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There is a whole raft of supertrace identities associated with 
large distance limits, a.k.a. dimensions that can decompactify, 
that has not been noticed before.

These are true for any closed string theory (or theory with 
modular invariance)

These identities seem to have profound implications: they forbid 
power law running! (Non-renormalisation theorem)

More generally an aspect of UV/IR mixing 

Themes of this talk … 



An old but remarkable super trace identity

Higher dimensions

Theories with higher dimensional limits

No power-law running

Outline



An old but remarkable 
supertrace identity 



The theory is defined by the modular invariant string partition function  where 
modular invariant: requires  where  

Z(τ)
Z(τ) = Z(τ′ )

In principle  holds all the information about the spectrum: also (theorem) in a 4D 
theory it can always be written 

Z(τ)

Only assumption of this talk: suppose as in closed string that finiteness is ensured 
by Modular Invariance … 

τ → τ′ =
aτ + b
cτ + d

Z(τ) =
1
τ2 ∑

nm

anm qnq̄m

where   and . Think of this as the Fourier series of .q = e2πiτ τ = τ1 + iτ2 Z(τ)



This symmetry mixes UV/IR maximally: 
To see this in action let’s consider vacuum energy in any such theory:
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This integral is finite because (as long as there are no physical tachyons)  dies at 
large  and  does not contain the  point

Z(τ)
τ2 ℱ τ2 → 0
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This symmetry mixes UV/IR maximally: 
To see this in action let’s consider vacuum energy in any such theory:
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However: a method due to Rankin and Selberg (1939/40) lets us write this finite 
integral in another way — namely in terms the nett density of physical (level-
matched) states — given by (Fourier zero-mode) integral:

RS use a transform to unfold  to the critical strip   ℱ 𝒮
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Then using RS we see that ultimately the integral can be written as a limit …

Inverse 
Mellin 
transform

• Zagier	(1981)
• Rankin,	Selberg
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Let’s pause for a minute to see (as physicists) why this is remarkable:

There is a clear mapping from    to the 
Schwinger parameter  when : by naively 
integrating over the fundamental domain, we 
physicists see a result mimicking the EFT   …

πα′ τ2
t τ2 ≥ 1
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Let’s pause for a minute to see (as physicists) why this is remarkable:

But according to RS this result is equal 
to a very not EFT-like limit - if 
anything it looks like a deep UV limit!!
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This is the ultimate UV/IR mixing. But there is more …

Let’s try and evaluate this RS limit:
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It looks like it diverges because of the  prefactor in    !!!   1/τ2 Z(τ2)
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This is the ultimate UV/IR mixing. But there is more …

Let’s try and evaluate this RS limit:
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Thus — if we define a regulated supertrace appropriate for infinite towers of states 
for any operator X,

then here (where X ) we see that any modular invariant 4D theory with a finite 
 obeys a super trace relation  

= const
Λ

Any tachyon-free modular invariant theory in 4D has  even when no SUSY!Str(1) = 0

• Dienes,	Misaligned	SUSY,	1994
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Or to put it another way … if we expand the density of states  around  it 
generically would go like

g(τ2) τ2 = 0

but a modular invariant theory must have  and must instead go like C0 = 0

<latexit sha1_base64="xKbYXY2WDIy7eWxnHzHFlssgH8o="></latexit>

g(⌧2) =
1

⌧2
⇥
�
C0 + C1⌧2 + C2⌧

2
2 + . . .

�

<latexit sha1_base64="6C2yHO9zSncYrCtnIC6RpdKhyT4="></latexit>

g(⌧2) =
1

⌧2
⇥
�
C1⌧2 + C2⌧

2
2 + . . .

�

(For the sake of argument I will assume an integer expansion but only the first non-
zero term needs to be an integer)



Thus we can get the answer,  i.e.   ,  by expanding the exponential 
around  and picking off the first term :

Λ = πC1/3
τ2 C1

8

However it is ultimately and very generally related to worldsheet modular-invariance. In particular we do not need to
determine the precise shift in the metric induced by a Higgsing in order to evaluate the effect on the mass-squared.
Moreover this also implies that effect persists regardless of the IR physics. Typically a string construction will invoke
both perturbative and non-perturbative mechanisms in order to achieve various outcomes at low-energy, such as the
stabilisation of compact dimensions, or the Standard Model content. There is other known non-perturbative physics
that occurs at low energies, such as QCD confinement. While these processes may change the vacuum energy, and
even the most appropriate effective field theory description, they cannot change the modular anomaly, which is always
cancelled by gravitational degrees of freedom. Thus Eq.(2.30) always holds, even today, provided all contributions to
the cosmological constant (even nonperturbative ones) are generated within a framework where the UV completion
looks like (2.2).

This has interesting implications if the cosmological constant is dominated by its one-loop contributions. For
example as we shall see the leading contributions to the remaining terms are discrete (being dominated by charges
and group-theoretical Casimir traces). To avoid large instabilities one might suppose that the leading contribution
must be zero or positive for all scalars in a stable (or possibly long-lived metastable) vacuum. Therefore, if modular
invariance is responsible for maintaining UV finiteness, the present day cosmological constant is a lower bound on the
mass-squared of any such Higgs scalars in the theory. (Of course axions behave differently because they are protected
by shift-symmetries and do not give mass to any states).

III. SUPERTRACE RELATIONS FOR THE C.C. AND HIGGS POTENTIAL

Now let us extend the result above to develop a complete expression for the rest of the scalar mass-squared terms.
We begin with a well-known but remarkable supertrace formula for closed strings, namely that in a theory with
modular invariance in 4 large space time dimensions, the one-loop cosmological constant in (2.4) can be written as
supertrace over the entire tower of physical string states of mass M :

⇤(1) =
1

24
M

2STrM2 . (3.1)

The supertrace on the right-hand side of this expression is over all the “physical” states in the entire theory. Eq.(3.1)
is exactly equivalent to (2.4) for any modular invariant theory that is unitary and has no tachyons. As we shall see,
it can also be a parametrically good approximation in theories such as the heterotic theory that contain unphysical
tachyons.

Let us first discuss the meaning of (3.1), and how it comes about. At first sight, given its obvious similarity to the
usual quadratic divergence one finds in the Coleman-Weinberg potential of field theory, one might find it unsurprising.
However it is this very similarity that makes (3.1) remarkable, because the nature of the supertrace is very different
from the one that appears in the effective field theory: what is surprising is that eq.(3.1) sums over the “physical” states
of the entire infinite spectrum of the UV complete theory. A second reason to find eq.(3.1) surprising is that it involves
a trace over the physical states only, so it is not obvious that it corresponds to (2.4), or in fact that it corresponds
to a modular invariant integral at all. Indeed in the textbook calculation of the one-loop cosmological constant,
the integration over the canonical fundamental domain F gets contributions from both physical and unphysical (i.e.
non-level matched) states (due to the curved boundary of F). Nevertheless (3.1) says that the end result can be
expressed in terms of just the physical spectrum.

There are various ways to derive (3.1). It was originally deduced in [14] from [10]. However for a number of
reasons it is useful to include a derivation of it in this paper. This is partly because the original work only obliquely
treated issues to do with the regularisation and convergence of the supertrace. The discussion of modular integrals
has been improved in this context in recent years, especially in refs.[11]. It will also be useful for the mass-squareds,
which unlike the cosmological constant are subject to renormalisation. This will follow almost immediately. For the
derivation we will need the result of Rankin-Selberg (RS) (see [12, 34–36, 93] for a comprehensive discussion). The
details of the derivation are included in Appendix A, and we will now apply this result directly to ⇤(1) to prove (3.1).

The RS result can be expressed as follows. We are interested in a integrals of modular invariant functions F (⌧)
over the fundamental domain of the modular group:

I =

Z

F
dµF (⌧) . (3.2)

The function F need not be holomorphic (as of course our functions will not be), but it should decay sufficiently
rapidly as ⌧ ! i1. The “physical” level-matched terms in F correspond to the constant piece in its ⌧1-Fourier
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• Dienes,	Moshe,	Myers	1995
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FIG. 3: Degeneracies of physical states for the interpolating model in Eq. (3.17) with a = 1 (upper left), a = 0.3 (upper
right), a = 0.25 (lower left), a = 0.125 (lower right). Within each plot, data points are connected in order of increasing
worldsheet energy n. In all cases we see that surpluses of bosonic states alternate with surpluses of fermionic states as
we proceed upwards in n; this behavior is the signal of an underlying “misaligned supersymmetry” which exists within all
modular-invariant non-supersymmetric tachyon-free string theories and which is ultimately responsible for the finiteness of
closed strings — even in the absence of spacetime supersymmetry. For R =

√
α′ (or a = 1), we see that this oscillation between

bosonic and fermionic surpluses occurs within the exponentially growing envelope function |ann| ∼ ec
√

n associated with a
Hagedorn transition. However, as the compactification radius increases (or equivalently as a → 0), we see that a hierarchy
begins to emerge between the oscillator states and their KK excitations; the oscillator states continue to experience densities
of states which are exponentially growing as functions of n, but their corresponding KK excitations are densely packed within
each interval (n, n + 1) and, as expected, exhibit constant state degeneracies.

A. Leading terms

First, since we are assuming that SUSY is restored in the R → ∞ limit, we know that Z(2) = −Z(1) at the level
of their q-expansions. Since our main interest here is in the numerical behavior of Λ, we are only concerned with the
q-expansions that these functions have, and consequently we shall take Z(2) = −Z(1) without further comment. As a
result, our general partition in Eq. (3.6) takes the form

Zstring(R) = Z(1) [E0(R) − E1/2(R)] + Z(3) O0(R) + Z(4) O1/2(R) . (4.1)

Next, we observe that for large R (or small a), all states within the O0 and O1/2 sectors are extremely heavy as
a result of non-vanishing winding modes n ̸= 0. In general, the contributions from heavy states to the cosmological
constant are exponentially suppressed. As a result, contributions from such sectors will not generally yield the leading
behavior for Λ, and we will need not consider such sectors further. This then leaves the contributions from the E0,1/2

sectors:

Zstring(R) = Z(1) [E0(R) − E1/2(R)] + ... (4.2)

As a result, we see that the leading behavior generally depends on the q-expansion of Z(1) alone, and does not depend
on Z(3) or Z(4).

Let us assume that massless states make the dominant contributions to Λ in theories that are devoid of physical
tachyons. This is the implicit assumption made by Itoyama and Taylor, and also by Antoniadis, when they derive
their results for Λ, as is clear from the fact that their leading results depend on the numbers of massless bosons and
fermions. Therefore, we shall restrict our attention to the leading contributions to Λ which come from the massless

• This crazy spectrum has finite   !!!             Λ

Thus we can get the answer,  i.e.   ,  by expanding the exponential 
around  and picking off the first term :

Λ = πC1/3
τ2 C1
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However it is ultimately and very generally related to worldsheet modular-invariance. In particular we do not need to
determine the precise shift in the metric induced by a Higgsing in order to evaluate the effect on the mass-squared.
Moreover this also implies that effect persists regardless of the IR physics. Typically a string construction will invoke
both perturbative and non-perturbative mechanisms in order to achieve various outcomes at low-energy, such as the
stabilisation of compact dimensions, or the Standard Model content. There is other known non-perturbative physics
that occurs at low energies, such as QCD confinement. While these processes may change the vacuum energy, and
even the most appropriate effective field theory description, they cannot change the modular anomaly, which is always
cancelled by gravitational degrees of freedom. Thus Eq.(2.30) always holds, even today, provided all contributions to
the cosmological constant (even nonperturbative ones) are generated within a framework where the UV completion
looks like (2.2).

This has interesting implications if the cosmological constant is dominated by its one-loop contributions. For
example as we shall see the leading contributions to the remaining terms are discrete (being dominated by charges
and group-theoretical Casimir traces). To avoid large instabilities one might suppose that the leading contribution
must be zero or positive for all scalars in a stable (or possibly long-lived metastable) vacuum. Therefore, if modular
invariance is responsible for maintaining UV finiteness, the present day cosmological constant is a lower bound on the
mass-squared of any such Higgs scalars in the theory. (Of course axions behave differently because they are protected
by shift-symmetries and do not give mass to any states).

III. SUPERTRACE RELATIONS FOR THE C.C. AND HIGGS POTENTIAL

Now let us extend the result above to develop a complete expression for the rest of the scalar mass-squared terms.
We begin with a well-known but remarkable supertrace formula for closed strings, namely that in a theory with
modular invariance in 4 large space time dimensions, the one-loop cosmological constant in (2.4) can be written as
supertrace over the entire tower of physical string states of mass M :

⇤(1) =
1

24
M

2STrM2 . (3.1)

The supertrace on the right-hand side of this expression is over all the “physical” states in the entire theory. Eq.(3.1)
is exactly equivalent to (2.4) for any modular invariant theory that is unitary and has no tachyons. As we shall see,
it can also be a parametrically good approximation in theories such as the heterotic theory that contain unphysical
tachyons.

Let us first discuss the meaning of (3.1), and how it comes about. At first sight, given its obvious similarity to the
usual quadratic divergence one finds in the Coleman-Weinberg potential of field theory, one might find it unsurprising.
However it is this very similarity that makes (3.1) remarkable, because the nature of the supertrace is very different
from the one that appears in the effective field theory: what is surprising is that eq.(3.1) sums over the “physical” states
of the entire infinite spectrum of the UV complete theory. A second reason to find eq.(3.1) surprising is that it involves
a trace over the physical states only, so it is not obvious that it corresponds to (2.4), or in fact that it corresponds
to a modular invariant integral at all. Indeed in the textbook calculation of the one-loop cosmological constant,
the integration over the canonical fundamental domain F gets contributions from both physical and unphysical (i.e.
non-level matched) states (due to the curved boundary of F). Nevertheless (3.1) says that the end result can be
expressed in terms of just the physical spectrum.

There are various ways to derive (3.1). It was originally deduced in [14] from [10]. However for a number of
reasons it is useful to include a derivation of it in this paper. This is partly because the original work only obliquely
treated issues to do with the regularisation and convergence of the supertrace. The discussion of modular integrals
has been improved in this context in recent years, especially in refs.[11]. It will also be useful for the mass-squareds,
which unlike the cosmological constant are subject to renormalisation. This will follow almost immediately. For the
derivation we will need the result of Rankin-Selberg (RS) (see [12, 34–36, 93] for a comprehensive discussion). The
details of the derivation are included in Appendix A, and we will now apply this result directly to ⇤(1) to prove (3.1).

The RS result can be expressed as follows. We are interested in a integrals of modular invariant functions F (⌧)
over the fundamental domain of the modular group:

I =

Z

F
dµF (⌧) . (3.2)

The function F need not be holomorphic (as of course our functions will not be), but it should decay sufficiently
rapidly as ⌧ ! i1. The “physical” level-matched terms in F correspond to the constant piece in its ⌧1-Fourier
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In theories with  space-time dimensions things get more constrained. The 
reason why is that the partition function takes the form 

D > 4

where  .k = 1 − D/2

(We can see it has to go like this to give the Schwinger integral the right powers of )t

But now applying Rankin-Selberg we see that in a theory with  …D = 4 + δ

 we have   ⟹ C′ 0, C′ 1, …, C′ δ/2 = 0
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Thus in a theory with   expanding the expression for  we have D = 4 + δ Λ(D)

for all  and k < 2 + δ
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In  only the cosmological constant leads to a constraint, namely . 
But in higher dimensions there are less trivial amplitudes that get constrained: 
let’s now extend the discussion to more general things …

D = 4 Str(1) = 0
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The operator          can be determined by modular completing the field theory 
operator.
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In  only the cosmological constant leads to a constraint, namely . 
But in higher dimensions there are less trivial amplitudes that get constrained: 
let’s now extend the discussion to more general things …

D = 4 Str(1) = 0
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Z(D)(⌧) = ⌧k2
X

n,m

anmXnmq̄mqn

The operator          can be determined by modular completing the field theory 
operator. Thus for example vacuum polarisation …
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For example in a 6 dimensional theory we find a constraint plus a one - loop 
contribution to       :16π2/g2

G = 16π2/g2
tree + ΔG

and …

×

where
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So the question is — what happens when a 4 dimensional theory has a 
decompactification limit to a higher dimensional theory?



So the question is — what happens when a 4 dimensional theory has a 
decompactification limit to a higher dimensional theory?

Consider a toy factorisable example: 

where the “base” theory is the states without their KK and winding modes

and     are all the KK and winding mode factors of .                            
e.g. for  it might be a simple circle factor of the form:

ZKK/winding q, q̄
δ = 1

ZKK/winding =



We can rearrange the contributions into modular invariant factors …

By examining the product at large radius the KK/winding factor turns into a simple 
volume factor  …



We can rearrange the contributions into modular invariant factors …

By examining the product at large radius the KK/winding factor turns into a simple 
volume factor  …

Putting the pieces together, at large volume we see that the 4D theory tends to the  
 dimensional theory times a volume factor:4 + δ

=



But at this point we notice a clash! … we know that            has to satisfy many more 
constraints than the four dimensional theory 

The only way to resolve this clash and for physics to be smooth at infinite radius is 
for all the constraints to already be satisfied in the 4D theory … it turns out this is 
independent of the compactification radius:

The 4D theory will inherit the precise stricter internal 
cancellations of any higher-dimensional theory to which 
can be decompactified.



But at this point we notice a clash! … we know that            has to satisfy many more 
constraints than the four dimensional theory 

The only way to resolve this clash and for physics to be smooth at infinite radius is 
for all the constraints to already be satisfied in the 4D theory … it turns out this is 
independent of the compactification radius:

The 4D theory will inherit the precise stricter internal 
cancellations of any higher-dimensional theory to which 
can be decompactified.

For example  in a theory with  decompactification:16π2g−2
G = 16π2g−2

tree + ΔG δ = 2



Generally we can expect a theory that can decompactify to look like this:

The  indicates a sum over different sectors … each with a “base” contribution     
multiplying KK/winding factors  which turn into volumes at large radius.            

i Z′ i
Θi



When   dimensions become large in some direction labelled , some the   factors 
contribute to a modular invariant sum  yielding what we call the  
T-volume with the remaining contributions going exponentially fast to zero: 

δ α Θi
Θ(α) = ∑ c(α)

i Θi
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multiplying KK/winding factors  which turn into volumes at large radius.            
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Some of these endpoint theories related by T-duality transformations - but they all 
lead to a constraint that has to be satisfied in the 4D theory. 

So the cartoon looks like this …
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Wait : isn’t this 
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No power-law running



Why can we now expect a statement on power-law running?

It helps to think of this from an equivalent extra-dimensional field theory view point - 
To see how RG running emerges we can insert an energy scale  by putting a cut-off 
function  into the one-loop Schwinger integral (c.f. Polchinski/Wetterich Exact RG):
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In analogy with the string theory results we can always write 

e.g.                                             ⟹



So at energies far below the KK scale,  ,  we can set  and we get 4D 
running. e.g. the gauge coupling running is given by the log divergent term, , and we get  

μ ≪ 1/R ZKK = 1
C′ 2

<latexit sha1_base64="sB1FY8GDRVVmziIh6U0YZHLhF8k=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiTia1lU0GUF+4AmhMn0ph06eTgzKZRQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufceP+FMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KeNUUGjQmMei7RMJnEXQUExxaCcCSOhzaPmD64nfGoKQLI4e1CgBNyS9iAWMEqUlzyw5N8AV8W4rTpgeO/CYsqFnlq2qNQVeJHZOyihH3TO/nG5M0xAiRTmRsmNbiXIzIhSjHMZFJ5WQEDogPehoGpEQpJtNjx/jI610cRALXZHCU/X3REZCKUehrztDovpy3puI/3mdVAWXbsaiJFUQ0dmiIOVYxXiSBO4yAVTxkSaECqZvxbRPBKFK51XUIdjzLy+S5knVPq+e3Z+Wa1d5HAV0gA5RBdnoAtXQHaqjBqJohJ7RK3oznowX4934mLUuGflMCf2B8fkDICOUdA==</latexit>

�G(µ) ⌘



So at energies far below the KK scale,  ,  we can set  and we get 4D 
running. e.g. the gauge coupling running is given by the log divergent term, , and we get  

μ ≪ 1/R ZKK = 1
C′ 2

But at energies high above the KK scale,  ,  the factor   resums and we get…μ ≫ 1/R ZKK

This -dependence is our power-law running while  is absorbed into the RG scheme.  μ Λδ

Vδ

Vδ
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The crux of the matter: in modular invariant theory:  if  !C′ 2 = 0 δ > 2

In other words there can be no  power law running, and moreover there is no 
contribution to any running (even logarithmic) from the states in the theory associated with 

 decompactification limits.

δ > 2

δ > 2

• The case of  is more subtle: these can give logarithmic running below the KK scale. 
• However it is easy to see that however we cut-off the integral there can be no  

power-law running if there is no  running (which as we just saw is unphysical).

δ = 2
δ = 2

δ > 2



The main difference to the extra dimensional FT picture is that to maintain modular 
invariance, the cut-off function  must itself be modular invariant
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Inserting such a regulator cut-off function with a 2-torus volume factor we can compare 
with the famous result of Dixon, Kaplunovsky and Louis, but recovering the entire energy 
dependence in Bessel functions … 
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• Important role of supertraces in allowing an EFT emerge from any modular invariant 
theory.

• RS provides completely model agnostic understanding of this process

• Each decompactification limit lead to a set of supertrace constraints

• A form of non-renormalisation theorem which is satisfied due to modular invariance

• Phenomenological consequences - no power law running

• Removes “technical hierarchies”: i.e. all the heavy modes yield a constant piece that 
may be large but which is separated from light modes.

• Links/solutions to hierarchy problem?

Conclusions


