimal brane stacks may sit either at infinite distance (Type II or III; decompactifications) 
or at finite distance (Type I; standard gauge enhancements)  

• The derived bounds naturally connect to the universal limiting behavior of EFTs:    
 

· The heterotic string is the string whose “presence” & “criticality” are inferred at infinite distance  

· Violation of the global structure bound results in decompactification at infinite distance

• For a 6d N=(1,0) EFT, one may generally argue via charge completeness that a “heterotic” 
string exists, whose unitarity [Kim, Shiu, Vafa ’19] leads to an abelian rank bound [S.-J.L., Weigand ’19]

• It is desirable to understand/interpret/derive bounds also on other physical quantities
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Summary and Discussion

Thank you
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• Grouping the QFT Models   

· Landscape (EFTs w/ a UV completion into QG) 
  - contains the String Landscape (String EFTs)  
 

· Swampland (EFTs w/o a UV completion) 

• The Swampland Program 

· Goal: distinguish EFTs in the Landscape from those in the Swampland [Vafa ’05] 

  - reveal common properties of quantum gravity theory (aka Quantum Gravity Conjectures) 

· String Landscape as a guiding principle 

  - extract common physical properties of String EFTs   

  - establish universal behaviors of the internal geometry    

The Swampland Program 
In Light of the String Landscape

Swampland

Landscape

  1

insights on quantum gravity conjectures!



• F-theoretic Evidence — Geometric Classification of Limits
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Light tower of particles furnished by either Kaluza-Klein or string excitations!

m0 ⇠ e�↵ ��
MPl MPlA tower of states become light w/ the mass scale                            [Ooguri, Vafa ’06]  

EFTs either decompactify or reduce to a weakly-coupled string theory [S.-J.L., Lerche, Weigand ’19]

• Universal Features of EFTs at Infinite Distance 

Bulk Geometry (Kahler)   
 

unique tensionless critical string 
 

[S.-J.L., Lerche, Weigand ’18-’19], [Klawer, S.-J.L., Weigand, Wiesner ’20]

* Top-down evidence in [S.-J.L., Lerche, Weigand ’18-’19], [(Baume,) Marchesano, Wiesner ’19], [Xu ’20], [Klawer, S.-J.L., Weigand, Wiesner ’20], … 
(bulk Kahler);  [Grimm, Palti, Valenzuela ’18], [Grimm, Li, Palti ’18], [Klemm, Joshi ’19], [Grimm, Li, Valenzuela ’19], … (bulk complex structure)   

* Bottom-up intuitions e.g. in [Basile, Lust, Montella, ’23], [Bedroya, Mishra, Wiesner, ’24] 

Brane Configuration (complex structure)   
 

light dual-KK modes  
 

[S.-J.L., Lerche, Weigand ’21], [Alvarez-Garcia, S.-J.L., Weigand ’23]2

general constraints from the same string? decompactification beyond expected bounds?

2

 EFTs in the Moduli Space 
Limits at Infinite Distance vs. Limitations at Finite Distance
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• EFTs in Scrutiny 

· Supergravity EFTs w/ minimal SUSY (main focus: EFTs of F-theory, mostly in 6d)  

• Bounds on the Gauge Sector (6d) as seen by a solitonic string 

· Goal:  constrain the global structure of the non-abelian gauge sector  

  - order of each cyclic quotient: 

· Bonus:  find a connection to the rank bound on the abelian gauge sector  

  - number of U(1) factors:     

• Limits of the Gauge Sector (6d/8d) as what sets the bound 

· Goal:  classify unconventional “non-minimal” stacks of coalescing 7-branes 

  - non-minimal stacks at infinite distance:  decompactifications   

· Alert:  distinguish finite distance limits in disguise from the classification    

  - non-minimal stacks at finite distance:  standard gauge enhancement
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Main Results on Gauge Sector: Bounds & Limits 
What this talk will be about 



• 6d F-theory 

· IIB string on compact 2-fold B2 w/ 7-branes on complex curves (varying axio-dilaton)  

· 7-brane configuration encoded in an elliptic Calabi-Yau 3-fold 

 -                               discriminant  
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⇡ : Y3 ! B2
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y2 = x3 + f4 x+ g6
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x
x
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� := 4f3 + 27g2 = 0

• Gaug 

 Abelian U(1)A vectors 

· Sections                         to the elliptic fibration  
· U(1)A-brane loci     (height pairing)

<latexit sha1_base64="Yay6mOFpLghDCWazU5ab1ioe77s=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclaSWKq6qblxWsA9pQ5hMJs3QySTMTJQSunLjr7hxoYhbv8Gdf+O0zUJbD1w4nHMv997jJYxKZVnfxsLi0vLKamGtuL6xubVt7uy2ZJwKTJo4ZrHoeEgSRjlpKqoY6SSCoMhjpO0NrsZ++54ISWN+q4YJcSLU5zSgGCktueaBdC/gObx0K7DnIxkK2g8VEiJ+gHfuiWuWrLI1AZwndk5KIEfDNb96fozTiHCFGZKya1uJcjIkFMWMjIq9VJIE4QHqk66mHEVEOtnkjRE80ooPg1jo4gpO1N8TGYqkHEae7oyQCuWsNxb/87qpCs6cjPIkVYTj6aIgZVDFcJwJ9KkgWLGhJggLqm+FOEQCYaWTK+oQ7NmX50mrUrZr5epNtVSv5XEUwD44BMfABqegDq5BAzQBBo/gGbyCN+PJeDHejY9p64KRz+yBPzA+fwAW7pea</latexit>

sA : B2 99K Y3

Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12

2
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DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12
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• Gauge Algebras in F-theory 

Non-abelian Gi vectors 
· Codim-1 singular fibers over curves bi 

 
 
 
  

 
· Gi -brane loci bi 
-  

7-brane loci bi
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:= �⇡⇤(�(sA) · �(sA))

Gauge Algebras 

Physics of Axio-dilaton Profile

4



• The Mordell-Weil (MW) Group  

· The rational sections to an elliptic fibration                      form a group    

· MW theorem (1929).  The MW group is a finitely-generated abelian group.  

 

• The Abelian Gauge Sectors 

· The continuous abelian gauge sector 

 - encoded in the free part of the MW group: 

                                                            

· The global structure of the gauge group 

 - encoded in the torsional part of the MW group:  

                                                            
 - rationale:  analysis of the Shioda image of an n-torsional section reveals that the coweight    

    lattice of the group is finer by order n than that of the universal cover [Mayrhofer, Morrison, Till, Weigand ’14] 
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MW(Y3) ' ZN �MW(Y3)Tors
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N := rank(MW(Y3)) = NU(1)
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MW(Y3)Tors ' Zn � Zm ) G = Ĝ/(Zn ⇥ Zm)
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Non-abelian Group and Abelian Rank  
Physics of the Arithmetic

5



[Martucci ’14], [Haghighat, Murthy, Vafa, Vandoren ’15], [Lawrie, Schafer-Nameki, Weigand ‘16]  

N=(0,4) worldsheet theory of a 6d stringN=4 SYM along C w/ varying coupling

<latexit sha1_base64="Nvtj+42ytzpVy82wtgt4e0bHCcQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgqsyUUsVV0Y3LCvYBnXHIpGkbmmSGJCOUoTs3/oobF4q49Rfc+Tdm2llo64HA4Zx7yT0njBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnH15nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX0cX8KroAo9HUGPIz0KQ9i8d4PUkxyG08AuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLMYWnRunDQSTNExrO1N8bKeJKTXhoJrNT1aKXif95vUQPLvyUijjRROD5R4OEQRM6KwX2qSRYs4khCEtqboV4hCTC2lRXMiW4i5GXSbtaceuV2m2t3KjndRTBETgBZ8AF56ABbkATtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/gU2XzQ==</latexit>

p : B2 ! P1
b
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B2 = P2

.

• Branes on Curves  

· 7-brane on b I :  6d vector multiplet 

· 3-brane on C :  effective string (Q = [C])

• Solitonic Strings   

· 
 
 
 

 - the 3-7 modes present at k I (:= C  b I) points are charged under G I 

 - topology of the curve C in B2 determines the associated string type  

· Essentially all 2-fold bases are     -fibered,                            #(tensor multiplets) = nT > 0 

 - full list:              and blowups thereof [Grassi ’91], [Gross ’93] (all but      is     -fibered & has more than one 2-forms)  

· A distinguished string from the     -fiber                                   heterotic string 

 - focus first on generic F-theory vacua w/ heterotic string (w/ nT > 0) 

 - separately analyze models on               (w/ nT = 0) afterwards         
/18

B2

=
B2

R1,3

B2

C0

Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general
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Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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• 1-Form Symmetries 

· Higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet ’14] 
 - extended objects are charged; necessarily abelian (gauged in quantum gravity)  

· General constraints on discrete 1-form gauge sector to constrain the global structure 

 - discrete 1-form gauge sector  associated w/  global form of the 0-form gauge sector   

 
 - specified by the embedding vector                       for each generator of    

• Anomaly Constraints  

· Center 1-form symmetry and its gauging [Apruzzi, Dierigl, Lin ’20] 
 - requires absence of mixed anomaly involving the 1-form symmetry & the tensors (2-form in 6d): 
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 “non-minimal” fiber at codim-2 (codim-1)  

  would arise for     beyond  T (resp.,  T**)

[Hajouji, Oehlmann ’19], [Dierigl, Heckman ’20]

• Geometric Constraints 

· 1-form gauge sector of an F-theory vacuum 
 - encoded in the MW torsion:                                                                    constraints on (n, m)?  

· Previously known geometric constraints for elliptic Calabi-Yau d-folds   
 
 
 
   

· For d=2:  classification of the MW groups realizes all torsions in  T** [Miranda, Persson ’89]  

• EFT Constraints  

· 
 - an 

 - g 

 - w=T** 
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 8d N=1 EFTs [Cvetic, Dierigl, Lin, Zhang ’20]                                  
 - anomaly 

 - gauge group rank can only be 18, 10, or 2 [Montero, Vafa ’20] 

 - w/ rk=18 (as in 8d F-theory): consistent    s not beyond T** 
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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Geometric Bound via Anomalies 
Success in 8d & Attempt in 6d 
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(n  m)

6d N=(1,0) EFTs                                     
 - anomaly not constraining    as much 

 - severe(r) constraints on    still      

    expected in 6d F-theory! why?
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· MW inclusion: 
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Y2 ! Y3

•  Insight from Heterotic String /Curve  [S.-J.L., Oehlmann ’22] 

· Claim: 1-form gauge sector     of 6d F-theory w/ nT > 0 can only take the form:      
                                                 , i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).  
 

· Heterotic Insight: sever global structure bound for 8d F-theory persist in 6d F-theory!  
 

· CY 3-folds as a Nested      -/ K3-fibration  (cf.) ubiquity of nesting [Anderson, Gao, Gray, S.-J.L. ’17]  
 -  nT > 0            2-fold base B2 is     -fibered 

 - (tensionful) heterotic string as D3 on a    -fiber  (cf.) tensionless at infinite distance [S.-J.L., Lerche, Weigand ’18] 
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Geometric Bound via Heterotic String 
Success in 6d F-theory with nT > 0
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,

V
0
B3

=
1

6

Z

B3

(J 0)3 = µ
�3

VB3
, (2.4)

stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general

6

f

b1

b2 b3

= <latexit sha1_base64="ZQ8FM7Ju9imwyN8JSHfbMh9Aggg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DHvQYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d4NFgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ62jANCWWTxzBRDN3KyIjrDGxLqCSCyFYfnmVtC+qQb1au6tVGvU8jiKcwCmcQwCX0IBbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVU9jvI=</latexit>

�        -quotient cannot act  
purely on b2 or b3!



• Geometric Viewpoint 

· The K3 surfaces w/                                 are extremal [Miranda, Persson ’89] 
 - no complex structure deformations for a (non-trivial) fibration. 

• Physical Viewpoint 

· Each outlier leads to a unique gauge group (rank-18 non-abelian) [Miranda, Persson ’89] 
 - e.g., for            :                              w/ the embedding s=(1,2,3) (cf.) [Cvetic et al. ’20]  

· Charged matter would render the 7-brane configuration inconsistent 
 - e.g., for            : 

  1. Matter must be charged under multiple SU(7)s in a special manner (for     -neutralness).    

  2. Matter multiplicities are subject to a certain divisibility condition for anomaly cancellation  

  3. The divisibility criterion is only fulfilled if each brane locus has a positive genus.  

  4. The genus constraint leads to  

<latexit sha1_base64="VWaYlkcn16MwfrdagjxddntoicE=">AAACCnicbVDNS8MwHE3n15xfVY9eokPwNFoZmxdh4EGPE9wHrqWkabqFJW1JUmGUnb34r3jxoIhX/wJv/jem3Q66+SDweO/3lecnjEplWd9GaWV1bX2jvFnZ2t7Z3TP3D7oyTgUmHRyzWPR9JAmjEekoqhjpJ4Ig7jPS88dXud97IELSOLpTk4S4HA0jGlKMlJY889i5RpwjeAkzp5iWCRJMHY7UyPfhvdecembVqlkF4DKx56QK5mh75pcTxDjlJFKYISkHtpUoN0NCUczItOKkkiQIj9GQDDSNECfSzYrlU3iqlQCGsdAvUrBQf3dkiEs54b6uzG+Ui14u/ucNUhVeuBmNklSRCM8WhSmDKoZ5LjCggmDFJpogLKi+FeIREggrnV5Fh2AvfnmZdM9rdqNWv61XW415HGVwBE7AGbBBE7TADWiDDsDgETyDV/BmPBkvxrvxMSstGfOeQ/AHxucPlzqaLg==</latexit>

� = Z7

<latexit sha1_base64="i7CBBbbNHvRWhHfapm8kTiMIQ7o=">AAACAXicbVDNS8MwHE3n15xfVS+Cl+AQPI1WxuZx4MXjBPeBaylpmm5haVqSVBhlXvxXvHhQxKv/hTf/G9OuB918EHi89/vK8xNGpbKsb6Oytr6xuVXdru3s7u0fmIdHfRmnApMejlkshj6ShFFOeooqRoaJICjyGRn40+vcHzwQIWnM79QsIW6ExpyGFCOlJc88yZxiSCZIMHcipCa+D++99twz61bDKgBXiV2SOijR9cwvJ4hxGhGuMENSjmwrUW6GhKKYkXnNSSVJEJ6iMRlpylFEpJsVy+fwXCsBDGOhH1ewUH93ZCiSchb5ujK/US57ufifN0pVeOVmlCepIhwvFoUpgyqGeRwwoIJgxWaaICyovhXiCRIIKx1aTYdgL395lfQvG3ar0bxt1jutMo4qOAVn4ALYoA064AZ0QQ9g8AiewSt4M56MF+Pd+FiUVoyy5xj8gfH5A9TDlxg=</latexit>

Z7

<latexit sha1_base64="VWaYlkcn16MwfrdagjxddntoicE=">AAACCnicbVDNS8MwHE3n15xfVY9eokPwNFoZmxdh4EGPE9wHrqWkabqFJW1JUmGUnb34r3jxoIhX/wJv/jem3Q66+SDweO/3lecnjEplWd9GaWV1bX2jvFnZ2t7Z3TP3D7oyTgUmHRyzWPR9JAmjEekoqhjpJ4Ig7jPS88dXud97IELSOLpTk4S4HA0jGlKMlJY889i5RpwjeAkzp5iWCRJMHY7UyPfhvdecembVqlkF4DKx56QK5mh75pcTxDjlJFKYISkHtpUoN0NCUczItOKkkiQIj9GQDDSNECfSzYrlU3iqlQCGsdAvUrBQf3dkiEs54b6uzG+Ui14u/ucNUhVeuBmNklSRCM8WhSmDKoZ5LjCggmDFJpogLKi+FeIREggrnV5Fh2AvfnmZdM9rdqNWv61XW415HGVwBE7AGbBBE7TADWiDDsDgETyDV/BmPBkvxrvxMSstGfOeQ/AHxucPlzqaLg==</latexit>

� = Z7

<latexit sha1_base64="OXGc5pZl2IW1+g6shRwTQZe6yyU="></latexit>

7(b1 + b2 + b3) > 12K̄B2 = [�] contradiction!

<latexit sha1_base64="lPChoMdjHWVznTJN8V04dfkgQAY=">AAACC3icbVA5T8MwGHXKVcoVYGSxWiGVpSRQtSxIlRhgLIIeogmV47qtVeeQ7SBVUXYW/goLAwix8gfY+Dc4aQZoeZKlp/e+y88JGBXSML613NLyyupafr2wsbm1vaPv7rWFH3JMWthnPu86SBBGPdKSVDLSDThBrsNIx5lcJH7ngXBBfe9WTgNiu2jk0SHFSCqprxcvz29a5frR/elxZKXjIk4GseUiOXYceNevx329ZFSMFHCRmBkpgQzNvv5lDXwcusSTmCEheqYRSDtCXFLMSFywQkEChCdoRHqKesglwo7S5TE8VMoADn2unidhqv7uiJArxNR1VGVyo5j3EvE/rxfK4ZkdUS8IJfHwbNEwZFD6MAkGDignWLKpIghzqm6FeIw4wlLFV1AhmPNfXiTtk4pZq1Svq6VGLYsjDw5AEZSBCeqgAa5AE7QABo/gGbyCN+1Je9HetY9ZaU7LevbBH2ifP0fJmfA=</latexit>

G = SU(7)3/Z7

<latexit sha1_base64="y8XA15UvrZkekvrh0Kw2hJwR7p8="></latexit>

MW(Y2) 2 T ⇤ � T

/18

Ruling out the Outliers in ..……… 
Geometry and Physics

<latexit sha1_base64="GI/UZLcsPv3gY1jNY6Es4RJ/Plg="></latexit>

T ⇤ � T
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<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="ufxp5yhAOvS+T+y+dVYDc6Iz2cE="></latexit>(
a2 = z20 b2
a4 = z41 b4

<latexit sha1_base64="IrULRZc7gaPdRVghByJIRNrF0Vs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUpSSnVZcNOdFewDmrZMppN26GQSZiZCCf0GN/6KGxeKuHXlzr9xkmahrQcGzpxzL/fe44aMSmVZ30ZuY3Nreye/W9jbPzg8Mo9POjKIBCZtHLBA9FwkCaOctBVVjPRCQZDvMtJ1ZzeJ330gQtKA36t5SAY+mnDqUYyUlkZm2R1R6FAOm0Or5PhITV0XtobVS5h+MGLwtlSl5TIcmUWrYqWA68TOSBFkaI3ML2cc4MgnXGGGpOzbVqgGMRKKYkYWBSeSJER4hiakrylHPpGDOD1pAS+0MoZeIPTjCqbq744Y+VLOfVdXJnvKVS8R//P6kfKuBzHlYaQIx8tBXsSgCmCSDxxTQbBic00QFlTvCvEUCYSVTrGgQ7BXT14nnWrFrldqd7Vio57FkQdn4ByUgA2uQAM0QQu0AQaP4Bm8gjfjyXgx3o2PZWnOyHpOwR8Ynz9/15rN</latexit>

bi 2 H
0(P2

,O(2i))

• Claim [S.-J.L., Oehlmann ’22] 

· 1-form gauge sector     of 6d F-theory w/ nT = 0 (i.e.             ) can only take the form:      
                                     ,  i.e., (n, m)=(1,1), …, (1,6); (2,2), (2,4); (3,3).

• Sketch of Derivation — E-string transition & Tuning 

 
 
· Recall: MW torsion via a specific tuning [Aspinwall, Morrison ’98]  
 

  e.g.,              case:                                      w/                                
 

· Further tune: develop conformal matter w/o reducing MW torsion 
 

  e.g.,              case:                    w/                                                                                
 

· E-string transition: gain a tensor multiplet w/ MW torsion kept intact 
 

<latexit sha1_base64="iqFbnOqsALECsfFcWrX1UtAtX1k=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMiLreABz1GMAskQ+jp9CRtehm6e4Qw5B+8eFDEq//jzb+xk8xBEx8UPN6roqpelHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/QNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZtdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcFE9vz+v1K7zOIpwBMdwCgFcQg3uoA4NIPAIz/AKb57yXrx372PeWvDymUP4A+/zB1YkjvU=</latexit>

�

<latexit sha1_base64="wullEram/VYHjlmIxufIC4B8WJI=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElqqS4Lbrqzgn1Ak4bJdNoOnUzCzEQood/gxl9x40IRt67c+TdO0yy09cDAmXPu5d57/IhRqSzr21hb39jc2s7t5Hf39g8OzaPjtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yc3c7zwQIWnI79U0Im6ARpwOKUZKS55ZQh6FDuWw0beKToDU2Pdhs1+5gOkHIwZvi5e0VIKeWbDKVgq4SuyMFECGpmd+OYMQxwHhCjMkZc+2IuUmSCiKGZnlnViSCOEJGpGephwFRLpJetIMnmtlAIeh0I8rmKq/OxIUSDkNfF0531Mue3PxP68Xq+G1m1AexYpwvBg0jBlUIZznAwdUEKzYVBOEBdW7QjxGAmGlU8zrEOzlk1dJu1K2a+XqXbVQr2Vx5MApOANFYIMrUAcN0AQtgMEjeAav4M14Ml6Md+NjUbpmZD0n4A+Mzx9/s5rN</latexit>

ai 2 H
0(P2

,O(3i))
<latexit sha1_base64="068+37S3AjQvpMz4ltAA4yxPc18=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZUqoboeBClxXsAzvDkEnTNjTJDElGKGMX/oobF4q49Tfc+Tdm2llo64HA4Zx7uScnjBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0VZRITFo4YpHshkgRRgVpaaoZ6caSIB4y0gnHV5nfeSBS0Ujc6UlMfI6Ggg4oRtpIgX3kXSPOEbyEqceRHoUhvJ8G1cAuOxVnBrhM3JyUQY5mYH95/QgnnAiNGVKq5zqx9lMkNcWMTEteokiM8BgNSc9QgThRfjrLP4WnRunDQSTNExrO1N8bKeJKTXhoJrOMatHLxP+8XqIHF35KRZxoIvD80CBhUEcwKwP2qSRYs4khCEtqskI8QhJhbSormRLcxS8vk3a14tYrtdtauVHP6yiCY3ACzoALzkED3IAmaAEMHsEzeAVv1pP1Yr1bH/PRgpXvHII/sD5/AGwmlQ0=</latexit>

� = Z2

<latexit sha1_base64="6QJ+jJt9ASP7I5w/Aa0Kj38kV78="></latexit>(
f = a4 � 1/3 a22
g = 1/27 a2(2a22 � 9a4)

/1811

Models w/o Tensor Multiplets 
E-String Transitions and Validity of the Bound

<latexit sha1_base64="e5rvsOtnasuPKsOYXuR3MGakdWg="></latexit>

� = Zn ⇥ Zm 2 T ( T ⇤

<latexit sha1_base64="y60o5wDK1o+bjr4aI1OXyEhoh4g=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp1Y1QdOOygn1AG8NkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeDFnUlnWt7G2vrG5tV3aKe/u7R8cmkfHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzpje533ukQrIovFdpTJ0Aj0PmM4KVllyzcu3W0RXKhgFWE89D7dlD3TWrVs2aA60SuyBVKNB2za/hKCJJQENFOJZyYFuxcjIsFCOczsrDRNIYkyke04GmIQ6odLJ5+Bk608oI+ZHQL1Rorv7eyHAgZRp4ejLPKJe9XPzPGyTKv3QyFsaJoiFZHPITjlSE8ibQiAlKFE81wUQwnRWRCRaYKN1XWZdgL395lXTrNbtZa9w1qq1mUUcJTuAUzsGGC2jBLbShAwRSeIZXeDOejBfj3fhYjK4ZxU4F/sD4/AGo1JN4</latexit>

B2 = P2

<latexit sha1_base64="5qNWVQyeXerSCRRy06PH2I8h9Jo="></latexit>

� = MW(Y3)Tors ✓ MW(Y (tune)
3 )Tors = MW(Ŷ3)Tors 2 T

developing conformal matter E-string transition

<latexit sha1_base64="z/DQPHHwY6XOowJclO1+G+Viqf0="></latexit>

)
(
f = z41 b4 � 1/3 z40 b

2
2

g = 1/27 z20(2z
4
0 b

2
2 � 9z41 b4)

 
@ [0:0:1]

<latexit sha1_base64="z6EfYIvAhKYxIc8vOXGLuktJkqU=">AAACB3icbVBNS8NAEJ34WetX1aMgi0XwVJJSqngqePFYwX5AG8Nmu2mXbjZhdyO0oTcv/hUvHhTx6l/w5r9x0/agrQ8GHu/NMDPPjzlT2ra/rZXVtfWNzdxWfntnd2+/cHDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vM781gOVikXiTo9i6oa4L1jACNZG8gonXSZQN8R64Puofl9GXjr27Kux55gqT7xC0S7ZU6Bl4sxJEeaoe4Wvbi8iSUiFJhwr1XHsWLsplpoRTif5bqJojMkQ92nHUIFDqtx0+scEnRmlh4JImhIaTdXfEykOlRqFvunMLlaLXib+53USHVy6KRNxoqkgs0VBwpGOUBYK6jFJieYjQzCRzNyKyABLTLSJLm9CcBZfXibNcsmpliq3lWKtOo8jB8dwCufgwAXU4Abq0AACj/AMr/BmPVkv1rv1MWtdseYzR/AH1ucP0gSX+g==</latexit>

2 P2
z0:z1:z2

<latexit sha1_base64="SyuwbA34D/iizcTq5X0cwzKdbNQ=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL0EIpM1KqG6HoxmUF+4B2KJlMpg1NMkOSEcrQjb/ixoUibv0Md/6NaTsLbT1w4XDOvdx7jx8zqrTjfFu5tfWNza38dmFnd2//wD48aqsokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj29nfueRSEUj8aAnMfE4GgoaUoy0kQb2SdqXHEYymJbCChyW4TUs1Sr18sAuOlVnDrhK3IwUQYbmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmRb6iSIxwmM0JD1DBeJEeen8gSk8N0oAw0iaEhrO1d8TKeJKTbhvOjnSI7XszcT/vF6iwysvpSJONBF4sShMGNQRnKUBAyoJ1mxiCMKSmlshHiGJsDaZFUwI7vLLq6R9UXXr1dp9rdi4yeLIg1NwBkrABZegAe5AE7QABlPwDF7Bm/VkvVjv1seiNWdlM8fgD6zPH+DWlAA=</latexit>

ord(f, g) = (4, 6)
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Connection to the Abelian Rank Bound 
6d F-theory with nT > 0

• Heterotic Insight — Global Structure Bound 

· If nT > 0:  global structure of non-abelian sector visible to (bounded by) heterotic string  

· If nT = 0:  the same heterotic bound applicable via E-string transition 

• Heterotic Insight — Abelian Rank Bound  

· If nT > 0:  abelian gauge sector visible to heterotic string [S.-J.L., Weigand ’19] 

 - U(1) loci hit the     -fiber of B2! [S.-J.L., Regalado, Weigand ’18] 
 - unitarity [Kim, Shiu, Vafa ’19] on the heterotic string:  

· New insight from MW inclusion [S.-J.L., Oehlmann ’22] 

 - 

· If nT = 0:  no control of the MW rank under the prereq tuning (for E-string transition) 
 

   (cf.) U(1)s still visible to the string with            (line in     ) [S.-J.L., Weigand ’19] 

      - conservative bound is                    but the generic, stronger bound is conjectured to work:    
          
 

<latexit sha1_base64="ERrXuW0P1X8yN15D+BiUgM6qIzc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHTsWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgHIa49egNqjW37s6BV4lXkBoq0BpUv/pDRdOYSaCCGON7bgJBRjRwKtis0k8NSwidkBHzLZUkZibI5pFn+MwqQxwpbZ8EPFd/b2QkNmYah3Yyj2iWvVz8z/NTiK6DjMskBSbp4qMoFRgUzu/HQ64ZBTG1hFDNbVZMx0QTCralii3BWz55lXQu6t5lvXHfqDVvijrK6ASdonPkoSvURHeohdqIIoWe0St6c8B5cd6dj8VoySl2jtEfOJ8/dneQug==</latexit>

P1

<latexit sha1_base64="qEO+ReU883Xf82+915AY0N1L+ok="></latexit>

NU(1)  cL(f) = 20

<latexit sha1_base64="nA7lWm5ZxZ91AMaKfu0AP+Z7tCg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHTsWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53n6jSTIoHM01oEOORYBEj2FjJ78fYjMMQtR7rg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbalsS/CWT14lnXrNu6w17hvV5k1RRwlO4QwuwIMraMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/d/uQuw==</latexit>

P2

<latexit sha1_base64="ti/1nweFXYqiBD4Gr901rUo1Fmc="></latexit>

for Q = f

<latexit sha1_base64="FjmbVnq+Gm/RFUgXGqlPMgHvDGs="></latexit>

NU(1) = rk(MW(Y3))  rk(MW(Y2))  20� 2 = 18

<latexit sha1_base64="AQ4ThM1uLEtIu2fBMlX+vwZ981s="></latexit>

cL(Q) = 3 (Q ·Q)� 9 (KB2 ·Q) + 2

<latexit sha1_base64="fod9ZkQOMwKvj7bKcMo7hbtf9cI=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhBiE+5iUBshaGORIoL5kOQIe5u9ZMnu3rG7J4SQX2FjoYitP8fOf+MmuUITHww83pthZl4Qc6aN6347K6tr6xubma3s9s7u3n7u4LCho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8nfrNJ6o0i+SDGcXUF7gvWcgINlZ6JN1qoXp2fV7q5vJu0Z0BLRMvJXlIUevmvjq9iCSCSkM41rrtubHxx1gZRjidZDuJpjEmQ9ynbUslFlT749nBE3RqlR4KI2VLGjRTf0+MsdB6JALbKbAZ6EVvKv7ntRMTXvljJuPEUEnmi8KEIxOh6feoxxQlho8swUQxeysiA6wwMTajrA3BW3x5mTRKRe+iWL4v5ys3aRwZOIYTKIAHl1CBO6hBHQgIeIZXeHOU8+K8Ox/z1hUnnTmCP3A+fwDiKI8q</latexit>

cL(L) = 32

                                               string on                                  string (“H + E” string) on        - overcounting!  
<latexit sha1_base64="GRn9eMVbKoXmG2qpqGZSFRzGdO8="></latexit>

Q = f + h
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Going Beyond the Global Structure Bound 
Geometry and Physics
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We classify the allowed structures of the discrete 1-form gauge sector in six-dimensional supergravity
theories realized as F-theory compactifications. This provides upper bounds on the 1-form gauge
factors Zm and in particular demands each cyclic factor to obey m  6. Our bounds correspond
to the universal geometric constraints on the torsion subgroup of the Mordell-Weil group of ellip-
tic Calabi-Yau three-folds. For any F-theory vacua with at least one tensor multiplet, we derive
the constraints from the P1 fibration structure of the base two-fold and identify their physical ori-
gin in terms of the worldsheet symmetry of the associated e↵ective heterotic string. The bounds
are also extended to the F-theory vacua with no tensor multiplets via a specific deformation of
the theory followed by a small instanton transition, along which the 1-form gauge sector is not
reduced. We envision that our geometric bounds can be promoted to a swampland constraint on
any six-dimensional gravitational theories with minimal supersymmetry and also extend them to
four-dimensional F-theory vacua.

I. INTRODUCTION AND SUMMARY

The notion of symmetries has been significantly gener-
alized in recent years. In particular, ordinary symmetries
acting on local operators have been generalized to p-form
symmetries with p � 1, under which non-local operators
extended along p spatial dimensions are charged [1]. As
various interesting field-theoretic constructions involve
gauging of symmetries, it is of utmost importance to un-
derstand the gauging of generalized symmetries to reveal
the full symmetry structure of a theory.

Perhaps the simplest such generalization is the 1-form
gauge symmetries. A prototypical example arises from
the discrete 1-form symmetry,

� ✓ Z(Ĝ) , (1)

of a simply-connected non-abelian1 0-form gauge group
Ĝ, where Z(Ĝ) denotes the center of Ĝ. Gauging of this
1-form symmetry � is responsible for the global structure
of the 0-form gauge sector, resulting in the non-simply-
connected quotient,

G = Ĝ/� , (2)

⇤seungjoolee at ibs.re.kr
†p.oehlmann at northeastern.edu
1 In this note we focus on the part of the center symmetry originat-
ing purely from the non-abelian 0-form gauge sector if Ĝ acquires
U(1) factors. In presence of the latter, the quotient action � may
receive additional contributions from mixing of the center U(1)s,
which we hope to address in future work.

for the actual gauge group.

If the gauge theory in scrutiny is coupled to gravity,
such gauging of the 1-form symmetry �, or equivalently,
taking the quotient (2) by � of the 0-form gauge sector, is
not an option but a must unless the symmetry is broken.
This follows from the absence of global symmetries [2, 3],
which is one of the conjectured properties that any con-
sistent quantum theories of gravity are subject to. In the
swampland program initiated in [4], many general criteria
of this kind have been proposed as universal features of
quantum gravity, dubbed swampland constraints, leading
to invaluable inspirations as well as explicit guiding prin-
ciples for a variety of recent research activities in high
energy physics.

The aim of this note is to propose general bounds on
the discrete 1-form gauge symmetry � of the form (2) in
six-dimensional gravitational theories with minimal su-
persymmetry, going beyond the necessity for its gauging.
Mostly focusing for concreteness on F-theory vacua, we
will constrain the structure of the 1-form gauge sector in
6d N = (1, 0) supergravity theories as

� = Zn ⇥ Zm , (3)

where the allowed values of (n,m) with n  m are re-
stricted as

n 1 2 3

m 1, . . . , 6 2, 4 3
. (4)

This in particular imposes a definite upper bound,

m  6 , (5)

on every cyclic factor Zm.

2

As will be reviewed in section II, similar constraints
were studied in [5] for the 8d N = 1 supergravity theories
with 0-form gauge sector of rank 18, where a few more
cases with the following values of (n,m) are also allowed,

n 1 2 4

m 7, 8 6 4
, (6)

in addition to those in (4). This restriction can be
understood in F-theory as an immediate consequence
of the classification results on the elliptic K3 surfaces,
whose field-theoretic derivation can also be given from
the anomaly consideration alone.2 It is thus intriguing
to note that the constraints persist, even in an enhanced
form, in lower dimensional theories with less supersym-
metry. Also from the geometric point of view, the set of
elliptic Calabi-Yau three-folds available for 6d F-theory
vacua is much wilder than that of the elliptic K3 surfaces
for 8d vacua, and hence, the extension of the geometric
constraints on surfaces to those on three-folds naively
looks surprising.

In this regard, the connection between the 6d and the
8d vacua will be clarified in section III, where we will
constrain the 1-form gauge sector of 6d N = (1, 0) super-
gravity theories in the framework of geometric F-theory
compactifications to six dimensions. We will find that
the generic P1 fibration structure of the base two-fold
will play a pivotal role. The only exceptional base lack-
ing such a fibration is P2, which leads to F-theory vacua
with T = 0 tensor multiplets. However, we will be able
to deform those models and to make a transition to the
models with T > 0 tensor multiplets, without reducing
the 1-form gauge sector along the way, thereby validat-
ing the derivation of the generic constraints even to the
theories without tensor multiplets.

In principle, it still remains a logical possibility that
the geometric bounds derived as such may not serve as a
general swampland constraint. However, the validity of
our proposal is bolstered as follows. Firstly, in section IV
we will provide a rationale behind the bound (5) from the
dual heterotic perspective. Our main message is that the
�-quotient (2) must act non-trivially on the perturbative
0-form gauge sector of the dual heterotic string, whether
or not it a↵ects the non-perturbative sector.3 One can
already infer from this perturbative nature of � that the
definite upper bound of 6 arises for each 1-form factor,
which follows from the simple group theoretical fact that
Z6 is the maximal cyclic subgroup of E8.4 Such a per-
turbative nature of the 1-form gauge sector is reminis-

2 The one-to-one correspondence between the elliptic K3 surfaces
and the fully-consistent supergravity theories can be further
sharpened by considering the worldvolume theories of probe 3-
branes [6].

3 The non-perturbative sector will also be a↵ected in general by
the quotient; see [7].

4 To be precise, this intuition is valid under the assumption that

cent of that of the U(1) 0-form gauge sector [8]; we will
emphasize this resemblance in section IV. Furthermore,
inspired by how the F-theoretic geometry and the het-
erotic physics constrain the 1-form gauge sector, we will
be naturally led in section V to envision a concrete route
for extending the bounds to general e↵ective theories via
decompactification to eight dimensions.

In section V we will in fact provide a number of appli-
cations and extensions of our findings. Upon addressing
the aforementioned possibility of enhancing our string-
theoretic bounds to swampland ones, we will connect the
putative 6d F-theory vacua violating the bounds to cer-
tain infinite distance limits in the moduli space, which
will also be argued to result in decompactification. An-
other natural extension to be discussed concerns the dis-
crete 0-form gauge sector. We will argue that a cyclic
0-form gauge factor with order beyond 6 cannot arise in
6d F-theory models with T � 1 tensor multiplets. We
will then also conjecture that no matter states in those
models can have a U(1) charge larger than 6. Moreover,
our derivation of the six-dimensional bounds will also be
extended to the geometric part of the 1-form gauge sector
in 4d F-theory models, with a systematic analysis of the
flux-induced sector left for future work.

II. BACKGROUND AND REVIEW

A most versatile tool to date for classifying supergrav-
ity theories in D = 12� 2d is F-theory compactifications
on elliptically fibred Calabi-Yau d-folds. InD � 6 dimen-
sions, i.e., with d  3, this allows us to define the e↵ective
theories in terms of algebraic properties of the fibration
alone, which can always be brought into a Weierstrass
form

y2 = x3 + fxz4 + gz6 . (7)

Here, z, x, y are the coordinates of the weighted projec-
tive space P2

[1:2:3] and (f, g) a pair of sections,

f 2 H0(Bd�1, K̄
⌦4
Bd�1

) , g 2 H0(Bd�1, K̄
⌦6
Bd�1

) , (8)

with K̄Bd�1 denoting the anti-canonical bundle of the F-
theory base Bd�1.

As is well-known, the [p, q] 7-brane stacks are located in
the codimension-one loci in the base where the discrim-
inant � := 4f3 + 27g2 vanishes, and the worldvolume
gauge algebra gi carried by each brane stack is read o↵
from the vanishing orders of f , g and � via the classifi-
cation of singular fibers by Kodaira and Néron. On the

the perturbative sector in six dimension is embeddable into the
worldsheet symmetry of the 10d heterotic string, as will be em-
phasized later.
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Algebra G Brane Configuration ord(f) ord(g) ord(�)

AN AN+1 0 0 N + 1

DN ANBC 2 3 N + 2

E6 A5BC2 � 3 4 8

E7 A6BC2 3 � 5 9

E8 A7BC2 � 4 5 10

non-minimal � 4 � 6 � 12
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ord(f, g,�) � (8, 12, 24)
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• Recall:  F-theory on a Weierstrass model    

· Geometric constraints on                                           bound the global structure     

 
 
  
 

· 7-brane algebra on a base divisor via codim-1 fiber types, i.e., via   
                                                        
 
 
 
 
 
 
         

Focus today:  non-minimal brane stacks (codim-1) — intuitions from 8d F-theory (elliptic K3)  

(cf.) novelties in 6d/CY3s [Alvarez-Garcia, S.-J.L., Weigand ’23] 

 Minimal Kodaira fibers:  Lie algebra G at finite distance 
 
 

 Non-minimal fibers:  potentially at infinite distance 
 

- analysis via zoom-in on the brane collision (base blowups)  
 

  (cf.) codim-2                                          
 

              codim-1   
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Yd = {y2 = x3 + f4 x+ g6}
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.

5

X
0 X 1
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• Kulikov Models [Kulikov ’77], [Persson ’77], [Friedman, Morrison ’81] 

· Degeneration - setup    

  - family of K3s       degenerating at u=0:  
 

· Kulikov Model - definition and existence 

  - reduced, normal-crossing & trivial canonical bundle  

  - achievable via base changes (              ) and blow-ups/downs  

• · Classification of Kulikov Models:  Type I (finite distance) vs. II/III (infinite distance) 

  - Type II:       s form a chain ,                   are elliptic , and 2 transcendental 2-tori shrink  

  - Type III:               are rational  and 1 transcendental 2-torus shrinks

Degeneration of K3 
Kulikov Models and Their Properties
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X0 = [XiXu
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• 8d F-theory w/ a Non-mininal Brane Stack    

· Aim:  modify the degenerate Weierstrass K3s to a Kulikov form, keeping them elliptic 

  - How:  base changes (             ) & blow-ups/downs in the base 
  - Why:  non-minimal fibers improved;  infinite-distance nature tested;  universal physics manifest    

u ! u
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Figure 4: Kulikov Type II.b degeneration. Note that the nodes exchange under mondromy
around the singular configuration shown in the center.

Here V11(. . .) denotes the volume of the cycle in brackets in units of the 11d Planck scale, M11.
We therefore find a tower of asymptotically massless string excitations from the asymptotically
tensionless Type II string, along with a tower of winding modes obtained by wrapping the
string along the two 1-cycles of E. The latter sit parametrically at the same scale as the string
excitation tower, since Vol(�i) stays of order one in the infinite distance limit. The winding
tower is of course dual to a corresponding Kaluza-Klein tower of supergravity modes of the
same parametric mass scale. All in all, the asymptotic spectrum of the Type II.b Kulikov
degeneration carries the signature of an Emergent String Limit as defined in [15].

Note that if it were not for the asymptotically tensionless string obtained by wrapping an
M2-brane along SA, we would have incorrectly characterised the infinite distance limit as a
KK decompactification. However the KK modes form only part of the spectrum, and due to
the higher density of states it is actually the tower of string excitations which is defining the
asymptotic physics as an equi-dimensional weak coupling limit.

From the perspective of F-theory in 8d, this behaviour is of course no surprise. To realise
an I2 fiber over generic points of the base, the vanishing orders of f , g and � of the Weierstrass
model (3.3) must become

ordY(f, g,�))|u=0 = (0, 0, 2) at generic points of P
1
[s:t] . (3.11)

The behaviour of the 10d Type IIB axio-dilaton ⌧ = C0 +
i
gs

at a generic point of the base can
then be read o↵ from the j-function:

j(⌧) ⇠
f
3

�
⇠

1

u2
=) ⌧ ! i1 for u ! 0 . (3.12)

A convenient way to realise the vanishing orders is to consider the degeneration [57]

fu = �3h2 + u ⌘ , gu = �2h3 + uh ⌘ �
u
2

12
� , � = �9 u2

h
2 (⌘2 � h�) +O(u3) , (3.13)

where h, ⌘ and � are polynomials of degree 4, 8 and 12. In the Type IIB orientifold interpret-
ation, the limit u ! 0 gives rise to an orientifold compactification on the torus E and the four
zeroes of h = 0 correspond to the location of the orientifold planes. If we factor out the overall
factor of u2 in � as

� = u
2�0

, (3.14)
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Figure 5: Kulikov Type II.a degeneration. The base degenerates into two P
1’s that form the

bases of two elliptic del Pezzo surfaces dP9.

the vanishing orders at the orientifold become

ord(f0, g0,�
0
0)|h=0 = (2, 3, 2) , (3.15)

where the subscripts indicate that u = 0 has been taken to begin with. Away from these
localised regions, the theory reduces to a weakly coupled, perturbative Type IIB string, which
is non-BPS in 8d since the Kalb-Ramond field B2 is projected out by the orientifold projection.
The string tower appears parametrically at the same scale as the two KK towers associated with
each one-cycle of E, and both scales vanish in units of the 8d Planck scale.

Finally, as remarked in [1], a more general parametrisation of weak coupling limits is to
simply take

fu = �3h2 + u
a
⌘ , gu = �2h3 + u

b
⇢ , (3.16)

for integral a � 1, b � 1 and generic sections ⌘ and ⇢ of suitable degree. In this case, the general
theorems of [48] guarantee the existence of a birational transformation which, when followed by
a suitable base change, brings the fibration into Kulikov form of Type II.b.

3.3 Type II.a Kulikov models as decompactification limits

The spectrum of asymptotically massless states in limits of Kulikov Type II.a is very di↵erent.
The two del Pezzo (dP9) surfaces X

1 and X
2 into which the K3 surface degenerates are each

elliptically fibered over a rational curve, B1 and B
2, respectively. In other words, the base P1

[s:t]

of the K3 surface Xu splits for u = 0 into the union of B1 and B
2 intersecting at a single point

P = B
1
\ B

2, and the elliptic double curve E = X
1
\X

2 represents the common elliptic fiber
over P . This geometry was described in the F-theory literature early on in [45–47]. The two
2-cycles �i can therefore be constructed by fibering the two one-cycles �i in H1(E,Z) over a
1-cycle ⌃ that encircles the intersection point P on either B1 or B2. The geometry is sketched
in Figure 5.

Viewed as a geometric 1-cycle on B
1 or B2, ⌃ can be slipped o↵ the base sphere by deforming

it to the anti-podal pole and is therefore trivial, but fibering both �i over ⌃ near P indeed gives
rise to two non-trivial 2-cycles �i. The asymptotic vanishing of their calibrated volume (3.1) for
degeneration parameter u = 0 is an intuitive consequence of the fact that ⌃ can be contracted
towards the intersection point P .
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Figure 4: Refinement of elliptic Kulikov models of Type III in terms of their Weierstrass models
Y. Depicted are the characterization of possible configurations for the central element Y0 of Y. The
degenerate surface Y0 decomposes into a chain of components Y

p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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p with generic fibers of Kodaira types Inp

for 0  p  P , with P � 2. The middle components Y
p for 0 < p < P have generic fibers of Kodaira

type Inp with np > 0. Elliptic Type III models are thus refined into Type III.a models where none/one of
the end components degenerates, respectively, as in the first/second configuration (left), and Type III.b
models where both ends degenerate as in the third configuration (right). Blue crosses on the degenerate
end components denote D-type fibers.

chain form. Furthermore, P � 2 can be assumed without loss of generalities,10 leading to a natural
division of the components Y

p ! B
p into the middle and the end surfaces, respectively, for 0 < p < P

and for p = 0 or P . The refined classification is then motivated by the types of the generic fibers over
the base components B

p, which are necessarily of Kodaira types Inp for X to be a Kulikov model.11 One
can then show for any Type III Kulikov Weierstrass models that np > 0 for the middle components, and
hence, elliptic Type III models are naturally refined by the degeneration types of the end components
Y

0 and Y
P as follows [46].

• III.a: The generic fibers of at least one end component are smooth, i.e., n0 = 0 or nP = 0.

• III.b: The generic fibers of both end components are singular, i.e., n0 > 0 and nP > 0.

Furthermore, special fibers of the degenerate components with np > 0 are restricted to only take one of
the two forms,

A-type : ordY p(f, g, �)|pt2Bp = (0, 0, k) or D-type : ordY p(f, g, �)|pt2Bp = (2, 3, k) , (3.8)

where D-type fibers are only allowed in the (degenerate) end components, and precisely two of them in
each such end. See Fig. 4 for an illustration of this refinement.

As it turns out, the e↵ective physics associated with the two subtypes of elliptic Type III models
parallel their Type II counterparts to some extent and exhibit important distinguishing features at the
same time. F-theory on a Type III.a model is again dual to heterotic string on a torus, but with both
the Kähler and the complex structure parameters taken to infinity (Thet ⇠ Uhet ! 1), and hence, the
spacetime partially decompactifies to 9d. Similarly, a Type III.b model also renders the Type IIB string
weakly-coupled, but on top of that decompactifies the spacetime to 10d. Such phases of the e↵ective
physics are easily read o↵ from the geometric structure as follows [52].

• For models of Type III.a, decompactification of one circular direction is indicated in M-theory by
the light KK-like tower, which results from M2 branes wrapping the shrinking transcendental
2-torus �1. The latter in turn arises from fibering the A-cycle of the elliptic fiber along the
vanishing 1-cycle encircling the base point B

p \ B
p+1 for any p;12 see Fig. 5 for a schematic

10
This is because P � 2 can always be achieved by a base change.

11
Note that np coincide with Np in (3.1) if the generic fibers are singular, i.e., if np > 0.

12
The generic singular fibers of Kodaira type Inp turn out to be mutually local in a global sense [52] so that a common

2-torus class �1 is defined for all p. Furthermore, the B-cycle cannot be fibered along the base 1-cycle due to the In
monodromy around the point Bp \Bp+1

.
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Vanishing 2-tori 
�A = SA ⇥ ⌃
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Decompactification to 10d
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  Light particle towers 
 

 - M2 branes on  
 - F/D-strings on

- affinization   
(cf.) heterotic [Collazuol, Grana, Herraez ’22]  

       CHL vacua [Cvetic, Dierigl, Lin, Zhang ’22] 
     

[DeWolfe, Hauer, Iqbal, Zwiebach ’98] 
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Type II Type III 

[S.-J.L., (Lerche,) Weigand ’21] & [Alvarez-Garcia, S.-J.L., Weigand]  to appear

The Fate of being Non-minimal 
Geometry and Physics of Non-minimal Brane Stacks

· Arena:  8d F-theory = Weierstrass model of elliptic K3 
 

· Limits:  extreme configurations of 7-branes involving non-minimal brane stacks  
 

              = degenerations involving codim-1 non-minimal fibers  
 

· Birational Analysis:  modification of the degenerations via allowed operations 
 

· Classification of Limits:  explicit derivation of the Kulikov Types II & III (those limits@infinite distance) 
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Type II
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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Figure 1: Semi-stable degeneration of K3 surfaces.

family Xu for u 6= 0 is a smooth K3 surface, while X0 denotes a degenerate K3. If we think of
this family as a fibration over D with fiber Xu at u 2 D, the degeneration defines a threefold
X together with a projection

⇢ : X ! D . (2.1)

This is illustrated in Figure 1. By the semi-stable reduction theorem such degenerations can
always be brought into a semi-stable form [41]. Semi-stability means that X is smooth as a
threefold and the central fiber X0 is a reduced variety whose singularities are all of normal
crossing type. In other words,

X0 = [
n
i=1X

i
, (2.2)

where each component appears with multiplicity one and all singularities arise from local normal
crossings. The operations which may be required to achieve this form of the degeneration are
birational transformations on X which act as isomorphisms on the generic family members
Xu 6=0, as well as so-called base changes which amount to a reparametrisation of the family by
replacing

u ! u
k (base change) . (2.3)

For every semi-stable degeneration, it can in addition be arranged that the threefold X is
Ricci flat [42–44], again possibly up to birational transformations of X or base changes. Such
degenerations are called Kulikov models.

According to a rather crude classification, all Kulikov models can be characterised as being of
Type I, Type II or Type III [43,45,50]. Models of Type I describe finite distance degenerations.
In this case X0 is a smooth irreducible variety. Degenerations of complex structure at infinite
distance, on the other hand, give rise to Type II or Type III Kulikov models. A detailed account
can be found for instance in the the expositions in [51,52]. Some of the properties of these models
of most importance to us are as follows:

• In a Type II Kulikov model, the central fiber X0 degenerates as in (2.2) such that the
dual intersection graph of the irreducible components X i forms a chain of surfaces. The
end components X1 and X

n are rational surfaces and the remaining components X i for
i = 2, . . . , n � 1 have a minimal model that is ruled over an elliptic curve. Furthermore

to consider such one-parameter families.
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Ŷu2

<latexit sha1_base64="SJZOLHllK38nL7CKXBf1X10wp+k=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lKoXorePFYwbZKE8Jmu2mXbjZhd1YooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMizLBNbjut1Pa2Nza3invVvb2Dw6PqscnPZ0aRVmXpiJVDxHRTHDJusBBsIdMMZJEgvWjyc3c7z8xpXkq72GasSAhI8ljTglYyffHBPBjmJuwMQurNbfuLoDXiVeQGirQCatf/jClJmESqCBaDzw3gyAnCjgVbFbxjWYZoRMyYgNLJUmYDvLFzTN8YZUhjlNlSwJeqL8ncpJoPU0i25kQGOtVby7+5w0MxFdBzmVmgEm6XBQbgSHF8wDwkCtGQUwtIVRxeyumY6IIBRtTxYbgrb68TnqNutesX981a+1WEUcZnaFzdIk81EJtdIs6qIsoytAzekVvjnFenHfnY9lacoqZU/QHzucPl/GRYg==</latexit>
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(> 4, > 6, > 12) Type I or Type II

· Inclusion of Non-minimal Codim-1 Fibers/Brane Stacks  
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*

* in case the generic fibers at the end of “(f,g)-scaling-out” procedure are singular, even type III could arise

* in presence of strictly non-minimal fibers, we first need to improve them, for which full Weierstrass data should be used

[S.-J.L., (Lerche,) Weigand ’21] & [Alvarez-Garcia, S.-J.L., Weigand]  to appear

<latexit sha1_base64="F4BeLNs/1MPOFFWYHRFsAIXeG8E=">AAACAXicbVC7SgNBFJ2Nrxhfq2kEm8EgWIXdID66gI1lBPOA7BpmJ7PJkJnZZWZWCEts/BULLRSxtbWytPMz/ANnkxSaeODC4Zx7ufeeIGZUacf5snILi0vLK/nVwtr6xuaWvb3TUFEiManjiEWyFSBFGBWkrqlmpBVLgnjASDMYnGd+84ZIRSNxpYcx8TnqCRpSjLSROvZu6kkOYz2CHhXQ40j3gwDWrt2OXXLKzhhwnrhTUqoWv98rH82HWsf+9LoRTjgRGjOkVNt1Yu2nSGqKGRkVvESRGOEB6pG2oQJxovx0/MEIHhilC8NImhIajtXfEyniSg15YDqzE9Wsl4n/ee1Eh6d+SkWcaCLwZFGYMKgjmMUBu1QSrNnQEIQlNbdC3EcSYW1CK5gQ3NmX50mjUnaPy0eXJo0zMEEe7IF9cAhccAKq4ALUQB1gcAvuwRN4tu6sR+vFep205qzpTBH8gfX2A5Temg0=</latexit>

pt 2 P1

Extending the Kodaira-Neron Classification 

Kulikov Types via Vanishing Orders

 

“ Given a complex structure limit of 8d F-theory, whether at finite or infinite  
distance, we can read off its Kulikov type and characteristic physics just  
from the vanishing order triple! ”      

*

Strictly Non-minimal
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scale out: 

<latexit sha1_base64="qeZiQIKh6s9UbfQmVRa6YgfANYg=">AAACEXicbZDLSgMxFIYz9VbrrerSTbAIFbTMlNK6LOjCZQV7gXYcMumZNjRzIckIZZhXcOOruHGhiFt37nwb04ugrT8EPv5zDifndyPOpDLNLyOzsrq2vpHdzG1t7+zu5fcPWjKMBYUmDXkoOi6RwFkATcUUh04kgPguh7Y7upzU2/cgJAuDWzWOwPbJIGAeo0Rpy8kXi+BYd8l5JfXO8Ayr6eAHrXLauwKuyCl28gWzZE6Fl8GaQwHN1XDyn71+SGMfAkU5kbJrmZGyEyIUoxzSXC+WEBE6IgPoagyID9JOphel+EQ7feyFQr9A4an7eyIhvpRj39WdPlFDuVibmP/VurHyLuyEBVGsIKCzRV7MsQrxJB7cZwKo4mMNhAqm/4rpkAhClQ4xp0OwFk9ehla5ZFVLlZtKoV6bx5FFR+gYFZGFaqiOrlEDNRFFD+gJvaBX49F4Nt6M91lrxpjPHKI/Mj6+AerCmoo=</latexit>

(e�4
1 f, e�6

1 g, e�12
1 �)

<latexit sha1_base64="kVyz9gfGzS7UQ6klnTee466exKs=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqlJJIsS4LunBZwT6gCWUyvWmHTiZhZqKU2E9x40IRt36JO//G6WOhrQcuHM65l3vvCRLOlHacb2ttfWNzazu3k9/d2z84tAtHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mrqd++wGkYrG41+ME/IgMBAsZJdpIPbtQCsuDsncDXJNz7OkY9+yiU3FmwKvEXZAiWqDRs7+8fkzTCISmnCjVdZ1E+xmRmlEOk7yXKkgIHZEBdA0VJALlZ7PTJ/jMKH0cxtKU0Him/p7ISKTUOApMZ0T0UC17U/E/r5vq8MrPmEhSDYLOF4Upx+bDaQ64zyRQzceGECqZuRXTIZGEapNW3oTgLr+8SloXFfeyUr2rFuu1RRw5dIJOUQm5qIbq6BY1UBNR9Iie0St6s56sF+vd+pi3rlmLmWP0B9bnDw4Mko4=</latexit>

(f, g,�) !

• Codim-1 Non-minimal Fiber w/ (>4, >6, >12) Vanishing 

· Non-minimal fibers, if strict, may as well arise at finite distance  

· An “alerting” example  

  -  involves a non-minimal fiber w/              

  -  turns into a Type I Kulikov model  
 
 

<latexit sha1_base64="ATqfNAqfi5EZxlmu3phQxYbgc0U="></latexit>

ordŶ0
(f, g,�)|s=0 = (8, 12, 24)

blowdown
<latexit sha1_base64="VPKBgrmFGLI/d4QAWDpjIMDsVHg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mV0nosevFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwy6ebRRcNyxa26C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrz2UybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE46V1WvXq3d1yrNRh5HEc7gHC7BgwY04Q5a0AYCE3iGV3hzhPPivDsfy9aCk8+cwh84nz8MOo2Q</latexit>

B0blowup@u=s=0
<latexit sha1_base64="dsMj9oA0kLx4TAhXY6m9gazKARQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiReNBKHjxWMF+QJuWzXbTLt1s4u6mUEJ/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt299Wbm19Y3Mrv13Y2d3bPygeHjVUlEhC6yTikWz5WFHOBK1rpjltxZLi0Oe06Y/uZn5zTKVikXjUk5h6IR4IFjCCtZG84Dbpukh33QvVdXvFkl2250CrxMlICTLUesWvTj8iSUiFJhwr1XbsWHsplpoRTqeFTqJojMkID2jbUIFDqrx0fvQUnRmlj4JImhIazdXfEykOlZqEvukMsR6qZW8m/ue1Ex24XspEnGgqyGJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5FQwITjLL6+SxmXZuSpXHiql6k0WRx5O4BTOwYFrqMI91KAOBJ7gGV7hzRpbL9a79bFozVnZzDH8gfX5AyeIkQg=</latexit>

f = u8t8 + s8

<latexit sha1_base64="Id2EAxvpBpaVZzPgsSZo3CNJg/0=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBKHMlOJjIRTcuKxgH9COJZNm2tBMZkjuCGXswl9x40IRt/6GO//GdNqFth4I93DOvdyb48eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8HriNx+Y0jySdzCKmReSvuQBpwSM1LUP+lfJfeqWxxiycqqz0rWLTsnJgBeJOyNFNEOta391ehFNQiaBCqJ123Vi8FKigFPBxoVOollM6JD0WdtQSUKmvTS7f4yPjdLDQaTMk4Az9fdESkKtR6FvOkMCAz3vTcT/vHYCwYWXchknwCSdLgoSgSHCkzBwjytGQYwMIVRxcyumA6IIBRNZwYTgzn95kTTKJfesVLmtFKuXszjy6BAdoRPkonNURTeohuqIokf0jF7Rm/VkvVjv1se0NWfNZvbRH1ifP1AMlP0=</latexit>

g = u12t12 + s12

<latexit sha1_base64="zlrPLUqew9+QbMpS8zvJlOia/NU=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIhTJTa62gUNCFywq2Fvoik6ZtaOZBckcow/yMG3/FjQuLCK78FdPpLLT1wL0czrmX5B7bF1yBaX4ZqZXVtfWN9GZma3tndy+7f9BQXiApq1NPeLJpE8UEd1kdOAjW9CUjji3Yoz2+mfmPT0wq7rkPMPFZxyFDlw84JaClXvaqfcsEkOszS3XDYinCeWwVseZWOcLQreBAVx6fl2KtGEHcg7jjXjZnFswYeJlYCcmhBLVedtruezRwmAtUEKValulDJyQSOBUsyrQDxXxCx2TIWpq6xGGqE8ZXRvhEK3088KQuF3Cs/t4IiaPUxLH1pENgpBa9mfif1wpgUOmE3PUDYC6dPzQIBAYPzyLDfS4ZBTHRhFDJ9V8xHRFJKOhgMzoEa/HkZdIoFqxyoXRfylUvkzjS6Agdo1NkoQtURXeohuqIomf0it7R1Hgx3owP43M+mjKSnUP0B8b3D89PoSc=</latexit>

� = 31s24 + 12s16t8u8 + 54s12t12u12

<latexit sha1_base64="WtJ762RHkQ/Voa1qXhsoIFe7/xo=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoFMpMLbXuCm5cVrAPaKclk2ba0MyDPIQyzC+48VfcuFDErTt3/o2ZdhbaeiC5h3PuJbnHjRgV0rK+jdzG5tb2Tn63sLd/cHhkHp90RKg4Jm0cspD3XCQIowFpSyoZ6UWcIN9lpOvOblK/+0C4oGFwL+cRcXw0CahHMZJaGpmlMrSrUAwbUA5ju55AtSxleGmnUrWWqMU9MotWxVoArhM7I0WQoTUyvwbjECufBBIzJETftiLpxIhLihlJCgMlSITwDE1IX9MA+UQ48WKjBF5oZQy9kOsTSLhQf0/EyBdi7ru600dyKla9VPzP6yvpNZyYBpGSJMDLhzzFoAxhGg8cU06wZHNNEOZU/xXiKeIISx1iQYdgr668TjrVil2v1O5qxeZ1FkcenIFzUAI2uAJNcAtaoA0weATP4BW8GU/Gi/FufCxbc0Y2cwr+wPj8AQaDmgU=</latexit>

+12s8t16u16 + 31t24u24

<latexit sha1_base64="gPTyW6BZ+H2CxlO8xTskzqSYGP4=">AAACF3icbVDLSgMxFM34rPU16tJNsAguypAprY+FUHDjsoJ9wHQomTTThmYeJBmhDPMXbvwVNy4Ucas7/8ZMOwttPRByOOfem5vjxZxJhdC3sbK6tr6xWdoqb+/s7u2bB4cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmN7nffaBCsii8V9OYugEehcxnBCstDUwr7c+GOGLkuSmyGkijVkVWftcb1UJpZGlyjbJsYFbmFkJwmdgFqYACrYH51R9GJAloqAjHUjo2ipWbYqEY4TQr9xNJY0wmeEQdTUMcUOmms5UyeKqVIfQjoU+o4Ez93ZHiQMpp4OnKAKuxXPRy8T/PSZR/6aYsjBNFQzJ/yE84VBHMQ4JDJihRfKoJJoLpXSEZY4GJ0lGWdQj24peXSadm2edW/a5eaV4VcZTAMTgBZ8AGF6AJbkELtAEBj+AZvII348l4Md6Nj3npilH0HIE/MD5/AFbPm5s=</latexit>

u = 0
<latexit sha1_base64="d8tol33CscY594TAfUtB3Q/DIhw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXJUxK62NXcKO7CvYBSQiT6aQdOnkwMxFKyHe48VfcuFDEnbjxb5y0WWjrgWEO59x7587xE0aFhPBbW1ldW9/YrGxVt3d29/b1g8OeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fuT68LvPxAuaBzdy2lC3BCNIhpQjKSSPN1yeJg5szk2H/luBs0WVGjUoVnczVa9VFp5duvBPPf02tyC0FgmVklqoETH0z+dYYzTkEQSMySEbcFEuhnikmJG8qqTCpIgPEEjYisaoZAIN5utlBunShkaQczViaQxU393ZCgUYhr6qjJEciwWvUL8z7NTGVy6GY2SVJIIzx8KUmbI2ChyMoaUEyzZVBGEOVW7GniMOMJSpVlVIViLX14mvYZpnZvNu2atfVXGUQHH4AScAQtcgDa4AR3QBRg8gmfwCt60J+1Fe9c+5qUrWtlzBP5A+/oBzsic6g==</latexit>

I0 <latexit sha1_base64="nRr8Ll4CHm5hI4zYu6USNz3udIE=">AAACH3icbVDLSsNAFJ34rPUVdekmWIQKISQlrboruHFZwT4gCWUynbRDJw9mJkIJ+RM3/oobF4qIu/6NkzYLbT0wzOGce+/cOX5CCRemOVc2Nre2d3Yre9X9g8OjY/XktMfjlCHcRTGN2cCHHFMS4a4gguJBwjAMfYr7/vSu8PtPmHESR49ilmAvhOOIBARBIaWh2nJZmLmLOQ4b+15mGk1ToqGbRnHbTb1UmnlWt/WWbjWu8nyo1pa+aWrrxCpJDZToDNVvdxSjNMSRQBRy7lhmIrwMMkEQxXnVTTlOIJrCMXYkjWCIuZct9sq1S6mMtCBm8kRCW6i/OzIYcj4LfVkZQjHhq14h/uc5qQhuvIxESSpwhJYPBSnVRKwVYWkjwjASdCYJRIzIXTU0gQwiISOtyhCs1S+vk17DsFqG/WDX2rdlHBVwDi5AHVjgGrTBPeiALkDgGbyCd/ChvChvyqfytSzdUMqeM/AHyvwHvVedug==</latexit>

(4,6,12)

<latexit sha1_base64="4AhSuoICbFW4RyAAJHWK/Ip58Sg=">AAACGXicbVDLSsNAFJ34rPUVdekmWAQXJUxK62MhFNy4rGAfkIYwmU7boZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx779w5QcyoVBB+Gyura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWiFyBJGOWkrahipBcLgsKAkW4wucn97gMRkkb8Xk1j4oVoxOmQYqS05Jsw7c+GuGIUeCm0G1CjVoV2ftcb1UJpZCnxnWuYZb5ZmZsQWsvEKUgFFGj55md/EOEkJFxhhqR0HRgrL0VCUcxIVu4nksQIT9CIuJpyFBLppbOlMutUKwNrGAl9uLJm6u+OFIVSTsNAV4ZIjeWil4v/eW6ihpdeSnmcKMLx/KFhwiwVWXlM1oAKghWbaoKwoHpXC4+RQFjpMMs6BGfxy8ukU7Odc7t+V680r4o4SuAYnIAz4IAL0AS3oAXaAINH8AxewZvxZLwY78bHvHTFKHqOwB8YXz99U5wv</latexit>

e
1
=

0

X
X

X
X

…

’s <latexit sha1_base64="tOKgZybAMYQVe1VxUMxAIH9/Dgg=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KU4mNXcKO7CvYBTQiTyaQdOpmEmYlQQrrxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxsrq2vrGZmWrur2zu7dvHhx2ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePb2Z+75EISWP+oCYJcSM05DSkGCkteeZxozl1RJQ5xVOZIEGe3Xl2nntmzapbBeAysUtSAyXanvnlBDFOI8IVZkjKgW0lys2QUBQzkledVJIE4TEakoGmHEVEulmxNodnWglgGAtdXMFC/T2RoUjKSeTrzgipkVz0ZuJ/3iBV4ZWbUZ6kinA8XxSmDKoYzuKAARUEKzbRBGFB9V8hHiGBsNKhVXUI9uLJy6TbqNsX9eZ9s9a6LuOogBNwCs6BDS5BC9yCNugADKbgGbyCN+PJeDHejY9564pRzhyBPzA+fwDvX5cx</latexit>

24 I1

<latexit sha1_base64="nRr8Ll4CHm5hI4zYu6USNz3udIE=">AAACH3icbVDLSsNAFJ34rPUVdekmWIQKISQlrboruHFZwT4gCWUynbRDJw9mJkIJ+RM3/oobF4qIu/6NkzYLbT0wzOGce+/cOX5CCRemOVc2Nre2d3Yre9X9g8OjY/XktMfjlCHcRTGN2cCHHFMS4a4gguJBwjAMfYr7/vSu8PtPmHESR49ilmAvhOOIBARBIaWh2nJZmLmLOQ4b+15mGk1ToqGbRnHbTb1UmnlWt/WWbjWu8nyo1pa+aWrrxCpJDZToDNVvdxSjNMSRQBRy7lhmIrwMMkEQxXnVTTlOIJrCMXYkjWCIuZct9sq1S6mMtCBm8kRCW6i/OzIYcj4LfVkZQjHhq14h/uc5qQhuvIxESSpwhJYPBSnVRKwVYWkjwjASdCYJRIzIXTU0gQwiISOtyhCs1S+vk17DsFqG/WDX2rdlHBVwDi5AHVjgGrTBPeiALkDgGbyCd/ChvChvyqfytSzdUMqeM/AHyvwHvVedug==</latexit>

(4,6,12)

<latexit sha1_base64="4AhSuoICbFW4RyAAJHWK/Ip58Sg=">AAACGXicbVDLSsNAFJ34rPUVdekmWAQXJUxK62MhFNy4rGAfkIYwmU7boZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx779w5QcyoVBB+Gyura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWiFyBJGOWkrahipBcLgsKAkW4wucn97gMRkkb8Xk1j4oVoxOmQYqS05Jsw7c+GuGIUeCm0G1CjVoV2ftcb1UJpZCnxnWuYZb5ZmZsQWsvEKUgFFGj55md/EOEkJFxhhqR0HRgrL0VCUcxIVu4nksQIT9CIuJpyFBLppbOlMutUKwNrGAl9uLJm6u+OFIVSTsNAV4ZIjeWil4v/eW6ihpdeSnmcKMLx/KFhwiwVWXlM1oAKghWbaoKwoHpXC4+RQFjpMMs6BGfxy8ukU7Odc7t+V680r4o4SuAYnIAz4IAL0AS3oAXaAINH8AxewZvxZLwY78bHvHTFKHqOwB8YXz99U5wv</latexit>

e
1
=

0

X
X

X
X

…

’s <latexit sha1_base64="tOKgZybAMYQVe1VxUMxAIH9/Dgg=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KU4mNXcKO7CvYBTQiTyaQdOpmEmYlQQrrxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxsrq2vrGZmWrur2zu7dvHhx2ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePb2Z+75EISWP+oCYJcSM05DSkGCkteeZxozl1RJQ5xVOZIEGe3Xl2nntmzapbBeAysUtSAyXanvnlBDFOI8IVZkjKgW0lys2QUBQzkledVJIE4TEakoGmHEVEulmxNodnWglgGAtdXMFC/T2RoUjKSeTrzgipkVz0ZuJ/3iBV4ZWbUZ6kinA8XxSmDKoYzuKAARUEKzbRBGFB9V8hHiGBsNKhVXUI9uLJy6TbqNsX9eZ9s9a6LuOogBNwCs6BDS5BC9yCNugADKbgGbyCN+PJeDHejY9564pRzhyBPzA+fwDvX5cx</latexit>

24 I1

<latexit sha1_base64="4AhSuoICbFW4RyAAJHWK/Ip58Sg=">AAACGXicbVDLSsNAFJ34rPUVdekmWAQXJUxK62MhFNy4rGAfkIYwmU7boZNJmJkIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx779w5QcyoVBB+Gyura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWiFyBJGOWkrahipBcLgsKAkW4wucn97gMRkkb8Xk1j4oVoxOmQYqS05Jsw7c+GuGIUeCm0G1CjVoV2ftcb1UJpZCnxnWuYZb5ZmZsQWsvEKUgFFGj55md/EOEkJFxhhqR0HRgrL0VCUcxIVu4nksQIT9CIuJpyFBLppbOlMutUKwNrGAl9uLJm6u+OFIVSTsNAV4ZIjeWil4v/eW6ihpdeSnmcKMLx/KFhwiwVWXlM1oAKghWbaoKwoHpXC4+RQFjpMMs6BGfxy8ukU7Odc7t+V680r4o4SuAYnIAz4IAL0AS3oAXaAINH8AxewZvxZLwY78bHvHTFKHqOwB8YXz99U5wv</latexit>

e
1
=

0

X
X

X
X

…

’s <latexit sha1_base64="tOKgZybAMYQVe1VxUMxAIH9/Dgg=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KU4mNXcKO7CvYBTQiTyaQdOpmEmYlQQrrxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxsrq2vrGZmWrur2zu7dvHhx2ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePb2Z+75EISWP+oCYJcSM05DSkGCkteeZxozl1RJQ5xVOZIEGe3Xl2nntmzapbBeAysUtSAyXanvnlBDFOI8IVZkjKgW0lys2QUBQzkledVJIE4TEakoGmHEVEulmxNodnWglgGAtdXMFC/T2RoUjKSeTrzgipkVz0ZuJ/3iBV4ZWbUZ6kinA8XxSmDKoYzuKAARUEKzbRBGFB9V8hHiGBsNKhVXUI9uLJy6TbqNsX9eZ9s9a6LuOogBNwCs6BDS5BC9yCNugADKbgGbyCN+PJeDHejY9564pRzhyBPzA+fwDvX5cx</latexit>

24 I1

<latexit sha1_base64="d8tol33CscY594TAfUtB3Q/DIhw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXJUxK62NXcKO7CvYBSQiT6aQdOnkwMxFKyHe48VfcuFDEnbjxb5y0WWjrgWEO59x7587xE0aFhPBbW1ldW9/YrGxVt3d29/b1g8OeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fuT68LvPxAuaBzdy2lC3BCNIhpQjKSSPN1yeJg5szk2H/luBs0WVGjUoVnczVa9VFp5duvBPPf02tyC0FgmVklqoETH0z+dYYzTkEQSMySEbcFEuhnikmJG8qqTCpIgPEEjYisaoZAIN5utlBunShkaQczViaQxU393ZCgUYhr6qjJEciwWvUL8z7NTGVy6GY2SVJIIzx8KUmbI2ChyMoaUEyzZVBGEOVW7GniMOMJSpVlVIViLX14mvYZpnZvNu2atfVXGUQHH4AScAQtcgDa4AR3QBRg8gmfwCt60J+1Fe9c+5qUrWtlzBP5A+/oBzsic6g==</latexit>

I0
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<latexit sha1_base64="gPTyW6BZ+H2CxlO8xTskzqSYGP4=">AAACF3icbVDLSgMxFM34rPU16tJNsAguypAprY+FUHDjsoJ9wHQomTTThmYeJBmhDPMXbvwVNy4Ucas7/8ZMOwttPRByOOfem5vjxZxJhdC3sbK6tr6xWdoqb+/s7u2bB4cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmN7nffaBCsii8V9OYugEehcxnBCstDUwr7c+GOGLkuSmyGkijVkVWftcb1UJpZGlyjbJsYFbmFkJwmdgFqYACrYH51R9GJAloqAjHUjo2ipWbYqEY4TQr9xNJY0wmeEQdTUMcUOmms5UyeKqVIfQjoU+o4Ez93ZHiQMpp4OnKAKuxXPRy8T/PSZR/6aYsjBNFQzJ/yE84VBHMQ4JDJihRfKoJJoLpXSEZY4GJ0lGWdQj24peXSadm2edW/a5eaV4VcZTAMTgBZ8AGF6AJbkELtAEBj+AZvII348l4Md6Nj3npilH0HIE/MD5/AFbPm5s=</latexit>

u = 0
X

<latexit sha1_base64="w9wu6Jto6KMxTugdHhFaL6h1HZY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIRHwuh4MZlBfuANpTJ5KYdOpmEmUmhhPyJGxeKuPVP3Pk3TtMstPXAhcM5986de/yEM6Ud59uqrK1vbG5Vt2s7u3v7B/bhUUfFqaTQpjGPZc8nCjgT0NZMc+glEkjkc+j6k/u5352CVCwWT3qWgBeRkWAho0QbaWjb2aB4JJMQ5OrOyYd23Wk4BfAqcUtSRyVaQ/trEMQ0jUBoyolSfddJtJcRqRnlkNcGqYKE0AkZQd9QQSJQXlYszfGZUQIcxtKU0LhQf09kJFJqFvmmMyJ6rJa9ufif1091eONlTCSpBkEXi8KUYx3jeQw4YBKo5jNDCJXM/BXTMZGEahNWzYTgLp+8SjoXDfeqcfl4WW/elnFU0Qk6RefIRdeoiR5QC7URRVP0jF7Rm5VZL9a79bForVjlzDH6A+vzB+kTk9E=</latexit>

s = 0

<latexit sha1_base64="d8tol33CscY594TAfUtB3Q/DIhw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXJUxK62NXcKO7CvYBSQiT6aQdOnkwMxFKyHe48VfcuFDEnbjxb5y0WWjrgWEO59x7587xE0aFhPBbW1ldW9/YrGxVt3d29/b1g8OeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fuT68LvPxAuaBzdy2lC3BCNIhpQjKSSPN1yeJg5szk2H/luBs0WVGjUoVnczVa9VFp5duvBPPf02tyC0FgmVklqoETH0z+dYYzTkEQSMySEbcFEuhnikmJG8qqTCpIgPEEjYisaoZAIN5utlBunShkaQczViaQxU393ZCgUYhr6qjJEciwWvUL8z7NTGVy6GY2SVJIIzx8KUmbI2ChyMoaUEyzZVBGEOVW7GniMOMJSpVlVIViLX14mvYZpnZvNu2atfVXGUQHH4AScAQtcgDa4AR3QBRg8gmfwCt60J+1Fe9c+5qUrWtlzBP5A+/oBzsic6g==</latexit>

I0
<latexit sha1_base64="3lD8/urffQXJUiWTZwCho+4EJOU=">AAACGnicbVBNS8MwGE7n15xfVY9egkOYMEY7hs7bwIvHCe4DtjLSNN3C0rQkqTBKf4cX/4oXD4p4Ey/+G7Ouh7n5QOB5n+d98yaPGzEqlWX9GIWNza3tneJuaW//4PDIPD7pyjAWmHRwyELRd5EkjHLSUVQx0o8EQYHLSM+d3s793iMRkob8Qc0i4gRozKlPMVJaGpl2JRlmtySCeGkzrcLl2q6n1eW63kgvR2bZqlkZ4Dqxc1IGOdoj82vohTgOCFeYISkHthUpJ0FCUcxIWhrGkkQIT9GYDDTlKCDSSbKlKbzQigf9UOjDFczU5YkEBVLOAld3BkhN5Ko3F//zBrHym05CeRQrwvFikR8zqEI4zwl6VBCs2EwThAXVb4V4ggTCSqdZ0iHYq19eJ916zb6qNe4b5dZNHkcRnIFzUAE2uAYtcAfaoAMweAIv4A28G8/Gq/FhfC5aC0Y+cwr+wPj+Bc3toVE=</latexit>

(8, 12, 24)

<latexit sha1_base64="sQSKrdRBuYXHD0cg8O40zE8XBY4=">AAAB/HicbVC7TsMwFHXKq4QCgY4sFhWIqUoQ4jVVYmEsEn2gNESO67ZWHSeyHaQoKh/CwsIAQqx8B2Jj4F9w2g7QciRLR+fcq3t8gphRqWz7yygsLC4trxRXzbXS+samtbXdlFEiMGngiEWiHSBJGOWkoahipB0LgsKAkVYwvMj91h0Rkkb8WqUx8ULU57RHMVJa8q1yJ0RqEASwfuv4mSvPlTfyrYpdtceA88SZkkpt/+H7pmR+1H3rs9ONcBISrjBDUrqOHSsvQ0JRzMjI7CSSxAgPUZ+4mnIUEull4/AjuKeVLuxFQj+u4Fj9vZGhUMo0DPRkHlXOern4n+cmqnfqZZTHiSIcTw71EgZVBPMmYJcKghVLNUFYUJ0V4gESCCvdl6lLcGa/PE+ah1XnuHp0pds4AxMUwQ7YBQfAASegBi5BHTQABil4BM/gxbg3noxX420yWjCmO2XwB8b7Dz/sl3o=</latexit>

P1
[s:t]
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Summary and Discussion

Thank you

• Bounds on gauge sector of 6d F-theory (the global structure of the non-abelian sector 
& the rank of the abelian sector) have been (re-)derived via the heterotic insight:  
 

· The 1-form gauge sector & the 0-form U(1) gauge sector are both visible to the heterotic string! 

• Extreme limits of gauge sector of 6d F-theory, potentially sitting at infinite distance, 
have been classified and analyzed: 

 

· Non-minimal brane stacks may sit either at infinite distance (Type II or III; decompactifications) 
or at finite distance (Type I; standard gauge enhancements)  

• The derived bounds naturally connect to the universal limiting behavior of EFTs:    
 

· The heterotic string is the string whose “presence” & “criticality” are inferred at infinite distance  

· Violation of the global structure bound results in decompactification at infinite distance

• For a 6d N=(1,0) EFT, one may generally argue via charge completeness that a “heterotic” 
string exists, whose unitarity [Kim, Shiu, Vafa ’19] leads to an abelian rank bound [S.-J.L., Weigand ’19]

• It is desirable to understand/interpret/derive bounds also on other physical quantities


