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1) Motivation – Global Symmetries in QFT

1A) Introduction of Symmetry Topological Field Theories
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1A) Introduction of Symmetry Topological Field Theories

indicating physical boundary conditions (b.c.) at T  and 
topological b.c. at B for the SymTFT.

Many symmetry structures depend only on B and the TFT.
Generalized Global

SymTFT
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In principle, this nesting can continue

``decompression’’ of Sd+11B) 

1A) &  1B)             à                    1C) 

Sketch of steps in 1): 

Adding: Td from 1A)

corner-edge Td 
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2) Additional Motivation for Nesting of SymThs

Consider a QFT in D dim and 'insert' a defect  QFT in d<D dim.
What's the symmetry theory of the combined system? 

[Del Zotto, Heckman, Park, Rudelius

à 

(i) The sandwich of the bulk QFT in D-dim     (ii) KK reduce (i) to an open nested SymThs
with defect QFT in d-dim inserted.   

Rotate &
 deform
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3) SymThs from String Theory (Geometric Engineering)
                                 Natural!

Note: Branes support worldvolume SymTh w/ Non-invertible Fusion Rules
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The complement X◦ = X \ T lies The deformation retraction shrinking the 
neighborhood of S , or equivalently, growing the

3B) Plentiful examples where general (nesting) settings of 1) = 2) occur.

Two flavor branes (red) intersect at S0 (star). The tubular neighborhoods of the flavor branes (blue) 
and their asymptotic boundaries (light blue). The tubes glue along the neighborhood associated 
with the intersection S0 (purple) to the tubular neighborhood of the full singular locus S.  

Prototype (non-isolated singularity):  A string construction of intersecting 
flavor branes with defect degrees of freedom at their intersection:

Legend:

(Xo, ∂X0 - excised, regular spaces) 
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3) SymThs from String Theory (Geometric Engineering)
                                 Natural!
• Connection to 2): obvious 
• Connection to 1):  from string theory prescription one finds the theory 

on radial slices (associated w/ flavor branes) to be a non-gapped QFT

3C) Shift the perspective: how does the symmetry theory of the full 
system interplay with the symmetry theory of the flavor branes? 
• Answer: the defect and its symmetry theory realize an edge-mode to 

the flavor brane and its symmetry theory, respectively:

         

The compactification now naturally realizes a corner mode which we 
know to be the relative defect theory (via string theory).



In the rest of the talk:

• Technical details of a concrete example (torsional)

•  Outlook & Concluding remarks 



Cone Fibration over z3
•   SU(n)  5D SCFT at {z1, z2, z3} = 0 à 
     SU(2)  flavor brane at {z1, z2}  = 0  à red line
 
• SU(n) 5D SCFT as defect within a 7D SU(2) SYM theory

= {z1, z2,z3}



Comment:

These examples studied to identify geometric origin of
higher-form symmetries (0-form, 1-form &  2-group) by 
studying the corresponding symmetry defects via algebraic topology 
[cutting & gluing of singular boundary of the non-compact space].
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Comment:

These examples studied to identify geometric origin of
higher-form symmetries (0-form, 1-form &  2-group) by 
studying the corresponding symmetry defects via algebraic topology 
[cutting & gluing of singular boundary of the non-compact space].

Within the current framework, a concrete construction of the 
nested SymTh of this joint 7D/5D system. It will reproduce old 
results, but the framework is now more general as one can 
study how any topological operator behaves when pushed from 
the symmetry bulk onto the symmetry boundary.  

[M.C. Heckman, Hübner, Torres, ‘22]

Here consider only one example: 1-form symmetry 
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Steps toward nested SymTh

S1- in the singular
locus 

• Result: Bulk flavor brane SymTh S7D with edgemode SymTh S6D  
& 5D SCFT a corner mode

          [Via reduction of the topological 11D supergravity terms on corresp. radial shells]

… - further b.c.
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1-form symmetry backgrouns for 6D flavor brane and 
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7D SymTh, its edge 6D SymTh & b.c. 

M-theory 3-form on S3/Z2 & S3/Z2n
   à 2-cocycles B2Z2 & B2Z2n

1-form symmetry backgrouns for 6D flavor brane and 
5D SCFT are 2-cocycles       and         in 7D and 6D 
SymTh, respectively: 

Comments: - The symmetry structures of the corner mode are those of the   
  edge  6D SymTh, modulo the constraints imposed by the flavor 7D SymTh.
- The 1-form symmetry of SCFT is extended by the 1-form symmetry of        
  flavor brane à hallmark of a 2-group. 



Interpretation of Boundary Condition (Field Theory):

Interpretation of Boundary Condition (Geometry):

Field Theory vs Geometry



Anomaly Couplings 

• The SymTh Lagrangian, characterizing anomaly couplings
  
    This framework offers interesting new extensions:
    In the reduction of the topological M-theory terms, one finds a     
    mixed anomaly, a pairing between the flavor 1-form symmetry & that 
    of the SCFT:

Bulk-boundary mixed anomaly via refinements of triple linkings:

Also: 
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Outlook

• Refined calculation of mixed anomalies between flavor edge 
and corner theory (see example) à work in progress… 

• More examples...; Higher order nesting…

• Symmetry Inheritance: relating defect and symmetry operators 
between bulk and boundary SymThs (see example) à

QFTD

QFTd

• Lower-Form Symmetries:                    [Heckman, Murdia, Hübner, ‘23]

Comments: Could be applied to any defect QFTd                       
                    inside an ambient QFTD ?
                    Can it be invariantly defined & is there a lower depth? 

(−1)-form symmetries of the flavor edge theory (QFTD), a spacetime 
filling operator, 
can be  inherited to the corner theory (QFTd), 
yielding (−2)-,(-3)-... (-1-D+d)-form symmetries.
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[M.C., Heckman, Hübner, Torres ’23]  
• Studied via gluing (and cutting)  of noncompact  examples 
    

Σijk – two-chain 
glues defects

Defect Operators 
(some compactified [massive matter]) Symmetry Operators 

(some identified à symmetry trivialized) 

Outlook  Last, but not least    

• The fate of global symmetries in compact models with 
singular strata of varying dimension

(M-Theory on all T4  orbifolds  &  some T6 orbifolds) 
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SymThs + Junctions

Gluing local constructions (w/ localized singularity) à assign a junction of 
SymTh to the field theory sector of M-theory on compact CY theories

Physical boundary conditions for T i
loc

    at ri = 0. 
At the central node; partially topological and partially physical b.c. 

[M.C., Heckman, Hübner,Torres, ’23]
[Baume, Heckman,Hübner, Torres, Turner, Yu, ‘23]

 [Gould, Lin, Sabag, ‘23]…           
                                           

= SymTrees

Inclusion of flavor banes (strata of singularities)  à 
systematize gluing procedure, leading to nesting of SymTrees à 
                            Further work

SymThi

SymThk

SymThj



Thank you!


